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Chapter 1

Introduction

Axioms are statements which are accepted to be true. Theorems (lemmatas, propositions, etc.) are statements that can

be proven using logical reasoning starting from axioms. We know since the work of Gödel that no system of axioms is

complete, that is for any system of axioms which includes the natural numbers it is possible to formulate statements that

are undecidable, that is can neither be proved true nor be proven false . This is because, essentially, there are more possible

statements that can be formulated than there are possible proofs.

Reductio ad absurdum is a strategy of proving a statement is true by first assuming the statement is false and proving

that this implies a contradiction (i.e. some other false statement). As a true statement can not imply a false one, one

concludes that the original statement is true.

Mathematical induction is a strategy of proving a statement indexed by a natural number n is true by first proving it is

true for n = 0 and then proving that if the statement for n is true then the one for n + 1 is also true. Transfinite induction

is indexed by ordinal numbers in stead of natural ones.

The following logic symbols are useful ∃, !,∀,⇒,⇔,=. We denote ≡ when the left hand side and the right hand side are

equal by definition.
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Chapter 2

Sets and numbers

We review some elementary notions which will be useful for the sequel. In the beginning we will denote the multiplication

of numbers by ×, but drop this notation later on.

2.1 Sets (Mengen)

The notion of set is a primitive notion in mathematics, therefore it can not be defined in terms of other more fundamental

notions. Instead of providing a definition, one lists the axioms sets obey. Informally, a set is the mathematical model for a

collection of different things.

A set X contains elements x, which we denote x ∈ X. The elements are mathematical objects of any kind. The only

question one can ask about a set and an element is whether the element belongs to the set. This has the consequence that,

when listing the elements of a set, every element is written only once: {2} = {2,2} = {2,2,2} and so on, as they all represent

the set which contains only the element 2.1

We follow the Zermelo–Fraenkel axioms of set theory plus the axiom of choice. The axiom of choice is sometimes

contested, but not by us. Most axioms are intuitive.

Axiom 2.1 ( Zermelo–Fraenkel axioms (ZF-Axiome) ). We denote the empty set ∅ the set with no elements. We have

• (Extension) A set is determined by its elements, that is, if x ∈ A ⇔ x ∈ B ⇒ then A = B. We denote B ⊂ A if

x ∈ B ⇒ x ∈ A.

• (Pairing) If A and B are sets, then {A,B} is a set.

• (Subsets or specification) If A is a set and P (x) is a property of some of the elements x, then {x ∈ A ∣P (x)} is a set.

• (Union, or sum set) For any set of sets2 A there exist a set ⋃A = {x ∣x ∈D ∈ A} which is the union of all the elements

of the elements of A. In particular this allows us to unpack the pairs of sets:

⋃{A,B} = {x ∣x ∈ A or x ∈ B} ≡ A ∪B .

For instance ⋃{{1,2},{2,3}} = {1,2,3}.

• (Power set) For any set A there exists the power set P(A) consisting in all the subsets of A, P(A) = {B ∣B ⊂ A}. As

the empty set is a subset of any set, ∅ ∈ P(A) for any A.

1Multi sets which can contain the same element more than once can be defined.
2In ZF theory everything is a set, so any set is a set of sets.
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2. SETS AND NUMBERS

• (Infinity). Let w be some set. Then, by the axiom of pairing {w} is a set (obtained by pairing w with itself {w,w} ≡
{w}) and so is S(w) = w ∪ {w} = ⋃{w,{w}}. Note that ⋃{w} = w, but {w} ≠ w.

There exist a set A such that ∅ ∈ A and w ∈ A⇒ S(w) ∈ A.

• (Replacement) The image of a set under a function is a set, that is if f is a function and A is a set, f(A) = {f(x) ∣x ∈
A} is a set.

• (Foundation, or regularity) Every non empty set A contains an element that is disjoint from A.

We denote the intersection of the sets A and B the set consisting of the elements which belong to both A and B, that

is A ∩B = {x ∣x ∈ A and x ∈ B}. Two sets are disjoint if their intersection is the empty set. The axiom of foundation

states that for all A ≠ ∅, there exist x ∈ A such that x ∩A = ∅.

This implies that no set is an element of itself: for any set A, {A} is a set by the axiom of pairing and by the

axiom of regularity {A} must contain an element which is disjoint from {A}. As {A} contains only A, it follows that
A ∩ {A} = ∅. Reading this from right to left, as A ∈ {A} it follows that A ∉ A.

The set difference of X and Y consists in the element of X which do not belong to Y , X ∖ Y = {x ∣x ∈ X andx ∉ Y }.
The Cartesian product of two non empty sets X and Y is the set of ordered pairs X × Y = {(x, y) ∣x ∈X and y ∈ Y }.

2.1.1 Functions (Funktionen)

Definition 2.1 ( Functions ). A function from a set X to a set Y is an assignment of an unique element of Y to each

element of X. The set X is called the domain of the function and the set Y is called the codomain of the function.

A function, its domain, and its codomain, are declared by the notation f ∶ X → Y , and the value of a function f at an

element x ∈ X, denoted by f(x), is called the image of x under f , or the value of f applied to the argument x. Functions

are sometimes called maps or mappings. For example, the identity function id ∶ X → X is the function which assigns to

each element of X itself, that is ∀x ∈X , idX(x) = x.
Two functions f and g are equal if their domain and codomain sets are the same and their output values agree on the

whole domain, that is for f, g ∶X → Y we denote f = g if f(x) = g(x), ∀x ∈X. The composition of two functions f ∶X → Y

and g ∶ Y → Z is the function g ○ f ∶ X → Z defined by ∀x ∈ X, g ○ f(x) = g(f(x)) ∈ Z. The image of a set U ⊂ X under

the function f ∶ X → Y is the set f(U) = {y ∈ Y ∣ ∃x ∈ U s.t. f(x) = y} ⊂ f(X). The preimage of a set V ⊂ f(X) is the set

f−1(V ) = {x ∈X ∣ f(x) ∈ V } ⊂X.

A function f ∶ X → Y is called injective, or one to one, if each element in Y is the image of at most one element in X,

that is ∀x1, x2 ∈ X , f(x1) = f(x2) ⇔ x1 = x2. A function f ∶ X → Y is called surjective, or onto, if f(X) = Y that is each

element in Y is the image of some element in X: ∀y ∈ Y , ∃x ∈ X such that f(x) = y. A function which is both injective

and surjective (one to one and onto) is called bijective. A bijection f ∶X → Y has a well defined inverses, that there exists

a function f−1 ∶ Y → X such that f−1 ○ f = idX and f ○ f−1 = idY . Indeed, as f is a bijection, then ∀y ∈ Y , ∃x ∈ X (due to

surjectivity) and x is unique (due to injectivity) such that f(x) = y. Let us denote this element xy. The inverse of f is the

function f−1 ∶ Y →X defined by f−1(y) = xy.

2.1.2 The axiom of choice (Das Auswahlaxiom)

The most disputed axiom of set theory is the axiom of choice.

Axiom 2.2 ( The axiom of choice ). For any set X of nonempty sets, there exists a choice function f ∶ X → ⋃X that maps

each set X ∈ X to an element x ∈X.

6



2.1. Sets (Mengen)

Reformulated, this means that for any set of nonempty sets {Xα ≠ ∅ ∣α ∈ A}, there exists a set that contains exactly

one element per Xα, that is there exists the set {xα ∈Xα ∣α ∈ A}. What is non obvious about this axiom is that the index

set A can be anything, for instance the real numbers, a set of ordinal numbers (see below) etc. In such cases it is often non

trivial to exhibit a choice function and one needs to rely on the axiom of choice to conclude that such a function exists.

2.1.3 Binary relations (Zweistellige Relationen)

Elements of sets can be in binary relations of several types.

Definition 2.2 ( Binary relations ). Several binary relations among the elements of a set X important for the sequel. We

say that:

• ∼ is an equivalence relation on X if:

– (reflexive) ∀x ∈X, then x ∼ x,

– (symmetric) ∀x, y ∈X, if x ∼ y then y ∼ x,

– (transitive) ∀x, y, z ∈X, if x ∼ y and y ∼ z then x ∼ z.

• ≤ is a partial order relation on X if:

– (reflexive) ∀x ∈X, then x ≤ x,

– (antisymmetric) ∀x, y ∈X, if x ≤ y and y ≤ x then y = x,

– (transitive) ∀x, y, z ∈X, if x ≤ y and y ≤ z then x ≤ z.

A set with a partial order relation is called a partially ordered set, or a poset. A poset can contain pairs of elements

that are not ordered, that is there can exist x, y ∈X such that x ≰ y and y ≰ x. A partial order is a total order if any

two elements are ordered:

– (connected) ∀x, y ∈X, either x ≤ y or y ≤ x.

• < is a strict partial order relation on X if:

– (irreflexive) ∀x ∈X, then x ≮ x,

– (asymmetric) ∀x, y ∈X, if x < y then y ≮ x,

– (transitive) ∀x, y, z ∈X, if x < y and y < z then x < z.

For every partial order ≤ there exists an associated strict partial order < defined by x < y if x ≤ y and x ≠ y.

A strict partial order is a strict total order relation on X if:

– (connected) ∀x, y ∈X, if x ≠ y then either x < y or y < x,

• ≤w is a well-ordering relation on X if

– (total order) ≤w is a total order on X,

– (least element) every non empty subset of X has a least element, that is ∀Y ⊂X, Y ≠ ∅, there exists y ∈ Y such

that ∀z ∈ Y , y ≤w z.

A finite poset can be represented by a Hasse diagram with nodes the elements x ∈X and links between x and y if x < y
but there exists no z with x < z < y.
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2. SETS AND NUMBERS

2.1.4 Zorn’s lemma (Das Lemma von Zorn)

Lemma 2.1 ( Zorn’s lemma ). A chain T in a partially order set X is a subset T ⊂ X that is totally ordered, that is

∀x, y ∈ T either x ≤ y of y ≤ x. If any chain T in X has an upper bound, that is ∀T chain, ∃xT ∈ X such that ∀x ∈ T ,
x ≤ xT , then X has at least one maximal element, that is an element that is not smaller than any other element in X.

Formally, ∃xX ∈X such that ∀x ∈X ∖ {xX}, xX ≰ x.

This lemma is in fact equivalent to the axiom of choice. In proving this lemma, the axiom of choice is used as follows.

Assume there exists a partially ordered set X such that every chain has an upper bound and also for every element in

X there is another element bigger than it. For every chain T we then define b(T ) ∈ X, an element strictly larger than

any element in T (this exists because T has an upper bound, and that upper bound, being an element in X, has a bigger

element). In order to actually chose b(T ) we need to use the axiom of choice. The contradiction comes from building, using

the function b, a strictly totally ordered sequence in X which is “too long”, that is it has more elements that there can be

in any set as it is indexed by the ordinal numbers which are a proper class, not a set (see below).

Exercise 2.1 (The poset of partitions). A partition Π of a set X is a set of subsets of X, Π = {Xa ∣a ∈ A ≠ ∅} such that

X = ⋃a∈AXa and Xa ∩Xb = ∅ if a ≠ b. A partition Π1 is finer than Π2 (and Π2 is coarser than Π1) if ∀X ∈ Π1 , ∃Y ∈ Π2

such that X ⊂ Y . We denote Π1 ≤ Π2.

Prove that ≤ is a partial order on the set of partitions. Check that this poset verifies Zorn’s lemma. Show that this poset

is a lattice, that is a poset in which every pair of elements x, y has a unique supremum x∨ y (smallest element larger than

both, called the join) and a unique infimum x∧y (largest element smaller than both, called the meet). Show that this lattice

has a greatest lower bound as well as a smallest upper bound. For Zorn’z lemma - the upper bound on any chain in the poset is the join of all the partitions in the

chain; the poset has a maximal element, the one set partition.

Exercise 2.2 (Equivalence classes, quotient). Let X be a set with an equivalence relation. For any x ∈ X, we define

the equivalence class [x] = {y ∈ X ∣ y ∼ x}. Prove that an equivalence relation partitions a set into the disjoint union of

equivalence classes. First X = ⋃x∈X [x], that is X is the union of equivalence classes of its elements. Second, two equivalence classes are either equal or disjoint: assume that two equivalence

classes are not disjoint [x] ∩ [y] ≠ ∅. Then ∃z ∈ [x] ∩ [y] hence z ∼ x and z ∼ y and (by transitivity) x ∼ y. But then, again by transitivity ∀z′ ∈ [x], z′ ∼ x ∼ y hence z′ ∈ [y] and [x] ⊂ [y]. Similarly,

[y] ⊂ [x] hence [x] = [y].

We denote {[x] ∣x ∈X} ≡X/ ∼ and we call it the quotient of X by ∼.

Exercise 2.3 (Equivalence classes of permutations.). The permutations of n elements are the bijections on the finite set

with n elements σ ∶ {1,2, . . . n} → {1,2, . . . n}. We denote the set of all the permutations over n elements by Sn. The

composition of permutations is sometimes denoted as a product σ2 ○ σ1 ≡ σ2σ1. For σ1, σ2 ∈ Sn, we denote σ1 ∼ σ2 if there

exits π ∈ Sn such that σ1 = πσ2π−1.
How many elements are there in Sn? Prove that ∼ is an equivalence relation. Characterize the quotient set Sn/ ∼. How

many elements are there in the equivalence class of a permutation? Hint: any permutation can be decomposed into a product of disjoint cycles.

2.2 Numbers (Zahlen)

We now discuss the various sets of numbers we will encounter in these notes. Different numbers are introduced in order

to solve equations: solving x + n = 0 with n natural leads to integers, solving mx + n = 0 for m,n integers leads to rational

numbers, x2 = r > 0 with r rational leads to real numbers and finally P [x] = 0 for some polynomial P leads to complex

numbers.

8



2.2. Numbers (Zahlen)

2.2.1 Natural numbers N (Natürliche Zahlen)

The natural numbers are a primitive notion. Informally they are obtained by starting from 0 and iteratively adding 1 an

arbitrary number of times. One can construct the natural numbers starting from sets. This construction is then generalized

to ordinal numbers.

Construction 2.1 ( Natural numbers N ). By the axiom of infinity, there exist sets which contain the empty set ∅ and are

closed under the successor function (such sets are said to be inductive). The smallest such set is the set of natural numbers

N and is constructed in detail as follows:

• zero is the empty set 0 = ∅.

• the successor S(a) of any set a is S(a) = a ∪ {a} and we label:

0 =∅ ,

1 = 0 ∪ {0} = {0} =∅ ∪ {∅} = {∅} ,

2 = 1 ∪ {1} = {0,1} ={∅} ∪ {{∅}} = {∅,{∅}} ,

3 = 2 ∪ {2} = {0,1,2} ={∅,{∅}} ∪ {{∅,{∅}}} = {∅,{∅},{∅,{∅}}} .

• N is the seto consisting in ∅ and all its successors.

We endow N with further structure:

- (addition) the addition of natural numbers is the internal binary operation + ∶ N×N→ N defined as ∀a, b ∈ N, a+0 = a
and a + S(b) = S(a + b),

- (multiplication) the multiplication is the internal binary operation × ∶ N × N → N defined as ∀a, b ∈ N, a × 0 = 0,

a × S(b) = a + a × b.

- (total order) the natural numbers are totally ordered by the relation a ≤ b if a ∈ b or a = b. Equivalently, there exists

c ∈ N such that a + c = b. This total order is a well order.

The operation + substitutes the successor function by denoting S(0) = 1, S(a) = a + S(0) = a + 1. We use the notation

1,1+1 = 2,2+1 = 3 and so on and write the natural numbers as N = {0,1,2, . . . , n, . . .}. We also denote n×n ≡ n2, n×n2 = n3

and so on.

Exercise 2.4. Prove that + is commutative a+b = b+a and associative a+(b+c) = (a+b)+c. We have 0+0 = 0. For a ≠ 0 we proceed by induction:

we show that the statement for S−1(a) implies the statement for a. We first show that 0 commutes with every a. It is enough to show that 0+a = a. Indeed, 0+a = S(0+S−1(a)) = S(S−1(a)) = a. Now we

want to show that S(0) commutes with any a. First a+S(0) = S(a+0) = S(a). Second, for a ≠ 0 we have a = S(S−1(a)) = S(S−1(a)+0) = S−1(a)+S(0). Assuming S(0)+S−1(a) = S−1(a)+S(0),

then S(0) + a = S(S(0) +S−1(a)) = S(S−1(a) +S(0)) = S(a). We then proceeded to S(S(0)) and so on.

Prove that × is commutative, associative and distributive with respect to the addition, that is a × (b + c) = a × b + a × c.
Prove that ≤ is a total order on N and that it is compatible with + and ×, that is ∀a, b, c ∈ N, a ≤ b ⇒ a + c ≤ b + c and

a × c ≤ b × c. Finally, prove that n × p = n + n + ⋅ ⋅ ⋅ + n where the addition it performed p times.

2.2.2 Ordinals and cardinal numbers (Ordinal und Kardinal Zahlen)

Ordinal numbers generalise the notion of numerals (first, second, third and so on) to infinite sets. Roughly speaking,

ordinals are labels which include the natural numbers, are totally ordered and are such that every set of ordinals is well

ordered.

9
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Definition 2.3 ( von Neumann ordinals ). An ordinal λ is the set having as elements precisely the ordinals strictly smaller

than itself, which we denote by λ = [0, λ). We stress that λ itself is not en element of λ.

More precisely, an ordinal λ is a transitive strictly well ordered set by set membership:

• ∈ is a strict well order relation among the elements in the set λ:

– that is for all x ∈ λ, x ∉ x; for all x, y ∈ λ, if x ≠ y then either x ∈ y, or y ∈ x; for all x, y, z ∈ λ, if x ∈ y and y ∈ z
then x ∈ z,

– for all A ⊂ λ, A ≠ ∅, ∃x ∈ A such that ∀y ∈ A either x ∈ y or x = y.

• λ is transitive, that is for all x ∈ λ then x ⊂ λ.

For every ordinal λ = [0, λ), we denote λ+ 1 = λ∪{λ} the successor of λ. It is immediate that λ∪{λ} is also an ordinal,

and it is in fact the least element of all the ordinals strictly larger than λ. We always have ⋃λ ⊂ λ. The ordinals themselves

are strictly well ordered by set membership: for β and λ two ordinals, β < λ if β ∈ λ. Two ordinals either coincide or one is

strictly large than the other.

It can be proven that the union of any set of ordinals is an ordinal and every set of ordinals has a least upper bound

(a supremum) obtained by taking the union of all the ordinals in the set. A limit ordinal is an ordinal that is neither 0

nor the successor of an ordinal3 and limit ordinals arise as least upper bounds on sets of all smaller ordinals:4 λ is a limit

ordinal if ∀β < λ, ∃γ s.t. β < γ < λ. Every ordinal is either 0 = ∅, or a successor ordinal or a limit ordinal and in the latter

case, λ = ⋃λ.
By construction, the natural numbers are ordinals. The smallest ordinal greater than every natural number, denoted

ω, is a limit ordinal: this is nothing but the well ordered infinite set of all the natural numbers. To check that ω is a limit

ordinal we observe that, by definition, n < ω ⇒ n ∈ N but n < n + 1 ∈ N and, because n + 1 is itself a natural number,

n + 1 < ω. The successor of ω is the ordinal ω + 1 = ω ∪ {ω}. A construction of ω is provided by the two letter words with

alphabet N arranged in lexicographical order (0,0), (0,1), (0,2), . . . , (1,0), (1,1), . . . . Then ω is the position of (1,0), ω + 1
the one of (1,1), ω ⋅ 2 the one of (2,0) and so on. The smallest ordinal larger that any ω ⋅ n is denoted ω2.

The class of all ordinals is not a set, but a proper class. If it were a set, this class would be an ordinal λ (obtained by

taking the supremum of all the ordinals) hence a set. But, as λ contains all the ordinals, λ ∈ λ, which is a contradiction.

The axiom of choice implies that every set can be well ordered (Zermelo’s theorem) by choosing the element given by

the choice function on the subset of elements not yet chosen. In detail, take f a choice function for the non empty subsets

of A and define for every ordinal α the element aα = f(A ∖ {aξ ∣ξ < α}) if A ∖ {aξ ∣ξ < α} ≠ ∅. Then the listing of elements

of A in the order {aα}α is a well ordering of A. For every well ordered set S, there exists an order preserving bijection

between S and exactly one ordinal.

Cardinal numbers are a generalization of the natural numbers used to measure the cardinality (size) of sets. Two sets

have the same cardianlity (the same cardinal number) if and only if there exist a bijection between them. The cardinal of

a set X is the least ordinal number such that there exists a not necessarily order preserving bijection between X and that

ordinal.

The cardinality of a finite set is the number of elements in that set hence a natural number. The “transfinite” cardinal

numbers, often denoted using the Hebrew Aleph symbol ℵ followed by a subscript, describe the sizes of infinite sets. There

exists a transfinite sequence of cardinal numbers:

0,1,2, . . . , n, . . .ℵ0,ℵ1, . . .ℵα . . . ,
3A limit ordinal is a limit point of the class of ordinal numbers, with respect to the order topology defined in the next chapter. The other

ordinals are isolated points in the same topology.
4Of course, there are sets of ordinals whose supremum is not a limit ordinal.

10



2.2. Numbers (Zahlen)

where the transfinite cardinal numbers are indexed by ordinals. The cardinal of N is the first transfinite cardinal number,

Aleph zero ℵ0, which is the smallest ordinal greater than every natural number, ω. A set with cardinality ℵ0 is called

countable. Cardinals and ordinals are distinct objects: the ordinal ω + 1 = ω ∪ {ω} is the successor of ω, hence a distinct

ordinal, but the cardinal of ω + 1 is still ℵ0. The same holds for ω + 2, ω ⋅ 2, ω2, ωω.

We denote the cardinal of a set X by ∣X ∣. The power set of the set P (X) = {Y ∣Y ⊂X} has cardinal ∣P (X)∣ = 2∣X ∣, and
is a cardinal number strictly larger that ∣X ∣.

Theorem 2.1 ( Cantor’s theorem ). Let f be a map from a set X to its power set P(X). Then f is not surjective and

∣X ∣ < ∣P(X)∣.

Proof. Consider the set B = {x ∈ X ∣x ∉ f(x)} ⊂ X hence B ∈ P(X). Assume f is surjective. Then there exits y ∈ X such

that f(y) = B. But by construction y ∈ B ⇔ y ∉ f(y) = B, which is a contradiction. The last assertion follows by noting

that f(x) = {x} is an injective function from X to P(X).

2.2.3 Integer numbers Z (Ganze Zahlen)

Informally, the integer numbers are constructed as Z = N ∪ {−1,−2, . . .}, where −n is the inverse of n with respect to the

addition. Integers can be modeled as differences or natural numbers a − b.

Construction 2.2 ( Integer numbers Z ). The integer numbers can be constructed as the quotient set Z = N ×N/ ∼ with ∼
the equivalence relation (a, b) ∼ (c, d) if a+ d = b+ c. The addition, multiplication and total order on the integers are define

as:

• [(a, b)] + [(c, d)] = [(a + c, b + d)],

• [(a, b)] × [(c, d)] = [(a × c + b × d, a × d + b × c)],

• [(a, b)] < [(c, d)] if a + d < b + c.

The natural numbers N are embedded in Z by n→ [(n,0)].

Note that [(a, b)] + [(b, a)] = [(a + b, a + b)] = [(0,0)] hence the additive inverse of [(a, b)] is [(b, a)] which we denote

[(b, a)] ≡ −[(a, b)]. If a ≥ b then a = b + c and [(a, b)] = [(c,0)] ≡ c; if on the contrary a < b then b = a + c and

[(a, b)] = −[(b, a)] ≡ −c which leads to the usual notation Z = {0,1,−1,2,−2 . . .}. We observe that [(b, a)] = [(a, b)]×[(0,1)] =
−[(a, b)], that is (−1) × c = −c and (−1) × (−c) = c

Exercise 2.5. Prove that ∼ is an equivalence relation. Prove that the addition of integers is commutative, associative

and compatible with the total order. Prove that the multiplication on integers is associative, distributive with respect to the

addition and the multiplication by positive elements is compatible with the total order while the multiplication by negative

elements reverses the order.

Definition 2.4 ( Group (Gruppe) ). A group (G, ○, e) is a set G with an internal binary operation ○ ∶ G ×G → G such

that:

• (identity element) there exist e ∈ G such that e ○ g = g ○ e = g,

• (associative) g1 ○ (g2 ○ g3) = (g1 ○ g2) ○ g3, ∀g1, g2, g3 ∈ G,

• (inverse) for any g ∈ G, there exists g−1 ∈ G such that g ○ g−1 = g−1 ○ g = e.

A group is Abelian, or commutative, if ∀g1, g2 ∈ G, g1 ○ g2 = g2 ○ g1.

Definition 2.5 ( Axiomatic definition of Z ). (Z,+,0) is the only non trivial totally ordered Abelian group whose positive

elements (i.e. elements strictly greater than 0) are well-ordered.
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2.2.4 Rational numbers Q (Rationale Zahlen)

Informally, rational numbers are modeled as ratios p/q with p and q integers.

Construction 2.3 ( Rational numbers Q ). The rational numbers can be constructed as the quotient set Q = Z × Z≠0/ ∼
with ∼ the equivalence relation (p1, q1) ∼ (p2, q2) if p1 × q2 = q1 × p2. Clearly [(p, q)] = [(a × p, a × q)] for any a ∈ Z≠0, in
particular [(p, q)] = [(−p,−q)]. The addition, multiplication and total order on the rational numbers are:

• [(p1, q1)] + [(p2, q2)] = [(p1 × q2 + q1 × p2, q1 × q2)],

• [(p1, q1)] × [(p2, q2)] = [(p1 × p2, q1 × q2)],

• [(p1, q1)] < [(p2, q2)] if q1, q2 > 0 and p1 × q2 < q1 × p2.

The integer numbers Z are embedded in Q by p→ [(p,1)]. We use the notation [(p, q)] ≡ p
q
.

The additive and multiplicative inverses of x = [(p, q)] are −x = [(−p, q)] and x−1 = [(q, p)] (where we need to assume

p ≠ 0 for the multiplicative inverse to exist). We can define the ratio of two rational numbers as the multiplication of the

first by the multiplicative inverse of the second: x/y = x × y−1.

Theorem 2.2 ( Q is dense in itself ). The set Q is dense in itself, that is for any x, y ∈ Q and x < y there exists z ∈ Q such

that x < z < y. More precisely (see Sec. 3) each point in Q is a limit point of Q in the standard topology.

Proof. We have x = [(p1, q1)] and y = [(p2, q2)] with q1, q2 > 0 and p1 × q2 < q1 × p2. We denote z = (x + y)/2 = [(p1 × q2 +
q1 × p2,2 × q1 × q2)], where 2 × q1 × q2 = q1 × q2 + q1 × q2 as the multiplication is distributive. Taking into account that the

multiplication is compatible with the total order on Z we have:

q1 × (p1 × q2) < q1 × (q1 × p2) ⇒ 2 × q1 × q2 × p1 < q1 × (p1 × q2 + q1 × p2) ⇒ x < z ,

(p1 × q2) × q2 < (q1 × p2) × q2 ⇒ (p1 × q2 + q1 × p2) × q2 < 2 × q1 × q2 × p2 ⇒ z < y .

Theorem 2.3 ( Q is countable ). There exists a bijection between N and Q. More generally, a countable union of countable

sets is countable, that is there exists a bijection between N and the set ⋃n∈N Sn, with Sn = {snp ∣p ∈ N}.

Proof. Let us arrange the sets (Sn = {snp ∣p ∈ N})n∈N on a square grid in the plane putting snp at coordinates (n, p). We

list the sets Sn along the horizontal and pile them S1, S2 and so on along the vertical. The bijection is obtained by stepping

along the axes and along the diagonals:

s11 → s12 → s21 → s31 → s22 → s13 → s14 → s23 → s32 → s41 → . . . .

It follows that Z ⊂ ⋃a∈N{(a, b) ∣ b ∈ N} is countable and Q ⊂ ⋃p∈Z{(p, q) ∣ q ∈ Z≠0} is also.

Exercise 2.6. Prove that ∼ is an equivalence relation. Prove that the addition of rational numbers is commutative,

associative and compatible with the total order. Prove that the multiplication of rational numbers is commutative, associative,

distributive with respect to the addition and compatible with the total order.

Exercise 2.7. Prove that the decimal representation of any rational number either stops or ends up with an infinitely
repeated (periodic) sequence of decimals.Consider p < q and recall the algorithm of long division (we denote (..0) a possibly empty sequences of the decimal zero):
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2.2. Numbers (Zahlen)

p.000000............... | q

p0(..0) | 0.(..0)c1(..0)c2(..0)c3(..0) ****

-c1 x q

---------

r10(..0)

-c2 x q

--------

r20(..0)

-c3 x q

--------

r30(..0)

********

The rests r1, r2, . . . can only take a finite number of values 0,1, . . . q − 1. If one of the rests is 0 the decimal representation stops. If not, there is a first repeat of the rests ri = rj and the decimal

representation ends up in a periodically repeating sequence.

2.2.5 Real numbers R (Reelle Zahlen)

Perhaps the most useful numbers we will use are the real numbers. Informally the real numbers sit “in between” the

rational ones, that is they are numbers that are not rational but can be arbitrarily well approximated by rational ones. An

example of a number that is not rational is
√
2.5

Real numbers can be constructed using Dedekind cuts. Morally, a Dedekind cut represents the real number b by the

set (−∞, b) ∩Q.

Construction 2.4 ( Real numbers R ). The real numbers R can be constructed as the set of Dedekind cuts of the rational

numbers. A Dedekind cut (A,B) of the rational numbers is a partition of Q into two non empty disjoint sets Q = A ∪B,

A,B ≠ ∅, A ∩B = ∅ such that:

• (A is closed downwards) if x, y ∈ Q with x < y and y ∈ A then x ∈ A,

• (A does not contain a greatest element) if x ∈ A then there exists y ∈ A such that x < y.

As B = Q ∖A, we can identify the cut (A,B) by its first set only, namely A, which is a nonempty, downwards closed

strict subset of Q (hence bounded from above) but with no greatest element. Q is embedded in the set of Dedekind cuts by

r → A = {a ∈ Q ∣a < r}, which does not have a greatest element in Q since Q is dense in itself. For example the Dedekind

cut corresponding to 0 is Q<0, the set of strictly negative rational numbers. The arithmetic operations and total order on

the Dedekind cuts are defined as:

• (addition) A1 +A2 = {a1 + a2 ∣a1 ∈ A1 and a2 ∈ A2},

• (subtraction) A1 −A2 = {a1 − b2 ∣a1 ∈ A1 and b2 ∈ Q ∖A2},

• (negation) −A2 = 0 −A2 = {a1 − b2 ∣a1 ∈ Q<0 and b2 ∈ Q ∖A2},

• (total order) A1 < A2 if A1 is a strict subset of A2, that is A1 ⊂ A2 and A2 ∖A1 ≠ ∅, also denoted A1 ⊊ A2, and this

is a total order as the Dedekind cuts are closed downwards,

• (multiplication) we have two cases:

– for A1,A2 ≥ 0 we define A1 ×A2 = {a1 × a2 ∣0 ≤ a1 ∈ A1 and 0 ≤ a2 ∈ A2} ∪Q<0,

– otherwise we use one of the equalities A1 ×A2 = −(A1 × (−A2)) = −((−A1) ×A2) = ((−A1) × (−A2)),

• (division) we again have two cases:

5Euclid, Elements (proposition 117, Book X) Alexandria, Ptolemaic Egypt, year ≈ 300 BCE. Assume
√
2 = p/q with p and q co primes. Then

p2 = 2q2 hence p2 divides by 2 hence p divides by 2. Then q2 = 2(p/2)2 hence q2 divides by 2 hence q divides by 2 hence p and q are not co
primes.
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– if A1 ≥ 0 and A2 > 0 then A1/A2 = {a1/b2 ∣0 ≤ a1 ∈ A1 and b2 ∈ Q ∖A2} ∪Q<0,

– otherwise we use one of the equalities A1/A2 = −(A1/(−A2)) = −((−A1)/A2) = (−A1)/(−A2).

The important remark is that any nonempty subset of the real numbers thus constructed which is bounded from above

has a supremum, that is a least upper bound.

Theorem 2.4 ( Every nonempty, bounded subset of R has a supremum in R ). The supremum, that is the least upper

bound, of a bounded above subset S = {A ∣A ∈ X and A < B} of a totally ordered set X is an element I ∈ X such that

∀A ∈ S,A ≤ I and ∀I ′ < I, ∃A ∈ S with A /≤ I ′.6 The supremum of the set of Dedekind cuts S = {A ∣A ∈ R and A < B} is the
Dedekind cut I = ⋃A∈S A, that is any nonempty subset of R bounded above has a supremum in R.

Proof. We consider S = {A ∣A ∈ R and A < B}. The set I = ⋃A∈S A is a Dedekind cut:

- as A ⊂ Q then I ⊂ Q; as I ⊃ A ≠ ∅ then I ≠ ∅; as I < B, then I ≠ Q,

- I is closed downwards, if y ∈ I then y ∈ A for some A and as A is closed downwards, x < y⇒ x ∈ A ⊂ I.

- if I has a greatest element x, then x ∈ A for some A and, as A ⊂ I, x is the greatest element of A, which is impossible.

Moreover, I is an upper bound for S because ∀A ∈ S, A ⊂ I hence A ≤ I. Finally, any I ′ < I is not an upper bound for S

because, if I ′ < I then ∃x ∈ I ∖ I ′. As x ∈ I, then ∃A ∈ S such that x ∈ A hence (as x ∉ I ′) A ≰ I ′.

Definition 2.6 ( Algebraic field (Körper) ). An algebraic field (K,+,0,×,1) is a set such that:

• (K,+,0) is an Abelian group, (K ∖ {0},×,1) is an Abelian group and × is distributive with respect to + that is

a × (b + c) = a × b + a × c.

If moreover K is totally ordered by ≤ we say than ≤ is compatible with + and × if for all x, y, z ∈ K, if x ≤ y then

x + z ≤ y + z, and if 0 ≤ x, y then 0 ≤ x × y. We say that ≤ is Dedekind complete if every non-empty subset of K bounded

from above has a least upper bound, that is ∀X ⊂K,X ≠ ∅, if B = {b ∈K ∣ ∀x ∈X , x ≤ b} ≠ ∅ then ∃u ∈ B such that ∀b ∈ B,

u ≤ b. In this case u is called the supremum of X.

The rational numbers Q are an algebraic field with a compatible order ≤ which is not Dedekind complete: the set

A = {x ∈ Q, x2 < 2} has upper bounds in Q, e.g. 1.416, but it has no least upper bound as
√
2 ∉ Q.

Definition 2.7 ( Axiomatic definition of R ). (R,+,0,×,1) is the unique Dedekind complete compatibly totally ordered

algebraic field.

The real numbers can be represented as points on an infinite straight line, called the real line, depicted in Fig. 2.1.

R
0

Figure 2.1: The real axis.

Theorem 2.5 ( R has the Archimedean property (Archimedisches Axiom) ). The real numbers have the Archimedean

property, that is for any x, y ∈ R with 0 < x < y, there exists n ∈ N such that y < nx.

Proof. Without loss of generality we can assume y = 1. Assume there exists 0 < x < 1 such that nx ≤ 1 form any n ∈ N.
Denote S the set of all such x and observe that S is bounded from above by 1. Then S has a supremum, which we denote

c. As c is the supremum of S, n(c/2) ≤ 1 for all n ∈ N7 but there exists p ∈ N such that 1 < p(2c), which is impossible.
6Equivalently, if B is such that ∀A ∈ S, A ≤ B then I ≤ B.
7As there exists c/2 < x ≤ c with x ∈ S, and as the order is compatible n(c/2) < nx ≤ 1
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Theorem 2.6 ( Q is dense in R ). For any x, y ∈ R with x < y there exists a rational number q ∈ Q such that x < q < y.

Proof. We denote x̃ the cut associated to the real number x, that is x̃ is a subset of Q that is closed downwards and is

bounded from above but has no greatest element. The Dedekind cut of q ∈ Q is denoted q̃ = {p ∈ Q ∣p < q}. We denote x̃ ⊊ ỹ
the relation of strict inclusion x̃ ⊂ ỹ and ỹ ∖ x̃ ≠ ∅. As x < y we have x̃ ⊊ ỹ and:

If x ∈ Q then x ∈ ỹ. This follows if ∃s ∈ ỹ, x < s. Assume the contrary ∀s ∈ ỹ, s ≤ x. But then the inequality needs to be

strict, otherwise, as ỹ has no greatest element, ∃s′ ∈ ỹ, s′ > s = x. Finally, if ∀s ∈ ỹ, s < x then ỹ ⊂ x̃ and y ≤ x,
contradicting the hypothesis x < y.

There exist q ∈ Q, q ∈ ỹ ∖ x̃ and if x ∈ Q we can always chose q > x. The first part follows from x̃ ⊊ ỹ. If x ∈ Q then by the

previous item x ∈ ỹ and as ỹ has no greatest element, there exists q ∈ Q, x < q and q ∈ ỹ.

We have x̃ ⊊ q̃. Any r ∈ x̃, r ≠ q. As Q is totally ordered then either r < q or q < r. If q < r, as x̃ is downwards closed, q ∈ x̃
contradicting q ∈ ỹ ∖ x̃. We conclude that r < q hence r ∈ q̃ and x̃ ⊂ q̃. If x ∉ Q then x ≠ q and the inclusion is strict. If

x ∈ Q, as we can chose q > x, the inclusion is again strict.

We have q̃ ⊊ ỹ. This is trivial as q ∈ ỹ and ỹ is closed downwards.

Theorem 2.7 ( R is uncountable ). There is no surjective function f ∶ N → (0,1) ⊂ R, that is the set of real numbers is

not countable.

Proof. Every a ∈ (0,1) admits a decimal representation as 0.a1a2 . . . an . . . obtained by choosing inductively ak to be the

largest digit 0,1,2 up to 9 such that ∑kp=1 ap10−p ≤ x and x = supk≥1{∑
k
p=1 ap10

−p}. This definition avoids the “problem of

trailing 9s”, i.e. 0.49999 . . . is not the decimal representation of any real number, as the decimal representation of 1/2 is

0.50000 . . .. The price to pay is that not any list of digits is an admissible list of decimals of a real number: lists ending

in trailing 9s, ak = 9 for k > n are not admissible and need to be converted in lists of decimals ending in trailing 0s, as in

0.a1 . . . an9999 → 0.a1 . . . (an + 1)0000 . . .. The gain is that there is a one to one correspondence between real numbers and

lists of decimals that is x = y if and only if all their decimals are equal.

Consider now any function f ∶ N→ (0,1) and consider for all i ∈ N the decimal representation f(i) = 0.i1i2 . . . in . . . . We

now build a real number x ∈ (0,1) such that ∀i, f(i) ≠ x. We take x with decimal representation x = 0.x1x2 . . . xn . . . and
we ensure that x ≠ f(i) by choosing the i’th decimal xi of x to be different from the i’th decimal ii of f(i) (if we make a

table with rows the decimals of f(i), we modify the diagonal decimals and collect them to form x). For instance we can

chose xi = ii + 1 if 0 ≤ ii ≤ 7 and xi = 0 for ii = 8,9. In particular x can not contain any decimal 9, so it is an admissible

decimal representation of a real number. As x ≠ f(i) for any i, x ∉ f(N) and f is not surjective.

It can be shown that ∣R∣ = 2ℵ0 , that is the cardinal of the real numbers is equal to the cardinal of the power set of the

natural numbers.8 The continuum hypothesis states that there is no other cardinal number in between ℵ0 and 2ℵ0 , that is

2ℵ0 = ℵ1. This statement is undecidable using the standard Zermelo–Fraenkel set theory axioms.

Some simple functions of real numbers are:

• Inverses. For x ∈ R the additive inverse of x is −x and for x ∈ R≠0 the multiplicative inverse is 1/x = x−1. The

multiplicative inverses of 0 is undetermined.

• Absolute value. For x ∈ R the absolute value ∣x∣ of x is x if x ≥ 0 and −x otherwise.

8Think of the decimal representation in base 2.
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• Integer powers, polynomials. For x ∈ R≠0, x0 = 1 and xn+1 = x×xn; 01 = 0 but 00 is undermined. Polynomials are linear

combinations of integer powers. A polynomial of degree n is P (x) = an × xn + an−1 × xn−1 + ⋅ ⋅ ⋅ + a0, with a0, . . . an ∈ R
and an ≠ 0.

• n-roots. For x ∈ R≥0, the root of order n for n ∈ Z≠0 is:

– n > 0, it is the Dedekind cut x
1
n = {0 ≤ q ∈ Q ∣ qn < x}⋃Q<0.

– for n < 0 it is defined as x
1
n = (x− 1

n )−1.

For n ≠ 0, 0 1
n = 1 and 0

1
0 is undetermined.

• Rational powers. For x ∈ R≥0, and p, q ∈ Z, x
p
q = (x

1
q )p

Exercise 2.8. Prove that the arithmetic operations defined for Dedekind cuts are commutative, associative, compatible with

the ordering and that the multiplication is distributive with respect to the addition. Prove that if 0 < x, y then 0 < x × y.
Prove that this implies that if a > 0 and x < y then a × x < a × y.

Exercise 2.9. Prove that A = {a ∈ Q ∣a2 = a×a < 2 or a < 0} is a valid Dedekind cut which does not correspond to a rational

number. What real number does this cut represent?

Exercise 2.10. Prove, using Dedekind cuts, that the sequence 0.999 . . . of trailing 9 is the real number 1. We denote the truncated

sequence of n decimals 9, 0.(9)n = 1 − 10−n < 1, and 0.999 . . . the supremum of this subset of real numbers. The Dedekind cut of 0.999 . . . consists in the rational numbers r such that there exists some

n with r < 0.(9)n < 1, hence r belongs to the cut of 1. Consider now any element in the cut of 1, a
b
< 1 hence 0 < a < b. Then 1− a

b
= b−a

b
≥ 1
b
> 1

10b
hence 0.(9)b >

a
b
, therefore a

b
belongs to the cut

of 0.(9)b and consequently to the one of 0.999 . . ..

2.2.6 Complex numbers C (Komplexe Zahlen)

The last class of numbers we will be using are the complex numbers.

Construction 2.5 ( Complex numbers C ). The complex numbers C are the Cartesian product R × R endowed with the

operations:

• (addition) (x1, y1) + (x2, y2) = (x1 + x2, y1 + y2),

• (multiplication) (x1, y1) × (x2, y2) = (x1 × x2 − y1 × y2, x1 × y2 + y1 × x2),

and form an algebraic field. The real numbers R are embedded in C by x→ (x,0)
In order to simplify the notation, whenever no confusion can arise, we suppress the symbol × for multiplication.

As C = R×R, the complex numbers are represented as an infinite plane, called the complex plane. The real numbers R
are embedded into C by the mapping x → (x,0). In particular (1,0) ≡ 1 and denoting (0,1) ≡ ı we can write any complex

number as:

z = (x, y) = (x,0) + (0,1) × (y,0) = x + ı × y , ı2 = ı × ı = −1 .

Let z = x+ ı y be a complex number. We call x the real part of z which we denote Re(z), and y the imaginary part of z,

which we denote by Im(z). The complex conjugated of z, denoted z̄, is obtained by keeping the real part fixed, but taking

the additive inverse of the imaginary part z = x + ı y → z̄ = x − ı y.
The complex numbers can be represented as points in a plane, called the complex plane spanned by two orthogonal

real axes: z = x + ı y = (x, y) represents a point with coordinates x on the horizontal and y on the vertical, as depicted in

Fig. 2.2.
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C

∣z∣

x

y

φ

Figure 2.2: The complex plane.

The absolute value (or modulus) of z is the non negative real number9 ∣z∣ = (x2 + y2)1/2 = (z z̄)1/2, ∣z∣ > 0 for z ≠ 0. It

represents the distance from the origin 0 = (0,0) and z = (x, y). The argument of z is the angle φ between the horizontal

axis and the line (0,0), (x, y) and:

x = ∣z∣ cosφ , y = ∣z∣ sinφ ⇒ z = ∣z∣(cosφ + ı sinφ) .

A priory the angle φ belongs to the interval (−π,π). This is the principal determination of the argument, denoted Arg(z).
However, the argument is not uniquely defined: it is a periodic function with period 2π, that is:

z = ∣z∣(cos θ + ı sin θ) , θ = Arg(z) + 2kπ , k ∈ Z .

Like for real numbers, simple functions of complete numbers are:

• Inverses. For z ∈ C the additive inverse of z is −z and for z ∈ C≠0 the multiplicative inverse is 1
z
= z̄

z×z̄ . The

multiplicative inverses of 0 is undetermined.

• Integer powers, polynomials. For z ∈ R≠0, z0 = 1 and zn+1 = z × zn; 01 = 0 but 00 is undermined. Polynomials are

linear combinations of integer powers P (z) = an zn + an−1 zn−1 + ⋅ ⋅ ⋅ + a0, with a0, . . . an ∈ R and an ≠ 0.

• n-roots. For z = ∣z∣(cosφ + ı sinφ) ∈ C≠0 and for any n ∈ N≠0 we have n distinct roots of order n of z:

ξn = z ⇒ ξ ∈ {ξ0, . . . ξn−1} , ξk = ∣z∣1/n (cos(
φ + 2kπ

n
) + ı sin(φ + 2kπ

n
)) .

• Rational powers. For x ∈ C≠0, and p ∈ Z and q ∈ Z+, z
p
q = (z

1
q )p

The most important property of the complex numbers, whose proof is postponed to Chapter 10, states that C is an

algebraically closed field, that is any polynomial with complex coefficients admits a root in C. In detail, for any polynomial

with complex coefficients P (z) there exist r ∈ C such that P (r) = 0. Denoting r a root of the polynomial P (z), we note that
zn − rn = (z − r)∑n−1q=0 z

qrn−q hence P (z) = P (z) − P (r) = (z − r)Q(z) for Q some polynomial of degree n − 1, and iterating

we get P (z) = an (z − r1) × . . . (z − rn) with r1, . . . rn the n (not necessarily distinct) roots of P (z) and an the coefficient of

the monomial of highest degree.

Exercise 2.11. Prove that the addition and multiplication of complex numbers are commutative and associative and the

multiplication is distributive with respect to the addition, that is the complex numbers are an unordered algebraic field.

Exercise 2.12. Prove that ı2 = ı × ı = −1
9Strictly speaking the non negative determination of the square root is constructed as a Dedekind cut.
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Exercise 2.13. Prove using the trigonometric circle that cos(φ1 + φ2) = cos(φ1) cos(φ2) − sin(φ1) sin(φ2) and sin(φ1 +
φ2) = sin(φ1) cos(φ2) − cos(φ1) sin(φ2). Conclude that for z1 = ∣z1∣(cosφ1 + ı sinφ1) and z2 = ∣z2∣(cosφ2 + ı sinφ2) then
z1z2 = ∣z1∣∣z2∣(cos(φ1 + φ2) + ı × sin(φ1 + φ2)). Show that for any n-root of z, (ξk)n = z. Prove that any complex number

such that ξn = z is one of the n-roots of z.

Exercise 2.14. What is the image of the line Re(z) = const. under the function f(z) = 1/z?
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Chapter 3

Topological spaces

Topology formalizes the notion of being close in the absence of a way to measure distances.

3.1 Topology

Definition 3.1 ( Topology (Topologie) ). A topological space is a set X endowed with a topology T . A topology T on

X is a set of subsets of X, T = {U ∣U ⊂X} ⊂ P(X) such that:

• ∅,X ∈ T ,

• (closed under arbitrary union) for any index set1 A if (Uα)α∈A ∈ T then ⋃α∈AUα ∈ T (or, stated fancier, A ⊂ T ⇒
⋃A ⊂ T ),

• (closed under finite intersection) for any finite set I, if (Ui)i∈I ∈ T then ⋂i∈I Ui ∈ T .

A subset Y of X is endowed with the subspace (or induced) topology TY = {U ∩ Y ∣U ∈ T }.
The topologies of a set X form a poset, in fact a lattice, with the inclusion. For T1 and T2 two topologies on X, if

T1 ⊂ T2 we say that T2 is finer than T1 (resp. T1 is coarser than T2).

Any set X has two trivial topologies: the discrete topology consisting in all the subsets of X (the finest topology on X)

and the indiscrete topology consisting in only the empty set and the set itself (the coarsest topology in X). Topologies that

sit in between these two are usually more interesting.

Definition 3.2 ( Open sets and neighborhoods (Offene Menge, Umgebungen) ). The elements U in a topology U ∈ T
are called open sets. We reserve U as a notation for open sets. A set is called closed if its complement is open.2 Sets that

are both open and closed (for instance ∅ and X) are sometimes called clopen.

For any x ∈ X, a neighborhood of x in X is an set V ⊂ X which includes an open set containing x, that is x ∈ U ⊂ V ,

with U ∈ T . Without loss of generality we restrict to open neighborhoods, that is a neighborhood of a point is any open set

containing that point.

A topology is called Hausdorff if for any two distinct points x1, x2 ∈X, x1 ≠ x2 one can find two disjoint neighborhoods,

one containing x1 and the other one x2, that is x1 ∈ V1, x2 ∈ V2 and V1 ∩ V2 = ∅.

In a Hausdorff topology the points are not indistinguishably close to each other. The discrete topology is Hausdorff,

while the indiscrete one is not.

1Strictly speaking, any ordinal A, finite, countable or uncountable.
2As ⋂α(X ∖Uα) = X ∖ (⋃α Uα) and ⋃i(X ∖Ui) = X ∖ (⋂i Ui), arbitrary intersection and finite unions of closed sets are closed.
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3. TOPOLOGICAL SPACES

A subbase in a topology is a subset of open sets U ∈ T such that any other open set is obtained by taking arbitrary

unions of finite intersections of them. A base is a subset of open sets such that any other open set can be obtained by

taking only unions of them. For example, every totally ordered set X can be endowed with a topology, called the order

topology, generated by the subbase {x∣x < b} and {x∣a < x} for all a, b ∈ X. A base in the order topology consists in these

sets together with (a, b) = {x∣a < x < b}. The ordinal numbers λ = [0, λ), λ + 1 = λ ∪ {λ} are totally ordered and the space

of ordinal numbers can be endowed with the order topology.

Definition 3.3 ( Continuous and open functions ). A map (function) f ∶ X → Y from a topological space (X,T1) to a

topological space (Y,T2) is called

• open if for all U ∈ T1, f(U) ∈ T2,

• continuous if for all V ∈ T2, f−1(V ) ∈ T1.

If T1 and T2 are topologies on X with T1 ⊂ T2 then the map idX ∶ (X,T1) → (X,T2) is open and idX ∶ (X,T2) → (X,T1)
is continuous.

A topological space is called connected if it can not be divided into two disjoint nonempty open sets, X ≠X1 ∪X2 with

X1 ∩X2 = ∅. For x, y ∈ X, a path from x to y is a continuous function f ∶ [0,1] → X with f(0) = x and f(1) = y. A

topological space is path connected if any two points in it are connected by a path.

3.1.1 Compact sets (Kompakter Menge)

A class of sets that will play an important role below is that of compact sets.

Definition 3.4 ( Compact sets ). A set K ⊂X is called compact if from any open cover of K, ⋃α∈AUα ⊃K with Uα ∈ T ,
one can select a finite open cover of K, ⋃α∈I⊂AUα ⊃K for some finite set I.

Theorem 3.1 ( Properties of compact sets ). We have:

• let K be a compact subset of X and U ⊂K an open set. Then K ∖U is compact.

Proof. Let any open cover (Uα)α∈A of K ∖U , then U, (Uα)α∈A is an open cover of K and it possesses a finite subcover

(Ui)i∈I (where one of Ui can be U). As U contains no point in K ∖U , (Ui)i∈I ∖U is a finite cover of K ∖U .

• if K is a compact subset of (X,T ) then K is compact in the induced topology (K,TK).

Proof. For any cover of K by open sets in the induced topology (K ∩Uα)α∈A with Uα ∈ T , then (Uα)α∈A is an open

cover of K in T and admits a finite subcover (Ui)i∈I which is such that (K ∩Ui)i∈I covers K.

• the image of a compact set under a continuous function is a compact set.

Proof. Let f ∶ X → Y a continuous function and consider K ∈ X compact. For any open cover of f(K), f(K) ⊂
⋃α∈A Vα ⊂ f(X), the sets (f−1(Vα))α∈A are open (as f is continuous) and form a cover of K, ⋃α∈A f−1(Vα) ⊃ K.

Hence one can select a finite cover of K, (f−1(Vi))i∈I leading to a finite open cover of (Vi)i∈I of f(K).
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3.1.2 Topological boundary, closure and interior (Topologischer Rand)

Definition 3.5 ( Topological boundary, closure and interior ). Consider a subset of a topological space Y ⊂ X. For any

point in x ∈X, we denote U(x) an open neighborhood of x, that is an open set U(x) ∈ T containing x, x ∈ U(x). The point

x is:

• an accumulation (or limit) point of Y if every neighborhood of x contains at least one other point in Y , that is ∀U(x),
(U(x) ∩ Y ) ∖ {x} ≠ ∅. A limit point of Y does not necessarily belong to Y .

• an interior point of Y if it has a neighborhood entirely contained in Y , that is ∃U(x) ⊂ Y .

• a isolated point of Y if it belongs to Y but is not a limit point of Y , that is x ∈ Y and ∃U(x) such that (U(x)∩Y )∖{x} =
∅.3

We stress that the isolated points of a set, while by definition are not limit points, can be interior points: if X is endowed

with the discrete topology and Y ⊂ X, every point of y ∈ Y is at the same time an isolated and an interior point of Y as

{y} is open.

Exercise 3.1. The interior Y ○ of a subset Y of a topological space X is the union of all the open sets contained in Y , that

is Y ○ = ⋃(P(Y ) ∩ T ). Prove that:

- x ∈ Y ○ if and only if x is an interior point of Y . If x is interior to Y then ∃U(x) ⊂ Y hence U(x) ∈ P(Y ) ∩ T thus U(x) ⊂ Y ○. Conversely, any point in Y ○

must belong to at least one of the open sets in P(Y ) ∩ T , all of which are entirely included in Y .

- the interior Y ○ ⊂ Y is an open set in T . By definition.

- a set U is open if and only if U = U○. If U = U○ then U is open (as U○ is open). Conversely, consider an open U; first, U○ ⊂ U; second, as U is open then both

U ∈ P(U) and U ∈ T , hence U ⊂ ⋃(P(U) ∩ T ) = U
○.

The closure Ȳ of Y is the union of Y with all its limit points. The boundary of Y is the set difference between its

closure and its interior, ∂Y = Ȳ ∖ Y ○. We have that:

- x ∈ Ȳ if and only if ∀U(x), U(x) ∩ Y ≠ ∅. If x ∈ Ȳ then either x ∈ Y or x is a limit point of Y and in both cases ∀U(x), U(x) ∩ Y ≠ ∅. Conversely, if x ∈ Y then

x ∈ Ȳ and if x ∉ Y then ∀U(x), x ∉ U(x) ∩Y hence U(x) ∩Y ∖ {x} = U(x) ∩Y ≠ ∅ and x is a limit point of Y .

- the complement of the closure is the interior of the complement X ∖ Ȳ = (X ∖ Y )○.Indeed, if x ∈X ∖ Ȳ then on the one hand ∃U(x) such

that U(x) ∩ Y ∖ {x} = ∅ and on the other x ∉ Y (as Y ⊂ Ȳ ) hence U(x) ∩ Y = ∅. It follows U(x) ⊂ X ∖ Y , that is x ∈ (X ∖ Y )○. Conversely, if x ∈ (X ∖ Y )○ then ∃U(x), U(x) ⊂ X ∖ Y ,

which implies U(x) ∩Y = ∅ hence x can not belong to Ȳ .

- C is closed if and only if C = C̄. By the previous item, C̄ is closed hence C = C̄ implies C is closed. Conversely, if C is closed then X∖C is open and X∖C = (X∖C)○ =X∖C̄

by the previous item.

- X splits into the disjoint partition X = Ȳ ∪ (X ∖ Ȳ ) = Y ○ ∪ ∂Y ∪ (X ∖ Y )○. From the definition of Ȳ and item 2.

- the boundaries of a set and of its complement are equal ∂Y = ∂(X ∖ Y ) and ∂Y = Ȳ ∩X ∖ Y . By applying the previous item to Y

and Y →X ∖Y .

- ∂Y is a closed set. As its complement is open.

- ∂Y consists of all the points x ∈ X such that ∀U(x), U(x) ∩ Y ≠ ∅ and U(x) ∩ (X ∖ Y ) ≠ ∅. Indeed, any point x ∈ ∂Y is either a

point in Y or a limit point of Y (or both) and any U(x) will contain a point in Y ; the same goes for X ∖Y . Conversely, by the first item above, x ∈ Ȳ and x ∈X ∖Y hence x ∈ Ȳ ∩X ∖Y = ∂Y .

3{x} is an open set in the induced topology TY .
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- for any set Y , ∂Y ⊃ ∂∂Y and ∂Y = ∂∂Y if and only if ∂Y has no interior points. Indeed, as ∂Y is closed, ∂Y = ∂Y and ∂∂Y = ∂Y ∖(∂Y )○.

- the boundary ∂V of any open set V has empty interior. The same holds for closed sets. As V is open, V = V ○ hence V ∩ ∂V = ∅ as

the boundary and the interior of any set are disjoint. Take any point x ∈ ∂V ; for any U(x), U(x) ∩ V ≠ ∅ hence U(x) can not be a subset of ∂V . The same result follows for close sets as they

have the same boundary as their complements, which are open.

- every closed set with empty interior is the boundary of its complement. Indeed, as B = B̄ and B○ = ∅ then on the one hand ∂B = B̄ = B and on

the other ∂B = ∂(X ∖B) = ∂(X ∖B)○.

- we stress that:

* the isolated points of Y are not necessarily limit points of X ∖ Y , as in the discrete topology.

* for any Y the interior of Y ○ is Y ○ as Y ○ is open and the closure of Ȳ is Ȳ as Ȳ is closed.

* a set Y is dense in X if Ȳ =X. If U is dense in X and open then ∂U =X ∖U .

* in general ∂Ȳ ≠ ∂Y ≠ ∂Y ○ hence in general Y ○ ≠ Ȳ and (Ȳ )○ ≠ Y ○! The isolated points of Y belong to Ȳ but are

not accumulation points of Y . Such points usually do not belong to Y ○ (unless the topology is discrete and they

belong as one element sets to the topology), hence usually they belong to ∂Y but not to ∂Y ○. If U is open dense

in X, then ∂(Ū) = ∂X = ∅ as X is both closed and open but ∂U =X ∖U ≠ ∅.

3.2 Metric spaces and the standard topology

In many cases of interest, the topology of a space comes from a notion of metric. Formally, a topological space X is called

metrizable if it is homeomorphic4 to a metric space. A metric space is a space in which one can measure distances.

We use ϵ as a notation for a (possibly small) strictly positive real number.

Definition 3.6 ( Metric space (Metrischer Raum) ). A metric space X is a set endowed with a distance function d ∶
X ×X → R≥0 (the non negative reals) such that:

• d(x,x) = 0,

• (symmetry and positivity) if x ≠ y then d(x, y) = d(y, x) > 0,

• (triangle inequality) for all x, y, z, d(x, y) ≤ d(x, z) + d(z, y).

The most interesting property of a distance is the triangle inequality. Morally it means that the distance between x and

y is measured along the shortest path, and passing through another point z will always represent a detour which lengthens

the distance.

A distance function of a metric space induces a topology.

Definition 3.7 ( The standard topology ). The standard topology on a metric space (X,d) is the topology generated by

the subbase of all open balls Br(x) = {y ∣d(x, y) < r} ⊂X, for all x ∈X, r ∈ R>0.

The closure of a ball in the standard topology is B̄r(x) = {y ∣d(x, y) ≤ r}. Indeed, if y is an accumulation point of

Br(x), then ∀ϵ, ∃z ∈ Bϵ(y) ∩Br(x) hence d(x, y) ≤ d(x, z) + d(z, y) < r + ϵ. Assuming d(x, y) = r′ > r, ϵ < r′ − r leads to a

contradiction. The boundary of the ball is ∂Br(x) = {y ∣d(x, y) = r}.

4That is mapped by a bicontinuous bijection, a continuous bijection whose inverse is also continuous.
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Theorem 3.2 ( In the standard topology, every open set contains a ball around any of its points ). For any open set U in

the standard topology on some metric space (X,d), and for any y ∈ U , there exists a small enough ϵ > 0 such that Bϵ(y) ⊂ U .

The converse (if ∀y ∈ U , ∃Bϵ(y) ⊂ U then U is open) is trivially true.

A topological space X is called first countable if ∀x ∈ X, there exists a countable set of open neighborhoods of x,

{Un(x) ∣n ∈ N} such that for any open set U , x ∈ U ⇒ Ui(x) ⊂ U(x) for some i ∈ N. All metric spaces are first countable.

Proof. We first show that this property holds for any ball, then for an arbitrary union of balls and finally for a finite

intersection of balls.

Consider a ball Br(x) centered at x for some x and some other point y ∈ Br(x). As d(x, y) < r, there exists ϵ such that

0 < ϵ < r −d(x, y). By the triangle inequality, ∀z ∈ Bϵ(y), d(z, x) ≤ d(z, y)+d(y, x) ≤ ϵ+d(y, x) < r therefore Bϵ(y) ⊂ Br(x).
Let y ∈ ⋃α∈ABrα(xα) and denote Br1(x1) (one of) the ball(s) to which y belongs; then there exists ϵ such that

Bϵ(y) ⊂ Br1(x1) and the same ball is contained in the union Bϵ(y) ⊂ ⋃α∈ABrα(xα). Finally, if y ∈ Bϵ1(y) ⊂ Br1(x1) and
y ∈ Bϵ2(y) ⊂ Br2(x2), then y ∈ Bmin(ϵ1,ϵ2)(y) ⊂ Bϵ1(y) ∩ Bϵ2(y). The lemma follows by noting that any open set can be

obtained by taking arbitrary unions and finite intersection balls.

The countable set B 1
n
(x) fulfills the requirement of first countability at x.

From this lemma it follows that the balls form in fact a base, not only a subbase in the standard topology, that is one

can obtain any open set U by taking unions of balls, one for each of its points, which are fully contained in U .

An important result is that metrizable topologies are Hausdorff.

Theorem 3.3 ( The standard topology is Hausdorff ). The standard topology on a metric space is Hausdorff; the same

holds for all metrizable topologies.

Proof. Consider any two points x ≠ y, hence such that d(x, y) > 0. Then the balls Bd(x.y)/3(x) and Bd(x.y)/3(y) are totally

disjoint. Indeed, assume there exists z ∈ Bd(x.y)/3(x) ∩Bd(x.y)/3(y). Then d(z, x), d(z, y) < d(x, y)/3, and from the triangle

inequality d(x, y) ≤ d(x, z) + d(z, y) < 2d(x, y)/3 which is impossible.

Sorgenfrey, or lower limit topology (Sorgenfrey-Gerade)

Although in many cases topologies are metrizable, there exist also non metrizable topologies. An example is provided for

instance by the Sorgenfrey topology of R generated by the basis of all half open intervals [a, b). This is a non metirzable

topology on R.

Exercise 3.2. Let us consider the real numbers R. Prove that:

d ∶ R ×R→ R≥0 , d(x, y) = ∣x − y∣ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

x − y , x − y ≥ 0

−x + y , x − y < 0
.

is a distance function on R. Any x,y,z ∈ R with x < y, we have z < x < y or x < z < y or x < y < z. Consider now the complex numbers C. Prove

that d ∶ C × C → R≥0, d(z1, z2) = ∣z1 − z2∣ is a distance function. This follows from ∣z1 + z2 ∣ ≤ ∣z1 ∣ + ∣z2 ∣ which follows from (x1 + x2)
2 + (y1 + y2)

2 ≤

x21 + y
2
1 + x

2
2 + y

2
2 + 2

√

(x2
1
+ y2

1
)(x2

2
+ y2

2
) ⇔ x21x

2
2 + y

2
1y

2
2 + 2x1x2y1y2 ≤ x

1
1x

2
2 + x

2
1y

2
2 + y

2
1x

2
2 + y

2
1y

2
2 which is true as 0 ≤ (x1y2 − x2y1)

2.

3.2.1 The RD metric space

The D dimensional Euclidean space is the set RD = {(x1, . . . xD)∣xµ ∈ R}. We denote 0 = (0, . . .0) the origin in RD,
that is the point with coordinates xµ = 0, µ = 1 . . .D. In most cases RD is regarded as a topological space endowed with

the standard topology with respect to a distance function which we now discuss. Starting from the next chapter, unless

otherwise specified, we will always assume that the RD is endowed with this topology.
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The space RD is a metric space. In fact several standard distance functions are usually defined on it:

dp(x, y) = ∥x − y∥p = (
D

∑
µ=1
∣xµ − yµ∣p)1/p , p ∈ [1,∞) ,

and d∞(x, y) = ∥x− y∥∞ =maxµ=1,...D ∣xµ − yµ∣. Observe that for D = 1 all these distance functions are equal and reproduce

the absolute value of the difference.

Lemma 3.1. The distance functions dp are equivalent on RD, that is for any p, q ≥ 1 there exist two constants cpq and Cpq

such that

cpqdp(x, y) ≤ dq(x, y) ≤ Cpqdp(x, y) .

Proof. It is enough to prove that dp is equivalent to d∞. We have maxµ ∣xµ − yµ∣ ≤ (∑Dµ=1 ∣xµ − yµ∣p)1/p ≤ D1/p maxµ ∣xµ −
yµ∣.

This lemma implies that the standard topology on the D dimensional Euclidean space (RD, dp) is independent on which

which distance function dp is chosen (i.e. a set is open with respect to one of these distance functions if and only if it is

open with respect to any other). For simplicity the common choice is to use d2:

d2(x, y) = ∥x − y∥2 =

¿
ÁÁÀ

D

∑
µ=1
∣xµ − yµ∣2 ≡ ∥x − y∥ = d(x, y) ,

that is ∥ ⋅ ∥ and d(⋅, ⋅) with no index p are understood to correspond to p = 2. This is just the familiar Euclidean distance

between points in dimension n. Note that, from the topological point of view, R2 endowed with the Euclidean ∥x − y∥ is
identical to the complex plane C with distance given by the absolute value ∣z1 − z2∣ on complex numbers.

Theorem 3.4 ( In the standard topology Q = R ). In the standard topology the closure Q of Q is R.

Proof. The balls in the standard topology of R (which incidentally is also the order topology) with distance function

d(x, y) = ∣x − y∣ have the form Bϵ(x) = (x − ϵ, x + ϵ). From Theorem 2.6 we have that Q is dense in R, that is for any

x, y ∈ R with x < y there exists a rational number q ∈ Q such that x < q < y. Consider any x ∈ R. From Theorem 3.2 any

neighborhood of x contains a ball Bϵ(x) = (x− ϵ, x+ ϵ) and as Q∩Bϵ(x) ∖ {x} = Q∩ ((x− ϵ, x) ∪ (x,x+ ϵ)) ≠ ∅ we conclude

that x is a limit point of Q.

Exercise 3.3. Give an example of an open dense subset of R in the standard topology. R ∖ {0} or more generally R ∖M for any finite set M.

Exercise 3.4 (Hölder’s inequality (Hölder-Ungleichung)). Let p, q ∈ R≥1 such that 1/p + 1/q = 1. Then, for any

(aµ, bµ)µ=1,...D ∈ R≥0 we have the inequality:

D

∑
µ=1

aµbµ ≤ [
D

∑
µ=1
(aµ)p]1/p[

D

∑
µ=1
(bµ)q]1/q .

We first note that, for any p,q > 1 with 1/p + 1/q = 1 and any x,y > 0, as the logarithm (see Section 7.2.1 for a reminder on the definition and properties of the logarithm) is a concave function we

have:

ln(
1

p
x
p
+ (1 −

1

p
)y
q
) ≥

1

p
ln(x

p
) +

1

q
ln(y

q
) = ln(xy) ,

hence, as the logarithm is strictly increasing, xy ≤ xp

p
+
yq

q
, which is also known as the Young inequality. Thus: ∑

n
µ=1 x

µyµ ≤
∑
D
µ=1(x

µ)p

p
+
∑
n
µ=1(y

µ)q

q
, and the lemma follows by setting

xµ = aµ

(∑Dµ=1
(aµ)p)1/p

and yµ = bµ

(∑Dµ=1
(bµ)q)1/q

.

Prove the Minkowski inequality ∥x+y∥p ≤ ∥x∥p+∥y∥p. Conclude that that all the functions dp(x, y) = ∥x−y∥p are distance
functions. We have, with x + y = (x1 + y1, . . .xD + yD)

∥x + y∥
p
p = ∑

µ
∣x
µ
+ y
µ
∣
p
= ∑
µ
∣x
µ
+ y
µ
∣ ∣x
µ
+ y
µ
∣
p−1

≤ ∑
µ
(∣x
µ
∣ + ∣y

µ
∣) ∣x

µ
+ y
µ
∣
p−1

= ∑
µ
∣x
µ
∣ ∣x
µ
+ y
µ
∣
p−1

+∑
µ
∣y
µ
∣ ∣x
µ
+ y
µ
∣
p−1

≤ (∥x∥p + ∥y∥p)∥(∣x + y∣
p−1

)∥
1− 1
p
,
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3.2. Metric spaces and the standard topology

where we used Hölder’s inequality. We conclude by observing that ∥(∣x + y∣p−1)∥
1− 1
p
=
⎛

⎝
∑µ(∣x

µ + yµ ∣p−1)

p
p−1 ⎞

⎠

p−1
p

= ∥x + y∥
p−1
p .

Exercise 3.5 (One point compactification (Alexandroff-Kompaktifizierung).). To any topological space (X,T ) one

can add a point, usually denoted {∞}, and build the space X⋆ = X ∪ {∞} endowed with the topology T ⋆ consisting in all

the open sets U ∈ T together with the sets V = (X ∖K) ∪ {∞} for K compact in X.

Prove that (X⋆,T ⋆) is compact. Any open cover of X⋆ will need to cover {∞}, hence will contain a set of the form (X∖K)∪{∞} whose complement in X is compact. What

are the open sets in N ∪ {∞}? In the discrete topology any subset of N and a set is compact if and only if it is finite. The neighborhoods of {∞} are {∞} ∪P for P any infinite subset

of N. Give a base in the topology of R ∪ {∞}. Besides the balls Bϵ(x) = (x − ϵ,x + ϵ) we add Bϵ(∞) = (−∞,−1/ϵ) ∪ {∞} ∪ (1/ϵ,∞). Prove that R ∪ {∞} is
homeomorphic to a circle. R∪{∞} is mapped on a circle by the inverse stereographic projection: draw a circle tangent at the south pole to 0 ∈ R and map any point x ∈ R to the intersection

of the line (x,N) (where N is the north pole of the circle) with the circle then identify {∞} with the north pole N on the circle. Prove that the one point compactification of

C is homeomorphic to a 2 dimensional sphere, the Riemann sphere.
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Chapter 4

Sequences

In this chapter we discuss sequences. One can consider sequences in generic topological spaces, metric spaces in RD endowed

with the standard topology. Sequences in non metrizable topological spaces are more complicated and will not be discussed

here. However, it is important to discuss as much as possible general metric spaces: one does in fact encounter in physics

such spaces, for instance in in quantum mechanics where a central role is played by spaces of functions. Such spaces are

metric spaces in their own right: one does talk about distances between functions, sequences of functions, and so on.

4.1 Sequences in metric spaces

From now on X is always understood to designate a metric space (X,d) endowed with the standard topology. Unless

otherwise specified, when discussing the space RD, we always consider it endowed with some distance function d(x, y) =
∥x − y∥.

A sequence in a metric space X is a list of elements x0, x1, x2, . . . xn, . . . in X in which repetitions are allowed and the

order matters. Formally sequences are defined as follows.

Definition 4.1 ( Sequence (Folgen) ). A sequence in a metric space (X,d) is a function with domain N and co domain

X, x ∶ N→X. We denote x(n) = xn and we identify a sequence by its image (x0, x1, x2, . . . ) ≡ (xn)n∈N. In order to simplify

the notation we sometimes denote a sequence simply (xn).
A subsequence of a sequence is obtained by deleting some elements without changing the order of the remaining ones,

that is a subsequence of (xn)n∈N is the sequence (xnk)k∈N with nk a strictly increasing sequence of natural numbers nk > nk′
if k > k′. In particular, for any subsequence, nk ≥ k.

A sequence converges if xn approaches some fixed value when n→∞.

Definition 4.2 ( Convergence (Konvergenz) ). A sequence (xn)n∈N in (X,d) is said to converge to x if for any ϵ > 0 there

exists Nϵ ∈ N such that n > Nϵ ⇒ d(x,xn) < ϵ. Equivalently, for any ball Bϵ(x), there exists Nϵ such that n > Nϵ ⇒ xn ∈
Bϵ(x). We denote this by limn→∞ xn = x, limxn = x or simply xn → x. The point x is called the limit of (xn).

This definition can be extended with zero effort to general topological spaces.

Lemma 4.1. A sequence in (X,d) converges if and only if all of its subsequences converge. A convergent sequence and its

subsequences converge to the same limit.

Proof. As any sequence is one if its own subsequences, one implication is trivial. For the other, assume (xn) converges to
x, that is for any ϵ, ∃Nϵ such that k > Nϵ ⇒ d(xk, x) < ϵ. As nk ≥ k for any subsequence, d(xnk , x) < ϵ also, and the lemma

follows.

27



4. SEQUENCES

Limits of sequences and limit points of subspaces of metric spaces are intimately related.

Theorem 4.1 ( Limit points in metric spaces are limits of sequences ). A point x is an accumulation (limit) point of a

subset Y of a metric space (X,d) if and only if there exists a sequence (yn) with yn ∈ Y , yn ≠ x such that lim yn = x.

Proof. If lim yn = x then every ball Bϵ(x) will contain all the elements (yn)n>Nϵ which belong to Y and are different from

x. Conversely, Take the sequence of balls of radius 1/n centered at x. As x is an accumulation point B 1
n
(x) ∩ Y ∖ {x} ≠ ∅.

From the axiom of choice (!) we can chose an element yn per set B 1
n
(x) ∩ Y ∖ {x} ≠ ∅ which yields a sequence such that

∀N > 0, n > N ⇒ d(yn, x) < 1/N and we conclude from the Archimedean property of R.

In metric spaces, limit of sequences go through continuous functions. For X and Y topological spaces, a function

f ∶ X → Y is called sequentially continuous if for all (xn) ⊂ X such that xn → x ∈ X, the sequence (f(xn))n ⊂ Y is a

sequence which converges to f(x), f(xn) → f(x). It can be shown that if X and Y are arbitrary topological spaces, a

continuous function is sequentially continuous. The reciprocal does not hold for general topological spaces but holds if X

is first countable.

Theorem 4.2 ( In metric spaces continuous is sequentially continuous ). For X and Y metric spaces, a function f ∶X → Y

is sequentially continuous if an only if it is continuous.

Proof. Let f a continuous function. For any ϵ, let Bϵ(f(x)) be the open ball of radius ϵ around f(x). Then x ∈ f−1(f(x))
(note that f−1(f(x)) includes other points in X if f is not injective) thus f−1 (Bϵ(f(x))) is an open set in X (due to

continuity) that includes x. It follows that there exists some δ such that Bδ(x) ⊂ f−1 (Bϵ(f(x))). As xn → x, there exists

some N such that xn ∈ Bδ(x) for n > N and then n > N ⇒ f(xn) ∈ Bϵ(f(x)).
Suppose now that f is sequentially continuous, but not continuous at some point x ∈ X, which means there exists an

open neighborhood V of f(x) such that f−1(V ) is not an open neighborhood of x. As any open neighborhood of x contains

some ball Bδ(x), it follows that for any δ, Bδ(x) ∖ f−1(V ) ≠ ∅. Choosing a sequence (xn) with xn ∈ B 1
n
(x) ∖ f−1(V ) we

have that xn → x but f(xn) ∉ V . But then f(xn) /→ f(x), because V is open and contains a ball around f(x). Hence f is

not sequentially continuous, leading to a contradiction.

Theorem 4.3 ( Any distance function is continuous ). Any distance function is continuous in either of its arguments.

Proof. It is enough to prove sequential continuity. Fix a point z and consider d(x, z) as a function of its first argument.

For any x and xn we have d(xn, z) ≤ d(xn, x)+d(x, z) and −d(xn, x) ≤ d(xn, z)−d(x, z) hence ∣d(xn, z)−d(x, z)∣ ≤ d(xn, x).
We conclude that for any sequence xn → x⇒ d(xn, z) → d(x, z).

4.1.1 Cauchy sequences (Cauchy Folgen)

A Cauchy sequence is a sequence such that its terms become increasingly closer for n→∞.

Definition 4.3 ( Cauchy sequence ). A sequence (xn)n∈N in (X,d) is called a Cauchy sequence if for any ϵ > 0 there exists

Nϵ ∈ N such that m,n > Nϵ ⇒ d(xm, xn) < ϵ.

Every convergent sequence is Cauchy. The converse (reciprocal) of this statement is not true. For instance the real

sequence defined recursively by xn+1 = 1
2
(xn + 2

xn
), x0 = 1 is a Cauchy sequence in Q but does not converge in Q.

Lemma 4.2. A Cauchy sequence in (X,d) converges if and only if it has a convergent subsequence.

Proof. One implication is trivial. Assume now we have a Cauchy sequence (xn)n∈N with a convergent subsequence (xnk)k∈N.
For any ϵ chose Nϵ such that for k, l > Nϵ both d(xk, xl) < ϵ/2 and d(xnk , x) < ϵ/2. as nk ≥ k, it follows that d(xk, x) ≤
d(xk, xnk) + d(xnk , x) < ϵ.
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4.1. Sequences in metric spaces

Exercise 4.1. Prove that any convergent sequence is Cauchy. Use d(xm,xn) < d(xm,x) + d(x,xn). Prove that xn+1 = 1
2
(xn + 2

xn
),

x0 = 1 is a Cauchy sequence in Q. The fact that the sequence stays in Q is trivial. Then denote xn =
√

2 − ϵn, the recursion becomes
√

2 − ϵn+1 =
2+2+ϵ2n−2

√
2ϵn

2
√

2−2ϵn
⇒ ϵn+1 =

4−2
√

2ϵn−4−ϵ
2
n+2

√
2ϵn

2
√

2−2ϵn
= −

ϵ2n
2(
√

2−ϵn)
. By induction we show that ∣ϵn+1 ∣ < ϵ

2
n and ϵ0 < 1/2. Thus ∣xn+p −xn ∣ ≤ ∣ϵn+1 ∣+ ∣ϵn+2 ∣ . . . ∣ϵn+p+1 ∣ ≤ ϵ

2
n +ϵ

4
n +⋅ ⋅ ⋅+ϵ

2n

n <
ϵ2n

1−ϵ2n
< 1

1−1/4
( 1
2
)n = 22−n

which becomes arbitrary small with n.

Theorem 4.4 ( In metric spaces compact is sequentially compact ). A subset K ⊂ X of a topological space X is called

sequentially compact if every sequence in K admits a subsequence that converges to some point in K. If (X,d) is a metric

space then K ⊂X is compact if and only if it is sequentially compact.

Proof. We have:

Sequentially compact ⇒ compact. Assume K is sequentially compact and take {Uα}α an open cover of K.

First, there exists δ > 0 (independent of x) such that ∀x ∈ K, Bδ(x) ⊂ Uα for some α. Assume no such δ exists.

Then for any n there exists xn ∈ K such that ∀α, B1/n(xn) /⊂ Uα. Chose a convergent subsequence of (xn)n, say
xni → x ∈K. Now, x ∈ Uα1 for some α1 and there exists ϵ > 0 such that Bϵ(x) ⊂ Uα1 . Pick ni such that d(x,xni) < ϵ

2

and 1
ni
< ϵ

2
, thus B1/ni(xni) ⊂ Uα1 which is a contradiction.

Second, there are finitely many balls of radius δ centered at points in K whose union covers K. Suppose this is false.

Pick x1 ∈ K and Bδ(x1) /⊃ K, pick x2 ∈ K ∖Bδ(x1) and Bδ(x1) ∪Bδ(x2) /⊃ K, iterate. We build a sequence xn such

that j ≠ j′ ⇒ d(xj , x′j) > δ, hence xn does not contain any Cauchy subsequence hence can not have any convergent

subsequence.

As each Bδ(x) is a subset of some Uα, the finite cover of K by balls of radius δ selects a finite cover of K by sets Uα.

Compact⇒ sequentially compact. Assume K is compact and take a sequence (xn)n in K. If xn has a constant subsequence

we conclude. If not, we can always pick a subsequence consisting in pairwise distinct elements which we label (xp)p∈N.

Assume that ∀y ∈ K, ∃δy > 0 such that Bδy(y) contains only finitely many terms in the sequence (xp)p. As K

is compact, the open cover ⋃yBδy(y) ⊃ K has a finite subcover ⋃li=1Bδyi (yi) ⊃ K. But this finite union can only

contains finitely many of the xp’s, a contradiction.

Then ∃y ∈ K such that ∀δ > 0, Bδ(y) contains infinitely many terms in the sequence (xp). Then the subsequence

obtained by picking one element xpk ∈ {xp, p ∈ N} ∩B1/k(y) for each k ∈ N is a convergent subsequence of xp.

Definition 4.4 ( Cauchy complete spaces ). A metric space such that every Cauchy sequence converges is called complete

or Cauchy complete.

Not all metric spaces are Cauchy complete: for instance Q is not, as can be seen by considering the Cauchy sequence

consisting in the finite truncations of the decimal representation of
√
2 which does not converge in Q. Starting from a

Cauchy incomplete space X one can build a Cauchy complete one (called the completion of X) by adding to X the limits

of all the Cauchy sequences1 of elements in X. This procedure provides an alternative construction of the real numbers

starting from the rational ones.

4.1.2 Banach fixed-point theorem (Fixpunktsatz von Banach)

A function (map) T ∶ X → X is called a contracting map if there exists q ∈ [0,1) such that d(T (x), T (y)) ≤ q d(x, y) for all
x, y ∈X. The constant q is called a Lipschitz constant for T .

1Strictly speaking one must take equivalence classes of Cauchy sequences with the same limit.
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Theorem 4.5 ( Banach fixed-point theorem ). A contracting map T on a (non empty) Cauchy complete metric space X

admits a fixed point x⋆, that is T (x⋆) = x⋆. Furthermore, for any x0 the recursively defined sequence xn+1 = T (xn) for n ≥ 0
is such that d(x⋆, xn) < qn

1−qd(x1, x0) hence converges and limxn = x⋆.
The fixed point exist under the weaker condition d(T (x), T (y)) ≤ d(x, y) if X is compact.

Proof. Starting from x0, we build xn+1 = T (xn) for n ≥ 0. Then d(xn+1, xn) ≤ qnd(x1, x0) hence for p ≥ 1:

d(xn+p, xn) ≤
p−1
∑
i=0

d(xn+1+i, xn+i) ≤
p−1
∑
i=0

qn+id(x1, x0) =
1 − qp

1 − q
qn d(x1, x0) <

1

1 − q
qn d(x1, x0) ,

hence, as qn → 0, xn is Cauchy and, as X is complete, it converges limxn = x⋆ ∈ X. Taking p → ∞ above we find

d(x∗, xn) ≤ qn/(1 − q)d(x1, x0). We have that ∀ϵ, there exists Nϵ such that d(x⋆, xk) < ϵ/2 for all k > Nϵ. Picking any

k > Nϵ we have:

d(x⋆, T (x⋆)) ≤ d(x⋆, xk+1) + d(T (xk), T (x⋆)) <
ϵ

2
+ q ϵ

2
< ϵ ,

hence x⋆ = T (x⋆). Note that the fixed point is unique as T is contracting.

Note that in this proof we used the fact that qn → 0 for 0 ≤ q < 1. We will see below that this is a direct consequence of

the monotone convergence theorem.

Exercise 4.2. We will prove later that R is Cauchy complete. Consider the function T (x) = x
2
+ 1
x
. Prove that T ([1,∞)) ⊂

[1,∞). x
2
+ 1
x
≥ 1 ⇔ x2 + 1 ≥ 2x ⇔ (x − 1)2 ≥ 0. Prove T is a contraction on [1,∞). T (x) − T (y) = (x − y)( 1

2
− 1
xy
) and for all x,y > 1, we have

0 < (xy)−1 < 1⇒ −2−1 < (xy)−1 − 2−1 < 2−1 ⇒ ∣2−1 − (xy)−1 ∣ < 2−1. Find the fixed point of this contraction. x⋆ =
√

2.

Propose an algorithm to compute
√
2 as the limit of a rational sequence. xn+1 = T (xn), x0 = 1.

4.2 Sequences in R and RD

A particularly rich case is the one of real sequence (xi)i∈N, xi ∈ R.

4.2.1 Homogeneous linear recurrence (Homogener lineare Differenzengleichung)

Often one encounters recursively defined sequences in which a term is fixed by a finite number of its predecessors. xn+q =
F (xn, xn+1, . . . xn+q−1). If F is continuous, then the limit of a recursively defined sequence, if it exists, is a solution of the

equation x⋆ = F (x⋆, . . . x⋆).
Let us consider real or complex valued sequences. If a recursively defined sequence is not convergent, one is interested

in finding a closed formula for the general term xn (this is the equivalent in the world of sequences of solving differential

equations). A particular case or recurrence that can always be solved is that of a homogeneous linear recursion with

constant coefficients:2

xn+q =
q−1
∑
p=0

cpxn+p , x0, x1, x2, . . . xq−1 ,

where cp are fixed. In order to start the recursive computation of all the xns, the first q elements in the sequence

x0, x1, x2, . . . xq−1 need to be given. Linear recursions can always be translated in finite difference equations using the finite

difference operator:

(∆x)n = xn+1 − xn , (∆k+1x)n = (∆(∆kx))
n

, xn+p =
p

∑
k=0
(p
k
)(∆kx)n .

2One can consider more general recursions with non constant, n dependent, coefficients cp(n) or inhomogeneous obtained by adding a known
sequence bn to the right hand side of the recurrence relation. If the homogeneous recurrence is solved, the inhomogeneous case can also be solved
by the so called “variation of constants” method. We will discuss this later in the context of differential equations.
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This provides a straightforward parallel between such recursions and differential equations which we will discuss later.

We note that if (y(1)n ) and (y(2)n ) are two sequences respecting a homogeneous recursion, so is any linear combination

of them. In order to solve the recursion it is then enough to:

• identify q linearly independent solutions y
(i)
n for i = 1, . . . q,

• posit the general solution:

xn =
q

∑
i=1
di y

(i)
n ,

• fix the constants di by solving the boundary conditions xj = ∑qi=1 di y
(i)
j for j = 0, . . . q − 1. Indeed, as long as y

(i)
n are

linearly independent, this linear system of equations will admit a unique solution.

The q linearly independent solutions y
(i)
n are found by solving the characteristic equation of the recurrence. Posit that

xn = tn with some fixed t, then the homogeneous linear recursion becomes the characteristic equation:

P (t) = tq −
q−1
∑
p=0

cpt
p = 0 .

Being a polynomial equation of degree q, this equation has q not necessarily distinct complex roots. Clearly any root r of

this polynomial is such that xn = rn will respect the recurrence, hence if all the roots ri are distinct the general solution of

the recursion relation is:

xn =
q

∑
i=1
di r

n
i .

In particular, as advertised, the linear system of equations determining the coefficients di admits a unique solution as:

det(y(i)j ) =

RRRRRRRRRRRRRRRRRRRRRRR

1 . . . 1

r1 . . . rq

⋮ ⋮
rp−11 . . . rq−1q

RRRRRRRRRRRRRRRRRRRRRRR

= ∏
1≤i<j<q

(ri − rj) ≠ 0 .

If the root r has multiplicity ν, then the linearly independent solutions corresponding to it are rn, nrn, n2 rn and so

on up to nν−1rn.

Exercise 4.3. Solve for the Fibonacci numbers x0 = 0, x1 = 1, xn+2 = xn+1 +xn. The characteristic equation is t2 = t+ 1 with roots t = 1±
√

1+4
2

hence

xn = d+ (
1+
√

5
2

)
n
+ d− (

1−
√

5
2

)
n

with d+ + d− = 0 , (d+ − d−)
√

5 = 2 hence xn =
1√
5
(
1+
√

5
2

)
n
− 1√

5
(
1−
√

5
2

)
n
.

Exercise 4.4. Solve and compare the general term of the sequences a0 = 0 and a1 = 1 and recursive definitions:

an+2 − 2an+1 + an + ω2an = 0 , an+2 − 2an+1 + an − λ2an = 0

Exercise 4.5. First order non–homogeneous linear recursions can always be solved. Given two known sequences (fn) with
fn ≠ 0 and (gn) prove that the general term in the recursive sequence a0, an+1 = fnan + gn is:

an = (
n−1
∏
k=0

fk)(a0 +
n−1
∑
m=0

gm

∏mk=0 fk
) .

We verify that a1 = f0(a0 +
g0
f0
) and fnan + gn = fn (∏

n−1
k=0

fk)
⎛

⎝
a0 +∑

n−1
m=0

gm
∏m
k=0

fk

⎞

⎠
+ gn = (∏

n
k=0

fk)
⎛

⎝
a0 +∑

n−1
m=0

gm
∏m
k=0

fk
+

gn
∏n
k=0

fk

⎞

⎠
.
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4.2.2 Limits of real sequences, lim sup and lim inf

The distance on R is the absolute value d(x, y) = ∣x− y∣. Convergent real sequence can be manipulated much like numbers:

they can be added, subtracted, multiplied, divided ordered and so on.

Theorem 4.6 ( Properties of limits ). If (an) and (bn) are two convergent sequences in R, liman = a and lim bn = b, then:

• lim ∣an∣ = ∣a∣.

• lim(an ± bn) = a ± b.

• ∀c ∈ R, lim(c an) = c a.

• lim(anbn) = a b.

• if b ≠ 0 then lim an
bn
= a
b
.

• if ∀n > N , an ≤ bn then a ≤ b. This implies the so called sandwich theorem (Einschnürungssatz): if cn is a sequence

such that an ≤ cn ≤ bn and liman = lim bn = L then lim cn = L.

Proof. The proof is straightforward. For instance, as ∣a∣ ≤ ∣a−an∣ + ∣an∣ and ∣an∣ ≤ ∣an −a∣ + ∣a∣ we conclude that ∣(∣a∣ − ∣an∣)∣ ≤
∣a − an∣ and lim ∣an∣ = ∣a∣; also:

∣an
bn
− a
b
∣ = ∣an

bn
− an
b
+ an
b
− a
b
∣ ≤ ∣an∣

∣b − bn∣
∣bn∣ ∣b∣

+ ∣an − a∣
∣b∣

,

and for n large enough ∣b∣ − ϵ < ∣bn∣, ∣an∣ < ∣a∣ + ϵ.
For the last point, assuming that b < a the ball B ∣b−a∣

3

(a) contains all the an, n > N1 and the ball B ∣b−a∣
3

(b) contains all
the bn, n > N2, hence for N >max(N1,N2), bn ≤ an contradicting the hypothesis.

Any real sequence (xn)n ∈ R admits an asymptotic upper (lower) bound:

lim supxn = lim
n→∞

(sup
m≥n

xn) , lim inf xn = lim
n→∞

( inf
m≥n

xn) ,

where we allow lim supxn = ±∞, lim inf xn = ±∞. We have that:

- we denote lim supxn = ∞ if for any y ∈ R, there exist infinitely many terms in (xn) such that xn > y, that is ∀y, ∀N ,

∃n > N such that xn > y.

- if lim supxn = L < ∞, then for any ϵ > 0 only a finite number of terms in (xn) are such that xn > L + ϵ, but infinitely
many terms are such that xn > L − ϵ, that is ∀ϵ, ∃N , ∀n > N,L + ϵ ≥ xn but ∀ϵ, ∀N , ∃n > N such that xn > L − ϵ.

Clearly, the sequence (xn) converges to x if and only if lim supxn = lim inf xn = x ≠ ±∞.3

4.2.3 Monotone convergence theorem (Satz von der monotonen Konvergenz)

An interesting case of sequences in R are the monotonic, bounded ones.

Definition 4.5 ( Monotonicity ). A sequence in R is called:

• monotonically increasing if an ≥ ap for n > p.

• monotonically decreasing if an ≤ ap for n > p.
3One sometimes encounters the notation limxn = ∞ if ∀y, ∃Ny such that n > Ny ⇒ xn > y. This is however a dangerous notations because

such a sequence xn does not converge.
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• bounded if ∣an∣ ≤M form some fixed M .

Theorem 4.7 ( Monotone convergence theorem ). A sequence (xn), xn ∈ R that is monotonic and bounded is convergent.

If xn is monotonically increasing (resp. decreasing) then it converges to its supremum (resp. infimum).

Proof. Let (xn) monotonically increasing and bounded. {xn} is a bounded subset of R hence has a supremum (least upper

bound) which we denote x. Now for all ϵ, there exists N such that xN > x − ϵ (otherwise x − ϵ would be an upper bound

on (xn)) and ∀n > N , x − ϵ < xN ≤ xn ≤ x.

Exercise 4.6 (Limits of classical sequences.). Prove Bernoulli’s inequality (1 + x)n ≥ 1 + nx for x real, x > −1 and n ∈ N.
By induction, (1 + x)n+1 = (1 + x)n(1 + x) ≥ (1 +nx)(1 + x) = 1 + (n + 1)x +nx2 ≥ 1 + (n + 1)x. Prove that:

• ∀s ∈ Q>0 lim 1
ns
= 0. Chose Nϵ > 1/(ϵ1/s).

• ∀a > 0 lima1/n = 1. It is enough to prove this for a > 1. We have a = (1 + a1/n − 1)n ≥ 1 +n(a1/n − 1) ⇒ 0 < ∣a1/n − 1∣ ≤ a−1
n

hence by the sandwich criterion lima1/n = 1.

• limn1/n = 1. Note that if n > 1 then n1/q > 1 for any q. Now n1/2 = [1 + (n1/(2n) − 1)]n ≥ 1 + n(n1/(2n) − 1) ⇒ 0 < n1/(2n) − 1 < n−1/2 − n−1 → 0 and lim(n1/n) =

(limn1/(2n))(limn1/(2n)) = 1.

• 0 < q < 1, lim qn = 0. As 0 < qn+1 < qn this is a monotonic bounded sequence hence converges at its infimum. Assume this infimum is c > 0. Then c < qn for all n, but qp ≤ 1
q
c for

some p, as 1
q
c is not the infimum, which is a contradiction.

• for n ∈ N, x > 1, lim nk

xn
= 0. We have xn ≥ 1 +n(x − 1) ≥ n1/2n1/2(x − 1) ⇒ n1/2

xn
< 1

n1/2(x−1)
→ 0. Then nk

xn
=
⎛

⎝

n1/2

(x1/2k)n

⎞

⎠

2k

→ 0.

• denoting n! = 1 ⋅ 2 ⋅ ⋯ ⋅ n, prove that limn
xn

n!
= 0 for any real x. It is enough to check for x > 0. We denote an =

xn

n!
> 0 and note that an+1 =

x
n+1

an

hence an is monotonic decreasing for n > x hence converges to its infimum. Assuming this infimum is c > 0, then c < x
n

n!
for all n, but there exists some n > x such that x

n

n!
< c n+1

x
, as c n+1

x

is not an upper bound on an for n > x.

• prove that xn = (1 + n−1)n converges. We denote lim(1 + n−1)n = e and we call it Euler’s number. (1 +

n−1)n = ∑
n
p=0 (

n
p
) 1
np

= 1 + ∑
n
p=1

1
p!
(1 − 1

n
) (1 − 2

n
) . . .(1 −

p−1
n
). Hence xn+1 − xn = ∑

n
p=1

1
p!
[(1 − 1

n+1
) (1 − 2

n+1
) . . .(1 −

p−1
n+1

) − (1 − 1
n
) (1 − 2

n
) . . .(1 −

p−1
n
)] +

1
(n+1)!

(1 − 1
n+1

) (1 − 2
n+1

) . . . (1 − n
n+1

), and as 1 − 1
n+1

> 1 − 1
n
> 0 it follows that xn+1 ≥ xn hence xn is monotonically increasing. Furthermore, as xn ≤ ∑p≥0

1
p!

and p! > 1
8
2p for

p = 0,1, . . . then xn ≤ 8∑p≥0
1
2p

= 8
1−limN→∞(1/2)

N

1−1/2
< 16 hence it is bounded from above.

4.2.4 The Bolzano-Weierstrass theorem (Satz von Bolzano-Weierstrass)

We have seen that sequences that are monotonic and bounded converge. In fact, boundedness suffices to ensure convergence

of a subsequence.

Theorem 4.8 ( Nested intervals theorem (Intervallschachtelung) ). Let [an, bn] ∈ R be a family of nested closed

intervals [an+1, bn+1] ⊂ [an, bn] indexed by n ∈ N. If lim (an − bn) = 0 then there exists exactly one real number {x} =
⋂n∈N[an, bn].

Proof. Due to nesting, both (an) and (bn) are monotoninc and bounded, hence convergent. If they converge to different

limits then lim(an − bn) ≠ 0 contradicting the hypothesis. It follows that liman = lim bn = x and, due to monotonicity,

an ≤ x ≤ bn for all n hence {x} ∈ ⋂n∈N[an, bn]. Finally, assuming there exist some x′ ≠ x with {x′} ∈ ⋂n∈N[an, bn], x′ can
not belong to the intervals with diameter bn − an < ∣x − x′∣, which leads to a contradiction.

Theorem 4.9 ( Bolzano-Weierstrass theorem ). A sequence in RD is called bounded if ∥xn∥ = d(xn,0) ≤M . Any bounded

sequence in RD has a convergent subsequence.
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Proof. It is enough to prove this for D = 1, as the general D case can be obtained by going component by component.4

A sequence in RD is bounded if and only if the sequence of any of its components (xµn)n∈N are bounded. We first select

a convergent subsequence for the first component, then we select a subsequence of the subsequence such that the second

component converges also and so on.

We denote a0 and b0 an upper and a lower bound for (xn) and we declare the interval I0 = [a0, b0]. We chose the

midpoint a0+b0
2

and note that at least one of the intervals [a0, a0+b02
] and [a0+b0

2
, b0] has an infinity of elements of (xn). We

declare this interval as I1 = [a1, b1] and we iterate. As the diameter of the interval halves at every step we have built a

family of nested intervals. We denote {x} = ⋂k∈N[ak, bk].
We pick a subsequence (xnk) of (xn) as follows. We first pick xn0 one element in the sequence (xn). At each step,

among the successors of xnk−1 , that is xn with n > nk−1, an infinity belongs to Ik (as an infinity of elements in the sequence

belongs to Ik and xnk−1 has only finitely many predecessors). We pick one of them and declare it xnk . Then (xnk) is a

subsequence of (xn) and d(xnk , x) <
∣a0−b0∣

2k
. We have limk xnk = x. Indeed, for any ϵ, there exists kϵ such that ∣a0−b0∣

2kϵ
< ϵ

hence for any k > kϵ, as Ik ⊂ Ikϵ , we have that d(xnk , x) < ϵ.5

Whenever the splitting in half of an interval In leads to two intervals containing an infinity of elements of (xn), each of

these subsets of (xn) has its own convergent subsequence: a bounded sequence can have subsequences which converge to

different limits.

4.2.5 RD is Cauchy complete

An example of a Cauchy complete metric space is provided by the real numbers.

Theorem 4.10 ( RD is Cauchy complete ). The real numbers R endowed with the standard topology are a Cauchy complete

metric space. The same holds for RD.

Proof. Any Cauchy sequence is bounded. Indeed, pick some ϵ, and for n > Nϵ, ∣xNϵ − xn∣ < ϵ ⇒ ∣xn∣ < ∣xNϵ ∣ + ϵ. Then, by

the Bolzano-Weierstrass theorem any Cauchy sequence in R has a convergent subsequence we conclude by Lemma 4.2.

This generalizes to RD by noting that the sequence corresponding to the first component x1n of any Cauchy sequence

xn = (x1n, . . . xDn ) ∈ RD is Cauchy.

Corollary 4.1. R is the Cauchy completion of Q.

Proof. As Q ⊂ R and R is Cauchy complete, any Cauchy sequence of rational numbers converges to some number in R.
In order to prove that R is the Cauchy completion of Q we need to prove that ∀x ∈ R, there exists a Cauchy sequence of

rational numbers converging to x. From Theorem 2.6, for any real number x and for any n there exists a rational number qn

such that x − n−1 < qn < x, hence the sequence (qn)n∈N is a sequence of rational numbers converging to x. As any sequence

in R is covergent if and only if it is Cauchy, (qn)n∈N is Cauchy.

4.2.6 Heine–Borel theorem (Satz von Heine-Borel)

An important result is the characterisation of compact sets in the standard topology on RD. A set in (RD, d) is called

bounded if it can be entirely covered by one (big enough) ball centered at the origin.

Theorem 4.11 ( The Heine–Borel theorem ). In the standard topology (RD, d), a set is compact if and only if it is closed

and bounded.

4We note that for all the distances we have defined ∥x − y∥ < ∑D
i=1 ∣x

i − yi∣.
5Alternatively, if (xn) has a constant subsequence (xnk)k∈N, we conclude. If not, then x is an accumulation point of the set {xn∣n ∈ N} and

we conclude using Lemma 4.1. Indeed, for any ϵ consider the bubble Bϵ(x) = (x − ϵ, x + ϵ). As lim(an − bn) → 0 there exist Nϵ such that n ≥ Nϵ

∣an − bn∣ < ϵ hence, as an ≤ x ≤ bn, In ⊂ Bϵ(x). In particular INϵ ⊂ Bϵ(x) and INϵ contains an infinity of elements of (xn), at least one of which
is different from x as (xn) does not have a constant subsequence.
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Proof. The theorem follows from the following assertions:

If K is compact then K is closed. This holds in any Hausdorff topology. The standard topology on RD Hausdorff by

Theorem 3.3.

Take x a limit point of K. Any finite collection of open sets Ui, i ∈ I such that ∀i, ∃Vi(x) some open neighborhood

of x such that Ui ∩ Vi(x) = ∅ can not cover K. Indeed, ⋂i∈I Vi(x) is an open set, thus a neighborhood of x hence it

contains a point in x′ ∈K and x′ ∉ ⋃i∈I Ui.

If K is compact but not close, then ∃x limit point of K such that x ∉ K. For every y ∈ K, pick an open set U(y)
containing y such that it is disjoint from some neighborhood Uy(x) of x. This exists as the topology is Hausdorff.

The family U(y), y ∈K is an open cover of K, ⋃y∈K U(y) ⊃K, but any finite subfamily will be of the type discussed

previously, hence can not cover K.

Note that if x ∈K, such Uy(x) exist only for y ∈K,y ≠ x and ⋃y∈K,y≠xU(y) does not cover K.

If K is compact then K is bounded. This hold for any metric space in the standard topology.

Consider a compact K. The family {U1(x) ∣x ∈ K} of bubbles of radius 1 is an open cover of K hence admits an

open subcover {U1(xi) ∣xi ∈ I} for some finite set I. The set of pairwise distances between the centers of the bubbles

{d(xi, xj) ∣xi, xj ∈ I} is a finite set hence its maximum M = maxxi,xj∈I d(xi, xj) is a finite number. As any point

belongs to one of the bubbles in this family, by the triangle inequality, any two points are at a distance of at most

d(x, y) ≤ 1 +M + 1, hence K has finite diameter.

A closed subset of a compact set is compact. This holds for any topological space.

Let S ⊂ K a closed subset of the compact set K, and let {Uα ∣α ∈ A} an open cover of S. Then U = RD ∖ S is open,

{U} ∪ {Uα ∣α ∈ A} is an open cover of K, hence contains a finite cover {Ui ∣ i ∈ I} (where one of the Ui can be U) of

K which also covers S. As U does not contain any element in S, {Ui ∣ i ∈ I} ∖ {U} is an open cover of S.

If a set is closed and bounded, then it is compact. This holds for finite dimensional Cauchy complete metric space (we will

define later the dimension of a space).

By the property above, it is enough to prove that the set T0 = [−a, a]D with a > 0 is compact. Assume T0 is not

compact. Then there exists an infinite open cover ⋃α∈AUα ⊃K which admits no finite subcover forK. Similarly to the

nested intervals construction, we subdivide T0 = ⨉Di=1([−a,0]∪[0, a]) into 2n closed boxes of the type [0, a]p×[−a,0]n−p.
At least one of these sub boxed requires an infinite subcover of (Uα)α∈A. Call this box T1 and iterate. We obtain a

sequence of nested closed boxes T0 ⊃ T1 ⊃ . . ., where the diameter of Tk is (2a)2−k, each of which requires an infinite

subcover of (Uα)α∈A. We pick a sequence xk ∈ Tk and xk is Cauchy as ∀p ≥ k, xp ∈ Tk.

As RD is Cauchy complete, xk converges and x = limxk ∈ Tk for all k as Tk are closed. There exists U , one of the

Uα such that x ∈ U , and since U is open there exists some ϵ such that Bϵ(x) ⊂ U , hence for k larger than some Nϵ,

Tk ⊂ Bϵ(x) ⊂ U , thus only one set in (Uα)α∈A suffices to cover all these Tk, leading to a contradiction.

Hence T0 is compact.

Note that this property uses the completeness of RD, hence fails for incomplete metric spaces like Q. It also fails in

complete infinite dimensional spaces (more on this later) in which the subdivision of boxes into boxes fails.

Corollary 4.2. The inverse of a continuous bijection between two compact Hausdorff spaces is continuous.
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Proof. Consider f ∶X → Y a continuous bijection with X compact, hence Y = f(X) is compact. Take any U ⊂X open set,

then X ∖ U is compact (always), f(X ∖ U) is compact (f continuous), Y ∖ f(X ∖ U) is open (Y Hausdorff plus the first

item in the proof of Heine-Borel), and using f(U) ∩ f(X ∖ U) = ∅ (f bijection) we conclude that f(U) = Y ∖ f(X ∖ U) is
open . We thus established that f is an open map. Denote g ∶ Y →X the inverse of f and take any open set U ⊂X. Then

g−1(U) = f(U) which is open.

4.3 Series

Series are infinite sums over sequences.

Definition 4.6 ( Series (Reihen) ). Starting from any sequence (an) valued in R or C one can build a series, which is a

formal infinite sum denoted:
∞
∑
k=0

ak = a0 + a1 + a2 + . . . .

The elements an of the sequence (an) are called the general term of the series. A series is said to be:

• convergent if the sequence of partial sums sn = ∑nk=0 ak converges sn → s. In this case we say that ∑k≥0 ak converges

to s.

• absolutely convergent if the series of the absolute values ∑∞k=0 ∣ak ∣ is convergent.

• divergent if it is not convergent.

Note that if a series is convergent then the general term an = sn − sn−1 must converge to 0, an → 0 (otherwise the

sequence of partial sums is not Cauchy).6 Not only this, but it must in fact converge fast enough. Some examples of series

are:

∑
k≥1

1

k2
, ∑

k≥1

(−1)k

k
, ∑

k≥1

1

k
.

Also, if a series is absolutely convergent then it is convergent: indeed, ∣∑mk=n ak ∣ ≤ ∑
m
k=n ∣ak ∣ and one concludes that if

the sequence of partial sums of ∑k ∣ak ∣ is Cauchy, then the sequence of partial sums of ∑k ak is also Cauchy.

Exercise 4.7. Prove that the three series above are respectively absolutely convergent, convergent and divergent. The first series

is absolutely convergent as 1
k2

< 1
k(k−1)

= 1
k−1

− 1
k

hence sn < 1 + 1 − 1
2
+ 1

2
− 1

3
⋅ ⋅ ⋅ + 1

n−1
− 1
n
= 2 − 1

n
thus sn is monotonic and bounded. The second series is convergent as ∣sm − sn ∣ ≤

1
n+1

for

m > n hence sn is Cauchy, but is is not absolutely convergent. To see this, consider as sn = ∑
n
k≥1

1
k

and grouping the terms we have:

s2n = 1 +
1

2
+ (

1

3
+

1

4
) + (

1

5
+

1

6
+

1

7
+

1

8
) + ⋅ ⋅ ⋅ > 1 + 2

0
×

1

2
+ 2

1
×

1

4
+ 2

2
×

1

8
+ . . .2

n−1 1

2n
= 1 +

n

2
,

hence s2n is a subsequence of sn which is not convergent.

The main question one faces when encountering a series is to determine whether the series is absolutely convergent,

convergent, or divergent. Two important series are encountered often.

- The geometric series. The geometric series ∑k≥0 qk is absolutely convergent and converges to (1 − q)−1 for 0 < q < 1;
it is divergent for q ≥ 1. This follows by noting that sn = 1−qn+1

1−q for q ≠ 1 and sn = n + 1 for q = 1.

- The generalized harmonic series. The series ζ(α) = ∑k≥1 1
kα

is absolutely convergent for α > 1 and divergent for α ≤ 1.
By the Cauchy condensation test (see below) the series has the same nature as:

∑
k≥0

2k
1

2kα
= ∑
k≥0

1

2k(α−1)
.

6If sn converges then it is Cauchy then ∀ϵ > 0, ∃Nϵ such that p > Nϵ ⇒ ∣sp+1 − sp∣ = ∣ap+1∣ < ϵ hence ap → 0.
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Remark that if a series with positive terms converges then it converges absolutely.

Theorem 4.12 ( Convergence tests (Konvergenzkriterium) ). Given a generic series ∑k≥0 ak:

• Cauchy condensation test. If ak ≥ 0 and ak is monotonically decreasing then ∑k≥1 ak converges if and only if ∑k≥1 2ka2k
converges and moreover ∑k≥1 ak ≤ ∑k≥0 2ka2k ≤ 2∑k≥1 ak. This follows by noting that:

∑
k≥1

ak = a1 + (a2 + a3) + (a4 + a5 + a6 + a7) + ⋅ ⋅ ⋅ ≤ ∑
k≥0

2ka2k ,

∑
k≥0

2ka2k = (a1 + a2) + (a2 + a4) + (a4 + a4) + (a4 + ⋅ ⋅ ⋅ ≤ 2∑
k≥1

ak .

• Direct comparison test. If ∣ak ∣ ≤ bk (hence bk ≥ 0) and ∑k≥0 bk is convergent then ∑k≥0 ak is absolutely convergent and

∣∑k≥0 ak ∣ ≤ ∑k≥0 bk. Indeed, as ∑k≥0 bk is convergent, the sequence un = ∑nk≥0 bk is convergent hence Cauchy; but then

∣sm − sn∣ ≤ ∑mk=n+1 ∣ak ∣ ≤ ∑
m
k=n+1 bk ≤ um − un, hence sm is Cauchy thus convergent and ∣sn∣ ≤ un.

• Alternating series. If ak is monotonically decreasing and ak → 0 then ∑k≥0(−1)kak is convergent. This follows by

noting that for m > n, ∣sm − sn∣ ≤ ∣an+1∣.7

• Cauchy-Hadamard. Denote limn→∞(supm≥n ∣am∣1/m) = r. If r < 1 then the series is absolutely convergent. If r > 1 it

is divergent.

• if lim ∣an+1
an
∣ = r then, if r < 1 the series is absolutely convergent whereas if r > 1 it is divergent.

• Integral criterion. This criterion can be revisited after the reader familiarizes themselves with integrals, discussed

in Chapter 11. Assume ak is monotone decreasing and ak → 0. If there exists monotonically decreasing function

f ∶ [1,∞) → R+ such that f(n) = an then the series ∑n≥1 an is convergent if and only if ∫
∞
1 f(t)dt < ∞.

• Abel’s test. If ∑k≥1 ak is convergent and (bk) is a monotonic bounded sequence then ∑k≥1 akbk is convergent. The

importance of this test is that it applies when ∑k≥1 ak is convergent, but not absolutely convergent. Call An = ∑nk=1 ak
and note8 that ∑nk=1 akbk = Anbn+1 −∑

n
k=1Ak(bk+1 − bk). Both (bn) and (An) converge, then on the one hand Anbn+1

converges and on the other ∑mk=nAk(bk+1 − bk) ≤ (supk ∣Ak ∣)∑
m
k=n ∣bk+1 − bk ∣. As (bn) is monotonic ∑mk=n ∣bk+1 − bk ∣ =

∣bm − bn∣ and, as bm is convergent hence it is Cauchy, ∑mk=nAk(bk+1 − bk) is also Cauchy and consequently convergent.

Exercise 4.8. Prove the unproven statements above.

Exercise 4.9. We have defined e = lim(1 + n−1)n. Prove that e = ∑k≥0 1
k!
.

We have sn = ∑
n
k=1

1
k!

and tn = (1 + n
−1)n = ∑

n
p=0 (

n
p
) 1
np

= ∑
n
p=1

1
p!
(1 − 1

n
) (1 − 2

n
) . . .(1 −

p−1
n
) ≤ sn. We know that tn → e and it is trivial to check that sn converges. We have

lim tn = e ≤ limsn. Now define vm = ∑
m
p≥0

1
p!
(1 − 1

n
) (1 − 2

n
) . . .(1 −

p−1
n
) for m < n. We have vm ≤ tn hence limn→∞ vm ≤ lim tn = e, but limn→∞ vm = sm hence sm ≤ e and

limsm ≤ e.

4.3.1 Absolute convergent series (absolut konvergente Reihen)

Absolute convergent series have some additional, more constraining properties.

Lemma 4.3. The sum of an absolutely convergent series is invariant under rearranging the terms in the series. That is,

let an absolutely convergent series ∑k ∣ak ∣ < ∞, ∑k ak = A. For any permutation σ ∶ N→ N (bijection), ∑k aσ(k) = A.
7Alternatively [s2m+1, s2m+2] ⊂ [s2m−1, s2m] and s2m − s2m−1 = a2m → 0 hence by the nested interval theorem ⋂m[s2m−1, s2m] = lim s2m =

lim s2m−1 = ∑k≥0(−1)
kak.

8More generally we have ∑n
k=m bk(Ak −Ak−1) = bn+1An − bmAm−1 −∑

n
k=m(bk+1 − bk)Ak.
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Proof. For any ϵ let Nϵ such that for N > Nϵ both ∑∞k=N ∣ak ∣ < ϵ/2 and ∣∑Nk=1 ak − A∣ < ϵ/2. Fix some σ and take N

also larger than max{σ−1(1) . . . σ−1(Nϵ)} =maxσ−1({1, . . .Nϵ}), that is the list aσ(0), aσ(1), . . . aσ(N) includes all the terms

a0, a1, . . . aNϵ , and possibly others. Then:

∣
N

∑
i=1
aσ(i) −A∣ ≤

RRRRRRRRRRR

Nϵ

∑
j=1

aj −A
RRRRRRRRRRR
+
RRRRRRRRRRRR

N

∑
i=1,σ(i)>Nϵ

aσ(i)

RRRRRRRRRRRR
≤
RRRRRRRRRRR

Nϵ

∑
j=1

aj −A
RRRRRRRRRRR
+
∞
∑
j=Nϵ
∣aj ∣ ≤ ϵ .

Theorem 4.13 ( Cauchy product ). The Cauchy product of the two series ∑k≥0 ak and ∑k≥0 bk is the series ∑p≥0 cp with

cp = ∑pk=0 akbp−k. If both ∑k≥0 ak and ∑k≥0 bk converge and at least one of them converges absolutely then ∑p≥0 cp converges

to (∑k≥0 ak) (∑k≥0 bk). If both series are absolutely convergent then their Cauchy product is also absolutely convergent.

Proof. Denote the partial sums An = ∑nk=0 ak, Bn = ∑
n
k=0 bk and Cn = ∑nk=0 ck and assume ∑k ak converges absolutely. We

have:

Cn =
n

∑
i=0

i

∑
k=0

akbi−k =
n

∑
k=0

n

∑
i=k
akbi−k =

n

∑
k=0

akBn−k =
n

∑
k=0

an−kBk =
n

∑
k=0

an−k(Bk −B) +AnB .

Since Bn → B and ∑k ∣ak ∣ < ∞ then there exists some Nϵ such that for n > Nϵ, ∣Bn −B∣ ≤ ϵ/3
∑k ∣ak ∣+1

. On the other hand as

An converges then ak → 0 hence there exists an Mϵ such that for n >Mϵ, ∣an∣ ≤ ϵ/3
Nϵ(maxi≤Nϵ−1 ∣Bi−B∣+1)

. Finally, there exists

an Lϵ such that n > Lϵ, ∣A −An∣ ≤ ϵ/3
∣B∣+1 , thus for n ≥ {Lϵ,Mϵ +Nϵ}:

∣Cn −AB∣ = ∣
n

∑
k=0

an−k(Bk −B) + (An −A)B∣ ≤
Nϵ−1
∑
k=0
∣an − k
´¹¸¶
≥Mϵ

∣∣Bk −B∣ +
n

∑
k=Nϵ

∣an−k ∣∣Bk −B∣ + ∣An −A∣ ∣B∣

≤ ϵ/3
Nϵ(maxi≤Nϵ−1 ∣Bi −B∣ + 1)

Nϵ max
i≤Nϵ−1

∣Bi −B∣ + (∑
k

∣ak ∣)
ϵ/3

∑k ∣ak ∣ + 1
+ ϵ/3
∣B∣ + 1

∣B∣ ≤ ϵ .

Now, if both ∑k ak and ∑k bk converge absolutely, then:

n

∑
i=0
∣ci∣ ≤

n

∑
i=0

i

∑
k=0
∣ak ∣∣bi−k ∣ ≤

n

∑
k=0
∣an∣

n

∑
i=k
∣bi−k ∣ ≤ (∑

k

∣ak ∣) (∑
i

∣bi∣) ,

hence ∑i≥0 ci is absolutely convergent.

Theorem 4.14 ( Fubini-Tonelli theorem for series ). Consider the double series ∑i≥0∑j≥0 aij with aij complex numbers.

If ∑i≥0∑j≥0 ∣aij ∣ < ∞ then the series is convergent and the two sums commute ∑i≥0∑j≥0 aij = ∑j≥0∑i≥0 aij.

Proof. The hypothesis ∑i≥0∑j≥0 ∣aij ∣ < ∞ implies ∀i, Mi = ∑∞j=0 ∣aij ∣ < ∞ and ∑∞i=0Mi < ∞.

Let us denote fn(m) = ∑ni=0∑
m
j=0 aij and f(m) = ∑

∞
i=0∑

m
j=0 aij and this series converges as ∣∑mj=0 aij ∣ <Mi. Observe that

for any m, ∣fn(m) − f(m)∣ ≤ ∑∞i=k+1 ∣∑
m
j=0 aij ∣ ≤ ∑

∞
i=k+1Mi and taking into account that ∑∞i=0Mi converges it follows that

fn → f uniformly in m, that is

∀ϵ ,∀m ∃Nϵ such that n > Nϵ ⇒ ∣fn(m) − f(m)∣ < ϵ .

As ∣f(k) − f(m)∣ ≤ ∣f(k) − fn(k)∣ + ∣fn(k) − fn(m)∣ + ∣fn(m) − f(m)∣, this uniform convergence and the convergence of ∑Mi

imply that f(k) is a Cauchy sequence hence convergent, limk→∞ f(k) = f ,
On the other hand, for any i, ∑∞j=0 aij converges absolutely, therefore limm→∞ fn(m) = ∑ni=0 limm→∞∑mj=0 aij = An exists

and, as ∣An −Ak ∣ ≤ ∑ni=k+1Mi, An is a Cauchy sequence, hence convergent limn→∞An = A.
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4.3. Series

Finally:

∣f −A∣ ≤ ∣f − f(k)∣ + ∣f(k) − fn(k)∣ + ∣fn(k) −An∣ + ∣An −A∣ ,

which is arbitrarily small for k and n large enough, therefore f = A.

4.3.2 Power series (Potenzreihen)

An important subclass of series are the power series, generalizing polynomials, of the form P (z) = ∑n≥0 cn(z − z0)n, where
z0 is some fixed complex number (called the center of the disk of convergence) and z is a complex variable.

Lemma 4.4. Let P (z) a power series. If P (z) converges at some z, then P (z′) converges absolutely for all z′ such that

∣z′ − z0∣ < ∣z − z0∣.

Proof. As P (z) converges then cn(z − z0)n → 0 hence there exists some constant such that ∀n, ∣cn(z − z0)n∣ < S. For any

z′ with ∣z′ − z0∣ < ∣z − z0∣, pick u such that ∣z′ − z0∣ < u < ∣z − z0∣. Consider the partial sum:

SN =
N

∑
n=0
∣cn(z′ − z0)n∣ ≤ sup

n
{∣cn(z − z0)n∣}

N

∑
n=0
∣z
′ − z0
z − z0

∣
n

≤ S 1

1 − u
∣z−z0∣

.

We have that SN is monotonic and bounded hence convergent.

Definition 4.7 ( Radius of converge ). The radius of convergence of the power series P (z) = ∑n≥0 cn(z − z0)n is the

nonnegative real number r ∈ R≥0 such that the series converges (absolutely) if ∣z − z0∣ < r and diverges if ∣z − z0∣ > r, that is:

r = sup{∣z − z0∣ ∣ ∣P (z)∣ < ∞} .

The domain (disk) of convergence of the series is the open disk Br(z0) = {z ∈ C ∣ ∣z − z0∣ < r}, and the power series

converges absolutely inside its domain of convergence. The radius of convergence of a power series is:

1

r
= lim sup ∣cn∣1/n .

The radius of convergence of a power series can also be computed as r = limn→∞ ∣ cncn+1 ∣ if the limit exists. For instance,

the radius of convergence of the geometric series ∑n≥0 zn is 1.

Lemma 4.5. Consider a power series and pick z such that ∣z − z0∣ ≤ ρ < r. Then there exists a constant C such that

∣P (z) −∑Nn=0 cn(z − z0)N ∣ ≤ C ∣z − z0∣N+1.

Proof. There exists u with ρ < u < r, thus ∣cnun∣ is bounded by some S hence:

∣
P

∑
n=N+1

cn(z − z0)n∣ ≤ S
P

∑
n=N+1

∣z − z0∣n

un
≤ ∣z − z0∣N+1

S

uN+1
1

1 − ρ
u

.

Exercise 4.10 (Cauchy–Hadamard theorem). Prove that the series P (z) = ∑n cnzn converges absolutely for ∣z∣ < r and

diverges for ∣z∣ > r where r−1 = lim sup ∣cn∣1/n. Denote t = 1
r
= limsup ∣cn ∣

1/n. Then for any ϵ only a finite number of terms are such that ∣cn ∣ > (t + ϵ)
n hence

∑n ∣cn z
n ∣ ≤ ∑n ∣z∣

n(t + ϵ)n which converges for ∣z∣ < 1
t+ϵ

. For any ϵ, ∣cn ∣ > (t − ϵ)
n for an infinity of terms, hence for ∣z∣ = 1

t−ϵ
, ∣cnz

n ∣ /→ 0 and the series can not converge.
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4.3.3 The exponential function (Exponentialfunktion)

Many simple functions are defined as the sum of power series. We now discuss some examples. The exponential function is

defined as the sum of the power series:

exp(z) ≡ ez = ∑
n≥0

1

n!
zn r = lim

n→∞

(n + 1)!
n!

= ∞ ,

where we stress that the radius of convergence of this series is ∞, that is the series converges for any z ∈ C. The exponential
has a number of interesting properties.

Proposition 4.1. We have ez1ez2 = ez1+z2 , in particular ez ≠ 0. Furthermore, for any z ∈ C we have:

ez = lim
n→∞

(1 + z
n
)
n

.

Proof. The Cauchy product of ez1 and ez2 is absolutely convergent to:

ez1ez2 = ∑
n≥0

1

n!

n

∑
p=0

n!

p!(n − p)!
zp1z

n−p
2 = ∑

n≥0

1

n!
(z1 + z2)n = ez1+z2 ,

and we note that eze−z = e0 = 1.
In order to prove the last equality, for any ϵ, let N such that ∑k≥N+1

∣z∣k
k!
< ϵ

4
, which is possible as the exponential has

infinite radius of convergence). As ∣(n
k
) z

k

nk
∣ ≤ 1

k!
∣z∣k, for any n > N we have that:

∣(1 + z
n
)
n

− ∑
k≥0

1

k!
zk∣ ≤

N

∑
k=1

∣z∣k

k!
∣(1 − 1

n
) . . . (1 − k − 1

n
) − 1∣ +

n

∑
k=N+1

(n
k
) ∣z∣

k

nk
+ ∑
k≥N+1

∣z∣k

k!

≤
N

∑
k=1

∣z∣k

k!
∣(1 − 1

n
) . . . (1 − k − 1

n
) − 1∣ + ϵ

2
< ϵ ,

for n large enough.

Exercise 4.11. We call f(z) = ∑k≥0 akzk the generating function of the coefficients ak. It might happen that the series is

divergent, in which this is just a formal equality, or it is convergent. Compute the generating function of the coefficients

defined recursively as an+1 = ∑nk=0 anan−k, a0 = 1. What is the radius of converge of this generaing function?

Exercise 4.12 (Ramanujan’s trick). One can sometimes attribute a finite value to the sum of a divergent series. For

instance:

∑
k≥1

k = 1 + 2 + ⋅ ⋅ ⋅ + n + ⋅ ⋅ ⋅ = − 1

12
.

Denote 1 + 2 + ⋅ ⋅ ⋅ + n + ⋅ ⋅ ⋅ = c. Show that c − 4c = ∑p≥1(−1)p+1p.We have by subtracting 4 from the second term, 8 from the fourth, 12 from the sixth and so on that

c − 4c = 1 + (2 − 4) + 3 + (4 − 8) + 5 + (6 − 12) + ⋅ ⋅ ⋅ = 1 − 2 + 3 − 4 + 5 − 6 + ⋅ ⋅ ⋅ = ∑p≥1(−1)
p+1p. Use 1

1+x = ∑k≥0(−1)
kxk to conclude that ∑p≥1(−1)p+1p = 1

4
.We

have 1
(1+x)2

= [∑k≥0(−1)
kxk][∑k′≥0(−1)

k′xk
′
] = ∑p≥0∑

p
k=0

(−1)p−kxp−k(−1)kxk = ∑p≥0(−1)
p(p + 1)xp ⇒ ∑p≥0(−1)

p(p + 1) = 1
4
. We will see later that this

resummation can be more rigorously justified.
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Chapter 5

Vector spaces, first contact

Vector spaces are ubiquitous in mathematics.

5.1 Vector spaces

The simplest examples of vector spaces are RD and CD, but may other vector spaces are relevant.

Definition 5.1 ( Vector space (Vektorraum) ). A vector space V over the algebraic field F = R,C is a set endowed with

two operations:

• the addition + ∶ V × V → V , (x, y) → x + y such that (V,+,0) is an Abelian group (that is + is associative and

commutative, 0 is the identity element for + and every element x ∈ V has an additive inverse, or negation, −x).

• multiplication by scalars ⋅ ∶ F × V → V , (α,x) → α ⋅ x such that:

– ⋅ is compatible with the multiplication × in F:

α ⋅ (β ⋅ x) = (α × β) ⋅ x .

– the identity of ⋅ is the multiplicative identity in F, denoted 1:

1 ⋅ x = x .

– ⋅ is distributive with respect to both the addition in F and the addition in V :

α ⋅ (x + y) = α ⋅ x + α ⋅ y , (α + β) ⋅ x = α ⋅ x + β ⋅ x .

F is called the field of scalars. When no confusion can arise, we suppress the ⋅ and × notation for the multiplication.

The D dimensional Euclidean space RD = {x = (x1, . . . xD) ∣xµ ∈ R} is an example of vector space over R with:

- the addition of x = (x1, . . . , xD) and y = (y1, . . . , yD) ai x + y = (x1 + y1, . . . , xD + yD).

- the multiplication of x by α ∈ R is αx = (αx1, . . . , αxD).

Similarly, CD is a vector space over C. We typically represent vectors as column vectors in these cases.

Exercise 5.1. Prove that 0 ⋅ x = 0.α ⋅ x = (α + 0) ⋅ x = α ⋅ x + 0 ⋅ x.
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We often encounter vector spaces with more structure.

Definition 5.2 ( Norm ). A norm on the vector space (V,F) is a function ∥ ⋅ ∥ ∶ V → R≥0 such that:

• ∥v∥ ≥ 0 and ∥v∥ = 0 if and only if v = 0.1

• ∥αx∥ = ∣α∣ ∥x∥, ∀α ∈ F and ∀x ∈ V .

• ∥x + y∥ ≤ ∥x∥ + ∥y∥, ∀x, y ∈ V .

Any normed vector space is a metric space with distance function d(x, y) = ∥x − y∥. A Banach space is a Cauchy complete

normed vector space.

For instance RD and CD are normed spaces (and in fact Banach spaces) with norm any of the p-norms ∥x∥p =
(∑Dµ=1 ∣xµ∣p)1/p. Remark that QD with ∥ ⋅ ∥p is a finite dimensional normed vector space over Q which is not Banach

as it is not Cauchy complete. In fact all the finite dimensional vector spaces (see below) over Cauchy complete fields of

scalars are Banach spaces.

Note that if V is a vector space and Y ⊂ V is a vector subspace then V /Y = {[x] ∣x1 ∼ x2 if x1 − x2 ∈ Y } is a vector

space. An important lemma is the following.

Lemma 5.1 ( Direct sum decomposition ). Consider Y1 and Y2 are subspaces of X such that Y1+Y2 = {y1+y2 ∣ y1 ∈ Y1 , y2 ∈
Y2} =X, that is any x ∈X can be decomposed as a sum x = y1 +y2 with y1 ∈ Y1 and y2 ∈ Y2. If Y1 ∩Y2 = {0} (or equivalently
Y1 and Y2 are linearly independent)2, then the decomposition is unique. In this case we denote X = Y1 ⊕Y2 and say that X

is the direct sum of Y1 and Y2.

Proof. If x admits two decompositions x = y1 + y2 = y′1 + y′2, then y1 − y′1 = y′2 − y2 hence, as y1 − y′1 ∈ Y1 and y′2 − y2 ∈ Y2 we

conclude that y1 = y′1 and y2 = y′2.

Given two vector spaces one can build new vector spaces.

Definition 5.3 ( Direct sum of vector spaces ). Let Y1 and Y2 be two vector spaces over F. The direct sum Y1 ⊕ Y2 is

the set of pairs (y1, y2) with y1 ∈ Y1 and y2 in Y2 endowed with the vector space operations α(y1, y2) = (αy1, αy2) and

(y1, y2) + (y′1, y′2) = (y1 + y′1, y2 + y′2).

5.2 Hamel bases, dimension of a vector space

Vector spaces are closed under taking linear combinations. Thus given a vector space, an important question is to identify

a subset of vectors such that any other vector can be obtained as a linear combination of them.

Definition 5.4 ( Hamel basis ). A Hamel basis in a vector space (V,F) is a set of vectors B ⊂ V such that:

• Linearly independent. For every finite subset {e1, . . . en} ⊂ B, α1e1 + . . . αnen = 0⇒ α1 = α2 = ⋅ ⋅ ⋅ = αn = 0.

• Spanning. Every vector writes as a finite linear combination of vectors in the basis, that is ∀v ∈ V there exist

β1, β2, . . . βm ∈ F and {e1, . . . em} ⊂ B such that v = β1e1 + ⋅ ⋅ ⋅ + βmem.

The scalars β1, . . . βm are called the components of v in the basis B.

1It is in fact sufficient to require ∥v∥ > 0 if v ≠ 0.
2For any y1 ∈ Y1 and y2 ∈ Y2, α1y1 + α2y2 = 0 if and only if α1 = α2 = 0.
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The span of the vectors S is the set of all finite linear combinations of these vectors SpanS = {α1e1 + ⋅ ⋅ ⋅ + αnen ∣ αi ∈
F, ei ∈ S}. If a vector w ≠ 0 is not in the span of the linearly independent vectors S then {w} ∪ S are linearly independent.

Indeed, assume

αw + α1e1 + . . . αnen = 0 ,

such that not all α,α1, . . . αn are zero. Then α ≠ 0 (otherwise ei would not be linearly independent) and

w = −α1

α
e1 − ⋅ ⋅ ⋅ −

αn
α
en ,

and at least one of the αis is not zero (as w ≠ 0) hence w ∈ SpanS. The span of any set of vectors is a vector spaces.

We stress that even though a set B might be infinite, both linear independence and span involve only a finite number

of vectors in B. On the positive side, every vector space has a Hamel basis.

Theorem 5.1 ( Every vector space has a Hamel basis ). Every vector space has a Hamel basis. All Hamel basis of a vector

space have the same cardinality. The cardinal number of a basis is called the dimension of the vector space.

Proof. Let (V,F) a vector space and let X the set of linearly independent subsets of V . X is non empty (as it contains the

empty set) and is partially ordered by inclusion ⊂.
For any subset Y ⊂ X which is totally ordered (i.e. ∀Y1, Y2 ∈ Y, either Y1 ⊂ Y2 or Y2 ⊂ Y1) denote SY = ⋃Y ∈Y Y .

SY is linearly independent: every finite subset of SY is a subset of some element in Y. Indeed, consider a finite subset

{s1, . . . sn} ∈ SY . Then there exist Y1 ∋ s1 , . . . Yn ∋ sn, Y1, . . . Yn ∈ Y and, as Y is totally ordered, one of Y1, . . . Yn is the

largest of them and contains s1, . . . sn. It follows that SY ∈ X and is an upper bound for Y with respect to the order relation

⊂.
By Zorn’s lemma, X has a maximal element, i.e. an element that is not smaller than any other element. Denote

Smax ∈ X a maximal element. Then Smax is linearly independent, as it belongs to X . Moreover, Smax spans V . Indeed,

assume it does not, then ∃w ∈ V such that w is not in the span of Smax (i.e. no finite linear combination of elements in

Smax equals w). Then Smax ∪ {w} is linearly independent (as any finite subset of Smax ∪ {w} is linearly independent) and

strictly larger than Smax, contradicting the fact that Smax is maximal.

The fact that all basiss have the same cardinality can be proven abstractly (using again Zorn’s lemma). As we comment

below, the infinite dimensional case is not of practical use and mostly academic. In finite dimensions it follows from

lemma 5.2 below.

The drawback of Hamel basis is that they are useful only if the dimension of the space is finite, that is the Hamel bases

have a finite number of elements. In this case a Hamel basis is called simply a basis. If the cardinal of the Hamel basis is

infinite, things are more complicated.

5.3 Finite dimensional vector spaces

Theorem 5.2 ( Steinitz exchange lemma ). Let U and W be finite subsets of a vector space V . If U is a set of linearly

independent vectors and W spans V , then:

• ∣U ∣ ≤ ∣W ∣,

• there is a set W ′ ⊂W with ∣W ′∣ = ∣W ∣ − ∣U ∣ such that U ∪W ′ spans V .

Proof. We denote U = {u1, . . . um} andW = {w1, . . .wn}. We will show that “we can exchange k elements inW for elements

in U”, that is ∀k, 0 ≤ k ≤ n the set {u1, . . . uk,wk+1, . . .wn}, where the w’s have been reordered in a k dependent manner,

spans V .
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We proceed by induction. k = 0 is trivial. Assume that for k <m, {u1, . . . uk,wk+1, . . .wn} spans V then ∃µ1, . . . µn such

that:

uk+1 =
k

∑
j=1

µjuj +
n

∑
j=k+1

µjwj ,

and there must exist j ≥ k + 1 with µj ≠ 0 (as the us are linearly independent). In particular, this implies that k + 1 ≤ n.
We relabel this j = k + 1 and write:

wk+1 =
1

µk+1

⎛
⎝
uk+1 −

k

∑
j=1

µjuj −
n

∑
j=k+2

µjwj
⎞
⎠
.

Thus wk+1 ∈ Span{u1, . . . uk, uk+1,wk+2, . . .wn}. As, in addition, Span{u1, . . . uk, uk+1,wk+2, . . .wn} contains all

u1, . . . uk,wk+2, . . .wn, then Span{u1, . . . uk, uk+1,wk+2, . . .wn} ⊃ Span{u1, . . . uk,wk+1,wk+2, . . .wn} = V .

Although an analog of this lemma holds for V an infinite dimensional vector space, it’s true force comes into play in the

finite dimensional case. In particular, in finite dimensions, we can build a basis in a vector space by completeing a basis in

a subspace.

Corollary 5.1 ( Vector subspace ). Let X be a vector space with a finite Hamel basis. Then:

• if a basis in X has a finite number of elements, any other basis in X will have the same number of elements. We

denote dimX this common number and call it the dimension of X.

Proof. As any two basis B1 and B2 are both spanning and linearly independent, we have both ∣B1∣ ≤ ∣B2∣ and
∣B2∣ ≤ ∣B1∣.

• any set of dimX linearly independent vectors in X spans X (hence is a basis in X); any set of dimX vectors that

spans X is linearly independent (hence a basis in X).

Proof. We denote n = dimX. Take U = {u1 . . . un} ∈ X a set of n linearly independent vectors. Choosing a basis

W = {w1, . . .wn} in X and exchanging its elements with the elements of U , as ∣U ∣ = ∣W ∣ we conclude that U spans X.

For the second assertion, assume that the dimX vectors in W span X but are not linearly independent. Then one

can chose a subset W ′ ⊂W with dimX − 1 elements which spans X. Exchanging W ′ for dimX − 1 vectors in a basis

we obtain dimX − 1 vectors which are both linearly independent and span X, which is impossible.

Let Y ⊂X be a vector subspace of X, then:

• any basis in Y can be completed to a basis in X; if dimY = dimX then Y =X and Y ⊊X if and only if dimY < dimX.

Proof. We denote dimY = m. The assertion follows by exchanging the elements of a basis {w1, . . .wn} in X for the

elements of a basis {u1, . . . um} in Y to obtain the set of n = dimX vectors {u1, . . . um,wm+1, . . .wn} that span X,

hence are a basis in X.

If Y1, Y2 ⊂X are vector subspaces of X, then:

• Y1 ∩ Y2 is a vector subspaces of X and dimX + dim(Y1 ∩ Y2) ≥ dimY1 + dimY2.

Proof. This follows by choosing a basis {e1, . . . edim(Y1∩Y2)} in Y1 ∩ Y2 and completing it to a basis in Y1 by adding

{fdim(Y1∩Y2)+1, . . . fdimY1
} and respectively to a basis in Y2 by adding {hdim(Y1∩Y2)+1, . . . hdimY2

}. As the set of all

vectors e, f, h is linearly independent3 in X, we have dimX ≥ dimY1 + dimY2 − dim(Y1 ∩ Y2).
3As αe + βf ∈ Y1 and h ∈ Y2 ∖ Y1, if αe + βf = −γh then γ = 0 and αe + βf implies α = β = 0.
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Definition 5.5 ( Tensor product of vector spaces ). Let X and Y be two vector spaces over F, with (xi)i∈I and (yj)j∈J
bases in X and respectively Y . The tensor product space X ⊗ Y is the linear span of all the pairs (xi ⊗ yj)i∈I,j∈J , that is:

X ⊗ Y = Span{xi ⊗ yj , i ∈ I, j ∈ J} = {
finite

∑
i,j=1

αij xi ⊗ yj , αij ∈ F , i ∈ I, j ∈ J} ,

where the tensor product ⊗ is linear in each of its arguments. We have dim(X ⊗ Y ) = dim(X)dim(Y ).
We stress that X ⊗ Y contains the tensor products v ⊗ w with v ∈ X and w ∈ Y , that is v ⊗ w = ∑i,j viwj xi ⊗ yj, but

contains also more general linear combinations ∑i,j αij xi ⊗ yj.

5.4 Linear operators

Definition 5.6 ( Linear operators ). An operator A ∶ X → Y from a vector space to a vector space is called linear if

A(αx + βy) = αA(x) + βA(y). We sometimes denote A(x) = Ax in order to simplify the notation. The operators A also

form a vector space over F, with (αA+ βB)(x) = αA(x) + βB(x). The kernel of A is the set kerA = {x ∈ X ∣Ax = 0}, and
the image of A is the set ImA = {y ∈ Y ∣ ∃x ∈X,Ax = y}. Both kerA and ImA are vector spaces.

A linear operator is also called a linear homomorphism. If A ∶X →X, then A is called a linear endomorphism.

Theorem 5.3 ( The rank nullity theorem ). Let A ∶X → Y a linear operator on a finite dimensional vector space X. Then

dim(kerA) + dim(ImA) = dim(X).

Proof. We denote dimX = n. The kernel kerA is a vector subspace of X. We denote k = dim(kerA), we chose a basis

{v1, . . . vk} in the kernel and we extend it to a basis = {v1, . . . vk,wk+1, . . .wn} in X. Then:

ImA = Span{Av1, . . .Avk,Awk+1 . . .Awn} = Span{Awk+1 . . .Awn} ,

that is the vectors Awk+1 . . .Awn span ImA. These vectors are linearly independent as:

n

∑
i=k+1

αiAwi = 0⇒A(
n

∑
i=k+1

αiwi) = 0⇒
n

∑
i=k+1

αiwi ∈ kerA⇒
n

∑
i=k+1

αiwi +
k

∑
i=1
αivi = 0⇒ αi = 0 , i = 1, . . . n ,

hence form a basis in ImA.

Definition 5.7 ( Operator norm ). The operator norm of A is:

∥A∥op. = inf {c ≥ 0 ∣ ∥Av∥ ≤ c∥v∥ ,∀v ∈ V } = sup
v∈V

∥Av∥
∥v∥

= sup
v∈V, ∥v∥=1

∥Av∥ .

We will prove later that any linear operator on a finite dimensional vector space is bounded, that is ∥A∥op. ≤ ∞.

Exercise 5.2. Prove that ∥ ⋅ ∥op. is a norm. Prove it is submultiplicative ∥AB∥op. ≤ ∥A∥op.∥B∥op..

The linear operators A ∶X → Y , with point wise addition and multiplication by scalars form a vector space, and in fact

a Banach space with respect to ∥ ⋅ ∥op., which we denote Bop.(X,Y ).

5.4.1 The dual space

Definition 5.8 ( The dual ). A linear form or linear functional on the vector space V over F is a linear function φ ∶ V → F,
φ(αx + βy) = αφ(x) + βφ(y), for x, y ∈ V , α,β ∈ F

The dual space V ∗ is the vector space of linear functionals on V endowed with the vector space operations:
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• (φ1 + φ2)(x) = φ1(x) + φ2(x), φ1, φ2 ∈ V ∗, x ∈ V ,

• (α ⋅ φ)(x) = α ⋅ φ(x), φ ∈ V ∗, α ∈ F, x ∈ V .

The elements of the dual are also called covectors. There exists a natural homomorphic injection of V into V ∗∗ = {Φ ∶ V ∗ →
F ∣Φ linear} (which can be promoted to an isomorphic bijection in finite dimension) v → Φ(v) defined by (Φ(v))(φ) = φ(v),
∀v ∈ V and ∀φ ∈ V ∗.

For every basis in a finite dimensional vector space, one can build a basis in the dual space.

Construction 5.1 ( Dual basis ). If the dimension of V is finite, V ∗ has the same dimension. Given a basis {e1, . . . eN}
in V one can build a basis in V ∗ called the dual basis by specifying the linear functionals θj defined by θj(ei) = δji , that is
θj(∑ni=1 viei) = vj. By definition θj are linear functionals and they are linearly independent as:

N

∑
i=1
αiθ

i(v) = 0 , ∀v⇒
N

∑
i=1
αiθ

i(ek) = αk = 0 ,

and span V ∗ as any functional φ writes as:

∀v , φ(v) = φ(
N

∑
i=1
viei) =

N

∑
i=1
φ(ei)vi =

N

∑
i=1
φ(ei)θi(v) ⇒ φ =

N

∑
i=1
φ(ei)θi .

Lemma 5.2 ( Basis in Bop.(X,Y ) ). If X and Y are finite dimensional vector spaces, then the vector space of the linear

operators is the tensor product Bop.(X,Y ) = Y ⊗X∗. Given {ej , θj}j∈J a basis in X and its dual basis in X∗, respectively

{fi, µi}i∈I dual bases in Y and Y ∗, any linear operator A ∶ X → Y decomposes in the tensor product basis fi ⊗ θj as

A = ∑i∈I,j∈J [µi(Aej)] fi ⊗ θj. For instance, the identity operator on I ∶ V → V , I(v) = v writes as I = ∑dimV
i=1 ei ⊗ θi.

Proof. It is enough to note that any vector y ∈ Y decomposes as y = ∑i∈I yifi = ∑i∈I fiµi(y) hence:

A(x) = ∑
i∈I
fiµ

i(Ax) = ∑
i∈I,j∈J

fi [µi(Aej)]xj = ∑
i∈I,j∈J

[µi(Aej)] fi θj(x) = ∑
i∈I,j∈J

[µi(Aej)] (fi ⊗ θj)(x) .

We denote µi(Aej) = Aij and call (Aij)i∈I,j∈J the matrix elements of A in the given bases.

5.5 Affine spaces

An affine space is morally what is left from a vector space when one forgets all the information that depends on the origin.

For instance, while the sum of two vector depends on the origin and is not captured in the affine structure, the difference

(or any affine combination λv⃗ + (1 − λ)w⃗ does not and is encoded in the affine structure.

Definition 5.9 ( Affine space ). An affine space is a set V and a vector space
Ð→
V and an operation + ∶ V ×

Ð→
V → V ,

(a, v⃗) ↦ a + v⃗ such that (denoting with an arrow the elements in
Ð→
V ):

• (right identity) a + 0⃗ = a, ∀a ∈ V , where 0⃗ is the vector zero in
Ð→
V ,

• (associativity) ∀v⃗, w⃗ ∈
Ð→
V and ∀a ∈ V we have (a + v⃗) + w⃗ = a + (v⃗ + w⃗), where v⃗ + w⃗ is the addition in

Ð→
V ,

• (free and transitive action) ∀a ∈ V , the mapping from
Ð→
V to V , v⃗ ↦ a + v⃗ is a bijection.

The dimension of an affine space is the dimension of the associated vector space.
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For every v⃗ ∈
Ð→
V , the translation by v⃗, that is the map Tv⃗ ∶ V → V , Tv⃗(a) = a + v⃗, is a bijection. Note that T0⃗ is the

identity and Tv⃗+w⃗ = Tw⃗Tv⃗. If Tv⃗(a) = Tv⃗(b) then T−v⃗Tv⃗(a) = T−v⃗Tv⃗(b) hence a = b and for any b, Tv⃗(T−v⃗(b)) = b.
The third property in the definition is equivalent to saying that for every a, b ∈ V , there exist a unique v⃗ such that

b = a + v⃗.4 We sometimes denote this vector
Ð→
ab or b − a. The subtraction is such that:

• ∀a ∈ V , ∀v⃗ ∈
Ð→
V , there exists a unique b ∈ V such that b − a = v⃗, namely a + v⃗,

• ∀a, b, c ∈ V , (c − b) + (b − a) = c − a, as (a + (b − a)) + (c − b) = c = a + ((b − a) + (c − b)).

An affine subspace of V is a subset of the form a+
Ð→
W = {a+ w⃗ , w⃗ ∈

Ð→
W} with a a point in V and

Ð→
W a vector subspace of

Ð→
V . The vector subspace

Ð→
W is called the direction of the affine subspace and two affine subspaces with the same direction

are called parallel. Given any direction
Ð→
W for any point a ∈ V , there is only one affine subspace of direction

Ð→
W , namely

a +
Ð→
W , which is known as Euclid’s fifth postulate. Any translation of the base point maps an affine subspace to a parallel

subspace.

Exercise 5.3. Consider a linear operator on a finite dimensional vector space H ∶X → Y . Prove that for any fixed y ∈ ImH,
the space of solutions of the equation Hx = y is an affine space over

ÐÐÐ→
kerH. We denote Wy = {x ∈ X ∣Ax = y} and define + ∶ Wy ×

ÐÐÐ→
kerH → Wy by

(x,v) → x+ v⃗, with + the addition in X. Clearly, for any x ∈Wy , H(x+ v⃗) = H(x)+H(v⃗) = y hence x+ v⃗ ∈Wy and the associativity is trivial. It remains to check thar for any x, the function v⃗ → x+ v⃗

is a bijection. As x is fixed, this is clearly an injection. For any x′ ∈Wy we have H(x′ − x) = y − y = 0 hence x′ − x ∈
ÐÐÐ→
kerH and x′ = x + (x′ − x).

Definition 5.10 ( Affine map ). An affine map (affine homomorphism) between two affine spaces (X,
Ð→
X) and (Y,

Ð→
Y ) is a

map A ∶ X → Y such that the map
Ð→
A ∶
Ð→
X →

Ð→
Y ,
Ð→
A(b − a) = A(b) − A(a) is a well defined linear map, that is if b − a = d − c

then A(b) −A(a) = A(d) −A(c). It follows that A(a + v⃗) = A(a) +
Ð→
A(v⃗), hence A is defined by its value at a point and the

associated linear map
Ð→
A.

An affine transformation, or endomorphisms is an affine map from A ∶ V → V . The translation Tv⃗ is an endomorphisms.

Given a point b and a linear map
Ð→
A ∶
Ð→
V →

Ð→
V we can build the affine transformation L

b,
Ð→
A ∶ V → V , L

b,
Ð→
A(a) = b+

Ð→
A(b− a),

that is the linear map
Ð→
A centered at “the origin” b.

For two choices of an origin o, o′, if λ1 + ⋅ ⋅ ⋅ + λn = 0, then for any a1, . . . an:

λ1(a1 − o) + ⋅ ⋅ ⋅ + λn(an − o) = λ1(a1 − o′) + ⋅ ⋅ ⋅ + λn(an − o′) .

Indeed, using λn = −λ1 − . . . − λn−1, both sides equal the vector λ1(a1 − an) + . . . + λn−1(an−1 − an). As this vector is

independent of the choice of origin o, we denote it λ1a1 + ⋅ ⋅ ⋅ + λnan. Note that the subtraction is just the case with two

terms.

Exercise 5.4. Prove that g = o+λ1(a1−o)+ ⋅ ⋅ ⋅+λn(an−o) is independent of o if λ1+ . . .+λn = 1.If g = o+ v⃗ and g′ = o′ + v⃗′ then g−o = v⃗,

g′−o′ = v⃗′ hence (g−o)−(g′−o′) = v⃗−v⃗′, but the right hand side is also (g−o)+(o−g′)−[(o−g′)+(g′−o′)] = (g−g′)−(o−o′), therefore g−g′ = o−o′+v⃗−v⃗′. Denoting g = o+λ1(a1−o)+⋅ ⋅ ⋅+λn(an−o)

and g′ = o′ +λ1(a1 − o
′) + ⋅ ⋅ ⋅ +λn(an − o

′), and taking into account that a − b = −(b − a) (if a = b + v⃗ then b = a + (−v⃗)), we get g − g′ = (o − o′) −λ1(o − o
′) − . . . −λn(o − o

′) = 0⃗.

For λ1+ . . .+λn = 1 and for some choice of the origin o, we denote g = o+λ1(a1−o)+ ⋅ ⋅ ⋅+λn(an−o). This is independent
of o and we simplify the notation to g = λ1a1 + ⋅ ⋅ ⋅ +λnan and say that g is the affine combination (or the barycenter) of the

ais with weights λi. The affine span of X ⊂ A is the set of all finite affine combinations of elements in X and its direction

is the linear span of x − y with x, y ∈ X. Fixing x0 ∈ X, the direction of the affine span is the linear span of x − x0 for all

x ∈X.5

4As v⃗ ↦ a + v⃗ is surjective, there exist some v⃗ such that a + v⃗ = b. As v⃗ ↦ a + v⃗ is injective, if a + v⃗1 = a + v⃗2 then a + (v⃗1 − v⃗2) = a but at the
same time a + 0⃗ = a hence v⃗1 − v⃗2 = 0⃗.

5Equivalently, the affine span of X is the smallest affine space containing X and it is the intersection of all the affine subspaces containing X.
Its direction is the intersection of the directions of the affine subspaces containing it.
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Definition 5.11 ( Affine basis, affine and barycentric coordinates ). An affine basis in a affine space V,
Ð→
V of dimension n is

a set of n+1 elements in {e0, . . . en} such that {e1−e0, . . . , en−e0} is a basis in
Ð→
V . Every x ∈ V has a unique decomposition

in an affine basis x = e0 + λ1(e1 − e0) + ⋅ ⋅ ⋅ + λn(en − e0), or equivalently:

x = λ0e0 + λ1e1 . . . + λnen , λ0 + . . . + λn = 1 .

The coordinates λ0, . . . λn are called the barycenter coordinates of x.

An affine coordinate frame in an affine space V,
Ð→
V of dimension n is a point o ∈ V , called the origin and a basis

{v⃗1, . . . v⃗n} in V⃗ . For each point x ∈ V , there exists a unique n-tuple λ1, . . . , λn such that x = o + λ1v⃗1 + . . . λnv⃗n. The

numbers λi are called the affine coordinates of x in the frame {o, v⃗1, . . . v⃗n}.
The point with barycentric coordinates λ0, . . . λn , λ0 + . . . + λn = 1 in the affine basis {e0, . . . en} corresponds to the

point with affine coordinates λ1, . . . , λn in the affine frame {o = e0, v⃗1 = e1 − e0, . . . , v⃗n = en − e0}. Conversely, the point

with affine coordinates λ1, . . . , λn in the affine frame {o, v⃗1, . . . v⃗n} corresponds to the point with barycentric coordinates

1 − λ1 − . . . − λn, λ1, . . . , λn in the affine basis {e0 = o, e1 = o + v⃗1, . . . , en = o + v⃗n}.

Exercise 5.5. Prove that x = e0 + λ1(e1 − e0) + ⋅ ⋅ ⋅ + λn(en − e0) if and only if x = (1 − λ1 − . . . − λn)e0 + λ1e1 + . . . + λnen.
If x = (1 − λ1 − . . . − λn)e0 + λ1e1 + . . . + λnen then, choosing e0 as origin, we have x = e0 + (1 − λ1 − . . . − λn)(e0 − e0) + λ1(e1 − e0) + . . . + λn(en − e0) and we conclude. Conversely, if

x = e0 +λ1(e1 − e0) + ⋅ ⋅ ⋅ +λn(en − e0) then x − e0 = (1 −λ1 − . . . −λn)(e0 − e0) +λ1(e1 − e0) + ⋅ ⋅ ⋅ +λn(en − e0) and we conclude.

Exercise 5.6. Any vector space is an affine space over itself. We denote the vectors in R3 as (x, y, z). Prove that the planes
defined as Pa = {(x, y, z)∣x + y + z = a, a ∈ R} are parallel affine subsets of R3. Identify barycentric and affine coordinates

on Pa.We denote e0 = (1,0,0), e1 = (0,1,0) and e2 = (0,0,1). The planes Pa can be parametrized as Pa = {(a − y − z,y,z)∣y,z ∈ R} Denoting a = (a,0,0) and v⃗1 = e1 − e0 and v⃗2 = e2 − e0

we have Pa = a + yv⃗1 + zv⃗2, with + the addition in R3, hence they are all parallel affine subspaces in R3. An affine basis in Pa is ea0 = (a,0,0), e
a
1 = (0, a,0) and ea2 = (0,0, a): any element in Pa

decomposes in this basis as (1 −λ1 −λ2)e
a
0 +λ1e

a
1 +λ2e

a
2 = (1 − aλ1 − aλ2, aλ1, aλ2) and an affine frame is (o = ea0 , v⃗1 = e

a
1 − e

a
0 , v⃗2 = e

a
2 − e

a
0 ).
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Chapter 6

Matrices

We will now be more precise with the notation and distinguish between vectors, forms and operators and their expressions

in various bases. We will denote xxx the vectors in the (finite dimensional) vector space X, φφφ ∈ X∗ the linear forms and

A ∶X → Y the linear operators from X to Y .

Once we pick a basis {eeei}i=1,...N , any vector will decompose uniquely as xxx = ∑Ni=1 xieeei, with xi the components of the

vector in the basis. These components can be organized in a column vector :

x =

⎛
⎜⎜⎜⎜⎜
⎝

x1

x2

⋮
xN

⎞
⎟⎟⎟⎟⎟
⎠

= x1e1 + . . . xNeN , e1 =

⎛
⎜⎜⎜⎜⎜
⎝

1

0

⋮
0

⎞
⎟⎟⎟⎟⎟
⎠

, e2 =

⎛
⎜⎜⎜⎜⎜
⎝

0

1

⋮
0

⎞
⎟⎟⎟⎟⎟
⎠

, . . . eN =

⎛
⎜⎜⎜⎜⎜
⎝

0

0

⋮
1

⎞
⎟⎟⎟⎟⎟
⎠

,

where the entry i in the column vector x corresponding to xxx ∈ X is the component xi of the vector in the direction eeei. In

particular, the basis vectors are columns with only one entry 1 and the other 0. In a basis, any vector space X is identified

with the vector space RN or CN of column vectors.

Choosing a basis in the N dimensional vector space X and a basis in the M dimensional vector space Y allows us to

represent the linear operators A ∶ X → Y as M ×N matrices, that is a table of numbers with M rows and N columns.

In detail, let {eeej}j=1...N be a basis in X and {θθθj}j=1...N its dual basis in X∗, that is θθθj(eeek) = δjk, θθθ
j(∑Nk=1 xkeeek) = xk and

respectively let {fff i,µµµi}i=1,...M be a pair of dual bases in Y and Y ∗. For any vector in yyy ∈ Y we have yyy = ∑Mi=1 yifff i =
∑Mi=1µµµi(yyy)fff i, and the linear operator A ∶X → Y decomposes in the tensor product basis fff i ⊗ θθθj as :

Axxx =
N

∑
i=1
fff iµµµ

i (A(xxx)) =
N

∑
i=1
fff iµµµ

i ⎛
⎝
A(

M

∑
j=1

xjeeej)
⎞
⎠
=
N

∑
i=1

M

∑
j=1

fff i [µµµi(Aeeej)]xj =
N

∑
i=1

M

∑
j=1
[µµµi(Aeeej)]fff iθθθj(xxx)

⇒ A =
N

∑
i=1

M

∑
j=1
[µµµi(Aeeej)] fff i ⊗ θθθj .

We denote µµµi(Aeeej) = Aij = aij and call (aij)i=1...N,j=1...M the matrix elements of A in the given bases. For instance, the

identity operator on a vector space V , I ∶ V → V , I(v) = v writes as I = ∑Ni=1 eeei ⊗ θθθi and has matrix elements Iij = δij .
As a point of notation, we use calligraphic letters A,B and so on for operators, capital letters A,B and so on for the

matrices of these operators in some bases, capital letters Aij ,B
i
j for the matrix elements if we track the position of the

indices and lower case letters Aij = aij ,Bij = bij if we write all the indices in subscript.

The numbers (aij)i=1...N,j=1...M form a matrix, that is a table with M rows and N columns, having thus M ×N entries

aij , which are just (real or complex) numbers. We denote MM×N(F) the space of M ×N matrices whose entries aij belong
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to F = R,C:

A ∈MM×N(F) , A =
⎛
⎜⎜⎜
⎝

a11 . . . a1N

⋮
aM1 . . . aMN

⎞
⎟⎟⎟
⎠
.

The action of the operator A ∶ X → Y on a vector xxx is the row-column multiplication of the corresponding matrix

A ∈MM×N(F) with column vector x ∈ FN , that is the component i in the basis fff i of the vector Axxx is:

µµµi(Axxx) ≡ (Ax)i =
N

∑
j=1

Aijx
j =

N

∑
j=1

aijx
j ,

which writes in terms of tables of numbers:

A =
⎛
⎜⎜⎜
⎝

a11 . . . a1N

⋮
aM1 . . . aMN

⎞
⎟⎟⎟
⎠
, x =

⎛
⎜⎜⎜⎜⎜
⎝

x1

x2

⋮
xN

⎞
⎟⎟⎟⎟⎟
⎠

Ax =
⎛
⎜⎜⎜
⎝

a11 . . . a1N

⋮
aM1 . . . aMN

⎞
⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜
⎝

x1

x2

⋮
xN

⎞
⎟⎟⎟⎟⎟
⎠

=
⎛
⎜⎜⎜
⎝

a11x
1 + ⋅ ⋅ ⋅ + a1NxN

⋮
aM1x

1 + ⋅ ⋅ ⋅ + aMNx
N

⎞
⎟⎟⎟
⎠
.

In words, one multiplies term by term the entries in the rows in A with the entries in the column vector and ads up the

results.

The linear forms φφφ ∶ X → F are represented as 1 × N matrices, that is line vectors. The form φφφ = ∑Ni=1 φiθθθi acts on

vectors as φφφ(xxx) = ∑Nj=1 φjθθθj(xxx) = ∑
N
j=1 φjx

j and it is represented by the line vector:

φ = (φ1 φ2 . . . φN) , θ1 = (1 0 . . . 0) , θ2 = (0 1 . . . 0) , θN = (0 0 . . . 1) .

Note that, while the components xj = θθθj(xxx) of the vector xxx and the matrix elements Aij = µµµi(Aeeej) of the operator A
depend the bases we have chosen, the vectors xxx and Axxx are basis independent. We will see later that, in order to reflect

this, the components of vectors and the matrix elements of operators change in a precise way when changing basis. The

identity operator is special: its matrix elements in any basis are Iij = δij .

6.1 The algebra of matrices

Once we fixed bases, the set of operators is Bop.(X,Y ) with dimX = N and dimY =M is represented by the set of matrices

MM×N(F) and consequently the matrices form a vector space with (A+B)ij = aij +bij and (αA)ij = αaij , that is entry-wise
addition an multiplication by scalars. The dimension of this vector space is M ×N , and a basis consists in the matrices

associated to fff i ⊗ θθθj :

(fff i ⊗ θθθj)kl ≡ (E(ij))kl = δki δ
j
l E(ij) =

j

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

0 . . . 0 . . . 0

⋮ ⋮
i 0 . . . 1 . . . 0

⋮ ⋮
0 . . . 0 . . . 0

.

In order to simplify the notation we often suppress the tensor product symbol.

Linearity operators can be composed, that is if B ∶X → Y and A ∶ Y → Z with dim(X) = N , dimY =M , and dim(Z) = P
are linear operators, then A ○ B ∶ X → Z is a linear operator. Fixing bases {eeej ,θθθj}, {fff i,µµµi}, {hhhk,ρρρk} in X, Y respectively
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Z, and taking into account that the identity in Y is ∑i fff iθθθi, the matrix element of the composition is:

ρρρk[A ○ B(eeej)] ≡ (A ⋅B)kj =
M=dimY

∑
i=1

ρρρk[A(fff i)] µµµi[B(eeej)] ,

corresponding to the the row-column product of then two matrices:

A ∈MP×M(F) , B ∈MM×N(F) , A ⋅B ∈MP×N(F) , (A ⋅B)kj =
M

∑
j=1

AkiB
i
j =

M

∑
j=1

akibij .

In terms of tables of numbers one multiplies term by term the rows in A with columns in B and adds up the results:

⎛
⎜⎜⎜
⎝

a11 . . . a1M

⋮
aP1 . . . aPM

⎞
⎟⎟⎟
⎠

⎛
⎜⎜⎜
⎝

b11 . . . b1N

⋮
bM1 . . . bMN

⎞
⎟⎟⎟
⎠
=
⎛
⎜⎜⎜
⎝

a11b11 + . . . a1MbM1 . . . a11b1N + . . . a1MbMN

⋮ ak1b1i + ⋅ ⋅ ⋅ + akMbMi

aP1b11 + ⋅ ⋅ ⋅ + aPMbM1 . . . aP1b1N + ⋅ ⋅ ⋅ + aPMbMN

⎞
⎟⎟⎟
⎠
.

In particular the basis matrices are matrix products E(ij) = fi ⋅ θj . Note that the identity matrix with matrix elements

Iij = δij is an identity for the matrix product A ⋅ I = I ⋅A = A.

Definition 6.1 ( Algebra over a field ). An algebra M over a field of scalars F is a vector space over F endowed with a

bilinear product ⋅ ∶M ×M→M. The bilinearity of the product can be states equivalently as:

• (right distributive) (A +B) ⋅C = A ⋅C +B ⋅C for any A,B,C ∈M,

• (left distributive) A ⋅ (B +C) = A ⋅B +A ⋅C for any A,B,C ∈M,

• (compatible with scalars) (αA) ⋅ (β B) = (αβ) (A ⋅B), for any α,β ∈ F and A,B ∈M.

The algebra is associative if ⋅ is associative A ⋅ (B ⋅C) = (A ⋅B) ⋅C, commutative if A ⋅B = B ⋅A, and unital if ⋅ has a unit

element I ⋅A = A ⋅ I = A.

The set of N ×N matrices, MN×N(F) with the matrix product is an associative unital but non commutative algebra

over F. The same holds for the set of operators Bop.(X,X) with the composition. For convenience, we supress from now

on the ⋅ in the matrix product.

Theorem 6.1 ( The left and right inverses of a matrix are equal ). Let A be a N ×N matrix. The left inverse of A, if

it exist, is the matrix L such that LA = I, and the right inverse is the matrix R such that AR = I. If the left inverse of a

matrix exists then the right inverse of the matrix exists and the two are equal.

In any associative unital algebra, if both the left and the right inverses exist then they are equal.

Proof. Consider a finite dimensional vector space V , and Φ ∶ V → V injective (Φ(v1) = Φ(v2) ⇒ v1 = v2 ⇒ ker(Φ) = 0). By

the rank nullity theorem, dim(Im(Φ)) = dimV hence Im(Φ) = V and Φ is surjective.

Consider A a matrix with left inverse L. We define the linear operator Φ ∶MN×N(F) →MN×N(F), Φ(X) = AX. Then

Φ(X) = 0⇔ AX = 0⇔ LAX =X = 0, hence dim(ker(Φ)) = 0 and Φ is surjective and there exist R such that AR = I.
If both the left and right inverses exists then L = L(AR) = (LA)R = R.

Note that this is trivial when recalling that a matrix represents an operator in some basis. By the rank nullity theorem

an operator A ∶X →X is surjective if and only if it is injective (it has zero kernel) and in this case it is invertible.
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6.2 Change of basis

Vectors and linear operators are intrinsic notions and do not depend on a particular basis, but their representations

(components of vectors, matrix elements and so on) do. For instance the matrix associated to an operator A ∶ X → Y in

some bases has entries aij = µµµi(Aeeej) hence depends on the basis vector eeei and forms µµµi.

Let us assume we have a basis eeei in X and we select a new basis ẽ̃ẽei. As both eeei and ẽ̃ẽei are bases, we can decompose the

vectors in the new basis as linear combinations of the vectors in the old one:

ẽ̃ẽei =
N

∑
j=1

eeejS
j
i , ẽi =

⎛
⎜⎜⎜
⎝

S1
i

⋮
SNi

⎞
⎟⎟⎟
⎠
, S = (ẽ1 . . . ẽN) ,

where the last notation signifies that the matrix S is just the matrix obtained by juxtaposing the column vectors ẽj

corresponding to the vector ẽ̃ẽej decomposed in the basis eeei. We can of course expand eeei on the basis ẽ̃ẽei, eeei = ∑j ẽ̃ẽejQ
j
i =

∑j,l eeelSljQ
j
i and, as the eeeis are linearly independent, we conclude that Q = S−1, hence in particular S is invertible.

The dual basis changes accordingly (where all the sums are understood to run from 1 to N):

θ̃̃θ̃θi = ∑
j

(S−1)i jθθθj , θ̃̃θ̃θi(ẽ̃ẽek) = ∑
j

(S−1)i jθθθj (∑
l

eeelS
l
k) = ∑

j,l

(S−1)i jδ
j
l S

l
k = δik .

The components of a vector ∑i vieeei and of a form ∑i φiθθθi, with vi = θθθi(v) and φi = φ(eeei) transform as:

ṽi = θ̃̃θ̃θi(v) = ∑
j

(S−1)i jθθθj(v) = ∑
j

(S−1)i jvj , φ̃i = φ(ẽ̃ẽei) = ∑
j

φ(eeej) Sji = ∑
j

φjS
j
i ,

and we say that φi transforms covariantly, as it transforms like the basis elements eeei, while θθθ
i and vi transform contravari-

antly. The matrix elements of an operator A ∶X →X transform under a change of basis as:

Ãij = θ̃̃θ̃θi(Aẽ̃ẽej) = ∑
l

(S−1)i lθθθl
⎛
⎝
A∑

q

eeeqS
q
j

⎞
⎠
= ∑
l,a

(S−1)i lAl qS
q
j = [S

−1AS]i j .

Note that, consistently, Ãṽ = (S−1AS)S−1v = S−1(Av).

Two matrices related by a transformation Ã = S−1AS, for S some invertible matrix are called similar, and similar

matrices correspond to the same operator expressed in different bases. The matrix of an operator A ∶X → Y changes under

a change of bases in both X and Y as Ã = T −1AS.

Definition 6.2 ( The trace ). The trace of a square matrix is the sum of its diagonal elements, Tr(A) = ∑iAi i = ∑i aii.
The trace is cyclical Tr(AB) = Tr(BA) and it is invariant under a change of basis, Tr(S−1AS) = Tr(A).

As it is common in the literature, when no risk of confusion arises, we will conflate the operators with their matrix

representation in some basis. We will then talk about the kernel of a matrix consisting in vectors in the kernel of the

corresponding operator expressed in the appropriate basis, and so on, of course keeping in mind that the matrix is basis

dependent.

In order to simplify the notation, from now on we write the matrix indices in subscript.
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6.3 Gaussian elimination

Matrices can be brought into a standard form by linear manipulations. The algorithm we present below is used to determine

the kernel and image of a matrix, to solve system of linear equations with constant coefficients and to compute the inverse

of a matrix (if it exists).

Consider A ∈MM×N(F) aM ×N matrix. The process of Gaussian elimination simplifies the matrix thorough a sequence

of the following steps:

- swapping two rows, say i and j of the matrix A, that is A→ SA with Snn = 1 if n ≠ i, j, Sij = Sji = 1 and all the other

entries set to 0.

- multiplying one row by a non zero constant, ai● → αai● (the dot signifies that we apply the operations along the

entire row), that is A→Di
αA with (Di

α)kl = δkl + (α − 1)δikδil:

(Di
αA)kq = ∑

l

(δkl + (α − 1)δikδil)alq = akq + (α − 1)δikaiq .

- taking a linear combination of two rows, ai● → ai● + αaj●, that is A→ Li;jα A with (Li;jα )kl = δkl + αδikδjl:

(Li;jα A)kq = ∑
l

(δkl + αδikδjl)alq = akq + αδikajq .

Exercise 6.1. Prove that S2 =Di
αD

i
−α = Li;jα L

i;j
−α = I.

As all the elementary operations are invertible, the matrix obtain after any sequence of such operations can be written

as B = FA for F some invertible M ×M matrix.

Construction 6.1 ( Gaussian elimination ). Using a combination of these operations one reduces the matrix as follows:

- if an entry on the first column is non zero, by permuting the rows we can always bring it in the position a11. For all

the rows with i > 1, we take the row linear combination ai● → ai● − ai1a11
a1●. This sets all the entries on the first column

ai1 with i > 1 to 0 and we pass to the next column.

- when we reached the column k, we only look at the rows with i ≥ k. If any of these rows has a non zero entry in the

column k, by row permutations we can bring it in the position akk. For all the rows below, that is with i > k, we take

the linear combination ai● → ai● − aik
akk

ak●, which sets all aik = 0 for i > k and we pass to the next column.

- at the end of these sequence of steps we obtain the row echelon form of the matrix, which is such that:

– all the rows with only zero entries are at the bottom.

– the left-most nonzero entry in every nonzero row (called the leading entry, or the pivot) is on the right of the

leading entry of every row above.

- we use rescalings to set all the pivot entries to 1, and linear combinations of the rows to set to zero all the elements

above the pivots. This leads to the reduced row echelon form (RREF) of the matrix, which is unique.

We call dominant the columns in the RREF which contain the pivots, and non dominant the other ones.

An example of Gaussian elimination applied to a matrix goes as follows:

⎛
⎜⎜⎜
⎝

1 3 1 9

1 1 −1 1

3 11 5 35

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 3 1 9

0 −2 −2 −8
0 2 2 8

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 3 1 9

0 −2 −2 −8
0 0 0 0

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 0 −2 −3
0 1 1 4

0 0 0 0

⎞
⎟⎟⎟
⎠
= (f1 f2 −2f1 + f2 −3f1 + 4f2) ,
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where we denoted f1, f2, f3 the standard basis in F3.

Theorem 6.2 ( The RREF of a matrix is unique ). The RREF of a matrix A is unique.

Proof. The dominant columns in a RREF are the elements in the standard basis f1, . . . fM in RM encountered in this order.

The non dominant columns are linear combinations of the dominant columns which situated at their left, with coefficients

exactly the entries in the column. It follows that a RREF writes on columns like:

(f1 . . . fk ∑ki=1 αik+1fi ∑
k
i=1 αik+2fi . . . fl . . .) .

If a column is identically zero, we see it as a linear combination with zero coefficients of the columns at its left. In particular,

any matrix which can be obtain from B as a product FB with F some invertible matrix will have the form:

(Ff1 . . . Ffk ∑ki=1 αik+1Ffi ∑
k
i=1 αik+2Ffi . . . Ffl . . .) .

If B′ is a RREF of A, then B′ = FB and its dominant columns must reproduce f1, . . . fM in RM in this order. Thus the first

k dominant columns must respect Ff1 = f1, Ff2 = f2, up to fk = Ffk. Then the first non dominant column is ∑ki=1 αik+1Ffi
which equals ∑ki=1 αik+1fi and iterating we conclude that B′ = B.

6.3.1 Finding bases in the kernel and the image of a matrix

The columns of the matrix A can also be interpreted as the column vectors Aei, with e1, . . . eN the standard basis in RN .

As A = FB with F invertible and B the RREF of A, it follows that:

(Ae1 . . . AeN) = (Ff1 . . . Ffk ∑ki=1 αik+1Ffi ∑
k
i=1 αik+2Ffi . . . Ffl . . .) ,

and we conclude that:

• a basis in the image of A, which is the span of its columns Ae1, . . .AeN , is Ff1, Ff2, . . . , Ffl, . . . (from the RREF it

is clear these vector are spanning, and they are linear independent as F is invertible). A basis in the image is given

by the dominant columns of A, that is the columns which contain the pivots after reduction to the RREF.

• each non dominant column of A yields a relation Aej = ∑i<j αij Aei, hence a non trivial vector vj = ej −∑i<j αijei ∈
ker(A). All such vectors are linearly independent. Indeed, denoting J the set of indices of the non dominant columns,

let us assume that:

∑
j∈J

γjvj = ∑
j∈J

γj
⎛
⎝
ej −∑

i<j
αijei

⎞
⎠
= 0 .

Denoting jmax the maximal index in J , ejmax is multiplied only by γjmax in this linear combination, hence γjmax = 0
as the ejs are linearly independent. Iterating we conclude that γj = 0. As we have built N − dim(ImA) linearly
independent vectors in ker(A), they form a basis by the rank-nullity theorem.

Consider for instance the matrix A with RREF B as before:

A =
⎛
⎜⎜⎜
⎝

1 3 1 9

1 1 −1 1

3 11 5 35

⎞
⎟⎟⎟
⎠
, B =

⎛
⎜⎜⎜
⎝

1 0 −2 −3
0 1 1 4

0 0 0 0

⎞
⎟⎟⎟
⎠
= (f1 f2 −2f1 + f2 −3f1 + 4f2) ,
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where we denoted f1, f2, f3 the standard basis in C3. We have the bases:

Im(A) ∶ Ae1 =
⎛
⎜⎜⎜
⎝

1

1

3

⎞
⎟⎟⎟
⎠
, Ae2 =

⎛
⎜⎜⎜
⎝

3

1

11

⎞
⎟⎟⎟
⎠
, ker(A) ∶ e3 + 2e1 − e2 =

⎛
⎜⎜⎜⎜⎜
⎝

2

−1
1

0

⎞
⎟⎟⎟⎟⎟
⎠

, e4 + 3e1 − 4e2 =

⎛
⎜⎜⎜⎜⎜
⎝

3

−4
0

1

⎞
⎟⎟⎟⎟⎟
⎠

.

Indeed, e3 + 2e1 − e2 and e4 + 3e1 − 4e2 are linearly independent and:

⎛
⎜⎜⎜
⎝

1 3 1 9

1 1 −1 1

3 11 5 35

⎞
⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜
⎝

2

−1
1

0

⎞
⎟⎟⎟⎟⎟
⎠

=
⎛
⎜⎜⎜
⎝

2 − 3 + 1
2 − 1 − 1
6 − 11 + 5

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

1 3 1 9

1 1 −1 1

3 11 5 35

⎞
⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜
⎝

3

−4
0

1

⎞
⎟⎟⎟⎟⎟
⎠

=
⎛
⎜⎜⎜
⎝

3 − 12 + 9
3 − 4 + 1
9 − 44 + 35

⎞
⎟⎟⎟
⎠
.

One can reconstruct B = L1;2
−3D

2
− 1

2

L3;2
1 L3;1

−3 L
2;1
−1A.

6.3.2 Solving systems of linear equations with constant coefficients

Any system of M linear equations with N unknowns and constant coefficients:

a11x
1 + ⋅ ⋅ ⋅ + a1NxN = y1 , a21x1 + ⋅ ⋅ ⋅ + a2NxN = y2 , . . . , aM1x

1 + ⋅ ⋅ ⋅ + aMNx
N = yM ,

can be written as a matrix equation Ax = y with:

A =
⎛
⎜⎜⎜
⎝

a11 . . . a1N

⋮
aM1 . . . aMN

⎞
⎟⎟⎟
⎠
, x =

⎛
⎜⎜⎜⎜⎜
⎝

x1

x2

⋮
xN

⎞
⎟⎟⎟⎟⎟
⎠

, y =

⎛
⎜⎜⎜⎜⎜
⎝

y1

y2

⋮
yN

⎞
⎟⎟⎟⎟⎟
⎠

.

There are three cases:

• y ∉ Im(A). In this case the system has no solutions (the system is incompatible).

• y ∈ Im(A) and ker(A) = 0. In this case the system has a unique solution (the system is compatible determined).

• y ∈ Im(A) and ker(A) ≠ 0. In this case the system has an infinity of solutions (the system is compatible undermined).

The set of solutions {x,Ax = y} is an affine space over ker(A), that is given x0 a particular solution of Ax0 = y,
{x,Ax = y} is the affine subspace x0 + ker(A) of CN .

We define the augmented matrix of the system [A∣y] as the matrix consisting in the matrix A with an additional column

y. In order to determine in which of the three cases we are (and solve the system if possible), we observe that x is a solution

of Ax = y if and only if x is a solution of RAx = Ry for any invertible R, that is x is a solution of the system with augmented

matrix [RA∣Ay]. The system becomes trivial if [A∣y] is brought in RREF, [B∣Y ] namely:

• if the last column, Y , is dominant, then in the system of equations corresponding to the RREF one of the equations

reads 0 = 1, hence the system is incompatible.

• if the last column, Y , is non dominant, then:

– either M = N and the RREF of A is the identity, B = I. In this case the system has a unique solution x = Y .
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– or the non dominant columns in B lead to a basis in ker(A) and a particular solution is x
j(i)
0 = Y i, where j(i)

is the label of the i’th dominant column, and we complete x0 with 0 on all other entries.

As examples, we consider the systems of equations with augmented matrices (we eliminate the vertical line separating

y in order to simplify the notation) below:

-
⎛
⎜⎜⎜
⎝

1 1 −3 4

2 1 −1 2

3 2 −4 7

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 1 −3 4

0 −1 5 −6
0 −1 5 −5

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 1 −3 4

0 −1 5 −6
0 0 0 1

⎞
⎟⎟⎟
⎠
.

The last column is dominant and the system incompatible (no solution).

-
⎛
⎜⎜⎜
⎝

1 1 −3 4

2 1 −1 2

3 2 −4 6

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 1 −3 4

0 −1 5 −6
0 −1 5 −6

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 1 −3 4

0 −1 5 −6
0 0 0 0

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 0 2 −2
0 1 −5 6

0 0 0 0

⎞
⎟⎟⎟
⎠
,

A basis in ker(A) is e3 − 2e1 + 5e2, and the general solution writes:

x =
⎛
⎜⎜⎜
⎝

−2
6

0

⎞
⎟⎟⎟
⎠
+ t
⎛
⎜⎜⎜
⎝

−2
5

1

⎞
⎟⎟⎟
⎠
.

-

⎛
⎜⎜⎜
⎝

1 2 4 23

1 1 1 7

4 2 1 2

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 2 4 23

0 −1 −3 −16
0 −6 −15 −90

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 2 4 23

0 1 3 16

0 0 3 6

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 2 4 23

0 1 3 16

0 0 1 2

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 0 −2 −9
0 1 3 16

0 0 1 2

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 0 0 −5
0 1 0 10

0 0 1 2

⎞
⎟⎟⎟
⎠

The solution of the system is unique:

x =
⎛
⎜⎜⎜
⎝

−5
10

2

⎞
⎟⎟⎟
⎠
.

-
⎛
⎜⎜⎜
⎝

1 −1 1 −1 1

2 1 −3 0 2

5 −2 0 −3 5

⎞
⎟⎟⎟
⎠
=
⎛
⎜⎜⎜
⎝

1 −1 1 −1 1

0 3 −5 2 0

0 3 −5 2 0

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 −1 1 −1 1

0 1 − 5
3

2
3

0

0 0 0 0 0

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 0 − 2
3
− 1

3
1

0 1 − 5
3

2
3

0

0 0 0 0 0

⎞
⎟⎟⎟
⎠
,

The solution of the system is:

x =

⎛
⎜⎜⎜⎜⎜
⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟
⎠

+ t1

⎛
⎜⎜⎜⎜⎜
⎝

2
3
5
3

1

0

⎞
⎟⎟⎟⎟⎟
⎠

+ t2

⎛
⎜⎜⎜⎜⎜
⎝

1
3

− 2
3

0

1

⎞
⎟⎟⎟⎟⎟
⎠

.

6.3.3 Computing the matrix inverse

Let A be a N ×N matrix. The inverse of A is such that AC = I or, looking at the columns, the column vectors of the

inverse solve the equations ACi = ei, with ei the i’th basis vector in the standard basis. The augmented matrix of these N
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systems of N equations is [A∣I], where the i’th column of the identity matrix is ei. All these systems can be simultaneously

solved if and only if the RREF of A is I and in this case the RREF of [A∣I] is [I ∣C]. For instance:

⎛
⎜⎜⎜
⎝

1 2 4 1 0 0

1 1 1 0 1 0

4 2 1 0 0 1

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 2 4 1 0 0

0 −1 −3 −1 1 0

0 −6 −15 −4 0 1

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 0 −2 −1 2 0

0 1 3 1 −1 0

0 0 3 2 −6 1

⎞
⎟⎟⎟
⎠
→
⎛
⎜⎜⎜
⎝

1 0 −2 −1 2 0

0 1 3 1 −1 0

0 0 1 2
3
−2 1

3

⎞
⎟⎟⎟
⎠

→
⎛
⎜⎜⎜
⎝

1 0 0 1
3
−2 2

3

0 1 0 −1 5 −1
0 0 1 2

3
−2 1

3

⎞
⎟⎟⎟
⎠
,

⎛
⎜⎜⎜
⎝

1 2 4

1 1 1

4 2 1

⎞
⎟⎟⎟
⎠

⎛
⎜⎜⎜
⎝

1
3
−2 2

3

−1 5 −1
2
3
−2 1

3

⎞
⎟⎟⎟
⎠
=
⎛
⎜⎜⎜
⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟
⎠

.

Note that A is invertible if and only if ker(A) = 0, that is the only solution of Ax = 0 is x = 0. If A is not invertible,

then Ax = 0 admits a non trivial solution.

6.4 The determinant

The determinant of aN×N matrix is a degreeN homogeneous polynomial in the matrix entries with some special properties.

We denote Sn the symmetric group, that is the group of permutations of n elements with group operation the compo-

sition:

Sn = {σ ∶ {1, . . . n} → {1, . . . n} , σ bijection} , ∣Sn∣ = n! .

The composition of permutations is also called the product of permutations. A permutation is sometimes denoted in a two

line notation:

σ =
⎛
⎝

1 2 . . . N

σ(1) σ(2) . . . σ(N)
⎞
⎠
,

and a rearrangement (permutation) of the columns denotes the same permutation.

Any permutation can be decomposed into disjoint cycles σ = (p, σ(p), σ2(p) . . . )(q, σ(q) . . . ) . . . , where each cycle collects

all the iterated images p, σ(p), . . . in the order in which they are encountered. A fixed point σ(p) = p is denoted (p). A

cyclical permutation of the elements in a cycle leads to the same cycle (p, σ(p) . . . σ−1(p)) = (σ−1(p)pσ(p) . . . ). For instance

⎛
⎝
1 2 3 4

1 2 4 3

⎞
⎠
= (1)(2)(34) ,

⎛
⎝
1 2 3 4

2 1 4 3

⎞
⎠
= (12)(34) ,

⎛
⎝
1 2 3 4

2 3 1 4

⎞
⎠
= (123)(4) ,

⎛
⎝
1 2 3 4

2 3 4 1

⎞
⎠
= (1234) .

We denote di the number of cycles of length i in the cycle decomposition of σ, and the cycle type of σ is the collection

{di}i≥1. Two permutations have the same cycle type {di}i≥1 if and only if they are conjugated σ1 = πσ2π−1 for some π ∈ Sn.

Exercise 6.2. Prove that two permutations have the same cycle type if and only if they are conjugated. If σ2(i) = j and σ1 = πσ2π
−1

then σ1(π(i)) = π(j). Listing the cycles of σ2 and the replacing all the a by π(a) we obtain the cycles of σ1. Conversely, we list the cycles of σ2 on a line and the cycles of σ1 immediately below, making

sure that the cycles match in length top and bottom, interpreting this as a two line notation for a permutation π, σ1 = πσ2π
−1.

Exercise 6.3. Prove that there are n!
∏i di!idi

distinct permutations with a cycle type {di}i≥1. Prove that ∑∑ idi=ndi≥0
n!

∏i di!idi
= n!.

We list the permutation τ in cycle notation. The n! permutations π of the labels (balls) while keeping the cycles of τ (boxes) fixed generates all the permutations of the same cycle type. However, the permutations

are over counted: a permutation π whose only effect is to permute circularly the labels in a cycle of τ lead to the same τ , and a permutation π whose only effect is to permute all the labels in a cycle with all

the labels in another cycle of the same length preserving their order also leads to the same τ , hence τ is generated ∏i di!i
di times by the n! permutations of labels π. For the second part:

∑ idi=n

∑

di≥0

n!

∏i di!i
di

= n!

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∑

di≥0
∏

i≥1

1

di!i
di
x
di

⎤
⎥
⎥
⎥
⎥
⎥
⎦xn

= n! [e
− ln(1−x)

]
xn

= n! ,

where [. . . ]xn denotes the coefficient of xn in a formal power series.
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Exercise 6.4. Prove that there are n!
∏i di!(i!)di

ways to distribute N labelled balls into d1 boxes of size 1, d2 boxes of size 2

and so on.As before, with the exception that any permutation of the labels of all the balls in the same box leads to the same assignment of balls to boxes.

A transposition is a permutation with only one cycle of length two, and n−2 cycles of length 1. Any permutation can be

written as a product, that is a composition, of transpositions. Indeed, any permutation is a product of its cycles completed

by fixed points and any cycle writes as a product of transpositions (where the product is read left to right and we do not

write the fixed points in the transpositions):

(a1 a2 a3 . . . ai) = (a1 a2) ⋅ (a2 a3) ⋅ . . . ⋅ (ai−1 ai) .

A cycle of length i needs i−1 transpositions, and a permutation of a give cycle type needs ∑i di(i−1). The signature of the
permutation ϵ(σ) = (−1)∑i di(i−1) tracks the parity of the number of transpositions in such a decomposition. Equivalently, a

permutation is odd (signature −1) if the number of cycles of even length of the permutation is odd and it is even (signature

+1) otherwise. The same permutation can be decomposed in transpositions in many different ways, but the parity of the

number of transposition is the same in all such decompositions.1

The signature of a product of permutation is the product of signatures of the permutations (as we can first decompose

both permutations in transpositions and then multiply to obtain a product of transpositions).

Exercise 6.5. Prove that ϵ(τ) = ϵ(τ−1).τ and τ−1 have the same cycle type.

Exercise 6.6. Prove that a permutation can be written as the product of its cycles, completed by fixed points, for instance

(12)(34) = (12)(3)(4) ⋅ (1)(2)(34).

Definition 6.3 ( The determinant ). The determinant of a square N ×N matrix A ∈MN×N(F) with matrix elements aij

is the polynomial:

det(A) =

RRRRRRRRRRRRRRRRR

a11 . . . a1N

⋮
aN1 . . . aNN

RRRRRRRRRRRRRRRRR

= ∑
σ∈SN

ϵ(σ)
n

∏
i=1
aiσ(i) .

The determinant is the unique function det ∶MN×N(F) → F such that det(I) = 1, is antisymmetric under permutations

of the rows of A, linear in each row and zero if two rows coincide.2 In detail, denoting r1, . . . rN the rows of the matrix:

RRRRRRRRRRRRRRRRRRRRRRR

r1 + r̃1
r2

⋮
rN

RRRRRRRRRRRRRRRRRRRRRRR

=

RRRRRRRRRRRRRRRRRRRRRRR

r1

r2

⋮
rN

RRRRRRRRRRRRRRRRRRRRRRR

+

RRRRRRRRRRRRRRRRRRRRRRR

r̃1

r2

⋮
rN

RRRRRRRRRRRRRRRRRRRRRRR

,

RRRRRRRRRRRRRRRRRRRRRRR

αr1

αr2

⋮
αrN

RRRRRRRRRRRRRRRRRRRRRRR

= α

RRRRRRRRRRRRRRRRRRRRRRR

r1

r2

⋮
rN

RRRRRRRRRRRRRRRRRRRRRRR

,

RRRRRRRRRRRRRRRRRRRRRRRRRRRRR

r1

⋮
ri

⋮
rN

RRRRRRRRRRRRRRRRRRRRRRRRRRRRR

= (−1)i+1

RRRRRRRRRRRRRRRRRRRRRRRRRRRRR

ri

⋮
r1

⋮
rN

RRRRRRRRRRRRRRRRRRRRRRRRRRRRR

.

The same properties hold for columns, as det(A) = det(At) with the transposed matrix defined as (At)ij = aji.3

The minor det(AK̂Ĵ) of A is the determinant of the matrix obtained from A by erasing the rows with indices in K and

columns with indices in J (this is defined only for ∣K ∣ = ∣J ∣). Minors can also be defined for M ×N matrices and correspond

to determinants of square sub matrices.

1The group Sn is the group of words with generators τi = (i, i + 1) and relations τ2i = 1, τiτi+1τi = τi+1τiτi+1 for i < n and τiτj = τjτi if
∣i − j∣ ≥ 2. All the relations preserve the parity of the number of letters of the words.

2Antisymmetry follows from noting that for any τ fixed permutation, ∑σ∈SN
ϵ(σ) ∏n

i=1 aτ(i)σ(i) = ϵ(τ)∑σ∈SN
ϵ(σ) ∏n

i=1 aiσ(i) and trivially
implies the determinant is zero if two rows coincide. Linearity is obvious as the determinant is a homogeneous polynomial of degree 1 in the
entries in each row.

3We have ∑σ∈SN
ϵ(σ) ∏n

i=1 aσ(i)i = ∑σ∈SN
ϵ(σ) ∏n

j=1 aσσ−1(j)σ−1(j), and we change summation variable to σ−1.
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The determinant of a diagonal matrix is just the product of the diagonal entries:

RRRRRRRRRRRRRRRRRRRRRRR

λ1 0 . . . 0

0 λ2 . . . 0

⋮ ⋮ ⋱ ⋮
0 0 . . . λN

RRRRRRRRRRRRRRRRRRRRRRR

= λ1λ2 . . . λN ,

as in this case only the identity permutation contributes. The same holds if the matrix is upper (or lower) triangular:

aij = 0 , i > j ⇒ det(A) =
N

∏
i=1
aii .

Exercise 6.7. Prove that
RRRRRRRRRRR

a11 a12

a21 a22

RRRRRRRRRRR
= a11a22 −a21a12 and

RRRRRRRRRRRRRRRRR

a11 a12 a13

a21 a22 a23

a31 a32 a33

RRRRRRRRRRRRRRRRR

= a11a22a33 +a12a23a31 +a13a32a21 −a11a23a32 −

a12a21a33 − a13a31a22.

An important property of the determinant is that it respects the matrix product.

Proposition 6.1 ( The determinant respects the matrix product ). For any two N × N matrices A and B we have

det(AB) = det(A)det(B).

Proof. By linearity of the determinant in the columns we have:

det(AB) =

RRRRRRRRRRRRRRRRR

∑Nj1=1 a1j1bj11 . . . ∑NjN=1 a1jN bjNN
⋮ ⋱ ⋮

∑Nj1=1 aNj1bj11 . . . ∑NjN=1 aNjN bjNN

RRRRRRRRRRRRRRRRR

=
N

∑
j1=1
⋅ ⋅ ⋅

N

∑
jN=1

bj11 . . . bjNN

RRRRRRRRRRRRRRRRR

a1j1 . . . a1jN
⋮ ⋱ ⋮

aNj1 . . . aNjN

RRRRRRRRRRRRRRRRR

.

If two of the js are equal, the last determinant has two identical columns and is zero. Ordering the j’s and taking into

account that the determinant is antisymmetric by permutation of the columns we get:

det(AB) = det(A) ∑
σ∈SN

ϵ(σ)bjσ(1)1 . . . bjσ(N)N = det(A)det(B) .

This leads to the following crucial remark.

Corollary 6.1 ( The determinant is basis independent ). Under a change of basis a matrix changes like Ã = S−1AS, and
det(Ã) = det(S−1)det(A)det(S) = det(A)det(SS−1) = det(A), that is the determinant is invariant under a change of basis.

This might seem surprising at first sight as the matrix elements change under a change of basis, and the determinant is

a complicated polynomial in the matrix entries.

6.4.1 The determinant and the inverse of a matrix

Lemma 6.1 ( A is invertible if and only if det(A) ≠ 0 ). Let us denote B the row echelon form of A. Then

±det(A) = det(B) =
N

∏
i=1
bii .
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We have seen that a matrix is invertible if and only if its RREF is I, or equivalently all the diagonal entries in its row

echelon form are non zero bii ≠ 0 for i = 1, . . .N , therefore A is invertible if and only if det(A) ≠ 0.

Proof. Up to a sign, the determinant is invariant under the linear manipulations which bring A to its row echelon form. This

can be checked by observing that the matrices S which encode row permutations and Li;jα which take linear combinations

of rows have determinant ±1 (Li;jα is either upper or lower triangular).

Lemma 6.2 ( det(A) = 0 if and only if the columns of A are linearly dependent ). Let us denote B the row echelon form

of A. det(A) = 0 if and only if B has at least a row of 0, hence at least one non dominant column and a linear relation

between the columns.

The determinant gives a criterion of invertibility for matrices. A recursive way to compute the determinant is given by

the following theorem.

Theorem 6.3 ( Cofactor expansion of determinant ). The determinant of a matrix can be computed by expanding along

the rows:

det(A) =
N

∑
j=1
(−1)i+jaij det(Aîĵ) , ∀i = 1, . . .N ,

where the cofactor det(Aîĵ) is the determinant of the matrix obtained by deleting the row i and the column j in A. The

same holds when expanding along columns, as the determinant is invariant under taking the transposed.

Proof. Without loss of generality we fix i = 1 and we classify the permutations σ according to σ(1):

det(A) =
N

∑
j=1

σ(1)=j

∑
σ∈Sn

ϵ(σ)a1j∏
i′≠1

ai′σ(i′) .

Each term above is the determinant of a matrix with only one non zero entry on the first, row a1j and all the others set to

0 (that is the determinant is linear in its first row):

RRRRRRRRRRRRRRRRR

a11 a12 . . . a1N

⋮
aN1 aN2 . . . aNN

RRRRRRRRRRRRRRRRR

=

RRRRRRRRRRRRRRRRR

a11 0 . . . 0

⋮
aN1 aN2 . . . aNN

RRRRRRRRRRRRRRRRR

+

RRRRRRRRRRRRRRRRR

0 a12 . . . 0

⋮
aN1 aN2 . . . aNN

RRRRRRRRRRRRRRRRR

+ ⋅ ⋅ ⋅ +

RRRRRRRRRRRRRRRRR

0 0 . . . a1N

⋮
aN1 aN2 . . . aNN

RRRRRRRRRRRRRRRRR

and by permuting the columns, the j’th term is:

(−1)j+1
RRRRRRRRRRR

a1j 0

⋮ A1̂ĵ

RRRRRRRRRRR
= (−1)j+1 ∑

σ∈Sn
ϵ(σ)∏

i

biσ(i) ,

where we labelled the elements of the new matrix generically by bij . Now, the only non trivial element on the first row is

b11 = a1j , hence the only permutations contributing must have σ(1) = 1. Such a permutation consists in a cycle (1) and a

permutation τ on {2, . . . n − 2}, with ϵ(τ) = ϵ(σ), hence

(−1)j+1 ∑
σ∈Sn

ϵ(σ)∏
i

biσ(i) = (−1)j+1a1j ∑
τ∈Sn−1

ϵ(τ)
n

∏
i=2
biτ(i) = (−1)j+1 a1j det(A1̂ĵ) .

This cofactor expansion allows us to give an explicit formula for the inverse A−1 of any matrix A with detA ≠ 0.
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6.4. The determinant

Corollary 6.2 ( Inverse of a matrix ). If A is a N ×N matrix with det(A) ≠ 0, then A is invertible, that is there exist a

matrix A−1 such that (AA−1)ik = (A−1A)ik = δik. The inverse matrix has matrix elements:

(A−1)
ij
= 1

det(A)
(−1)i+j det(Aĵî) ,

where we stress that the indices of the cofactor are permuted. If A represents the operator A in some basis, the inverse

matrix A−1 represents the inverse operator A−1 in the same basis.

Proof. We have:

(AA−1)ik =
N

∑
j=1

aij (A−1)jk =
1

det(A)

N

∑
j=1

aij(−1)k+j det(Ak̂ĵ) .

By the cofactor expansion, if j = k, then the right hand side is 1. If j ≠ k, then

N

∑
j=1

aij(−1)k+j det(Ak̂ĵ) ,

is nothing but the determinant of the matrix A, where the k’th row has been replaced by a copy of the i’th row. As this

matrix has two identical rows, its determinant is zero.

A matrix is invertible if and only if it has zero kernel, that is kerA = 0⇔ detA ≠ 0.

Corollary 6.3 ( Cramer’s rule ). Let A be an invertible N ×N matrix. Then the system of equations Ax = y has a unique

solution x = A−1y and, using the formula for the inverse and the cofactor expansion of the determinant we have:

xi = 1

detA

N

∑
j=1
(−1)i+j det(Aĵî)y

j = det(Ai)
detA

,

where the matrix Ai is obtained from A by replacing the column i with the column vector y.

6.4.2 Block matrices

Often one deals which are partitioned by some criterion into blocks. Consider four matrices: A of sizes M ×M , B of size

M ×N , C of size N ×M and D of size N ×N which are organized in a (M +N) × (M +N) matrix:

⎛
⎝
A B

C D

⎞
⎠
.

Proposition 6.2 ( Determinant and inverse of a block matrix ). If B = 0 then the determinant of the block matrix is:

RRRRRRRRRRR

A 0

C D

RRRRRRRRRRR
= det(A)det(D) ,

and similarly if C = 0. If A is invertible then:

RRRRRRRRRRR

A B

C D

RRRRRRRRRRR
= det(A)det(D −CA−1B) ,
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and if D is invertible it is det(D)det(A−BD−1C). If both A and D are invertible, then the inverse of the block matrix is:

⎛
⎝
A−1 +A−1B(D −CA−1B)−1CA−1 −A−1B(D −CA−1B)−1

−(D −CA−1B)−1CA−1 (D −CA−1B)−1
⎞
⎠

⎛
⎝

(A −BD−1C)−1 −(A −BD−1C)−1BD−1

−D−1C(A −BD−1C)−1 D−1 +D−1C(A −BD−1C)−1BD−1
⎞
⎠
.

Proof. Assume the block B = 0. Then, as the entries i, j for i ∈ {1, . . .M} and j ∈ {M + 1, . . .M + N} in the block

matrix are zero, the permutations which contribute to the evaluation of the determinant of the block matrix must respect

σ({1, . . .M}) ⊂ {1, . . .M} and consequently σ({M + 1, . . .M +N}) ⊂ {M + 1, . . .M +N}. It follows that σ factors into two

permutations each acting on one of the subsets of indices leading to:

RRRRRRRRRRR

A 0

C D

RRRRRRRRRRR
= det(A)det(D) ,

and similarly if C = 0.
If A is invertible, then, denoting IN and IM the N ×N respectively M ×M identity matrix we have:

RRRRRRRRRRR

A B

C D

RRRRRRRRRRR
= det

⎛
⎝
A B

C D

⎞
⎠
det
⎛
⎝
IM −B
0 IN

⎞
⎠
= det

⎛
⎝
A B

C D

⎞
⎠
det
⎛
⎝
A 0

0 IN

⎞
⎠
det
⎛
⎝
A−1 −A−1B
0 IN

⎞
⎠

= det(A)det
⎛
⎝
A B

C D

⎞
⎠
det
⎛
⎝
A−1 −A−1B
0 IN

⎞
⎠
= det(A)det

⎛
⎝
IM 0

CA−1 D −CA−1B
⎞
⎠
= det(A)det(D −CA−1B)

,

and the corresponding manipulation works if D invertible. The last part is just a direct check.

6.5 Minors of a matrix

Let us consider a M ×N matrix A, where M can equal N or not. We denote AIJ = (aij)i∈I,J∈J , where I is a set or row

indices and J a set of column indices the sub-matrix consisting in the rows with indices in I and the columns with indices

in J . AIJ is a square matrix if ∣I ∣ = ∣J ∣, and in this case the determinant det(AIJ) ≡ [AIJ] is called a minor of the matrix

A. If A is a square matrix, AII are called the principal minors of A. A matrix has many minors and some of them can be

zero.

Proposition 6.3 ( Minors and rank ). The rank of A is the dimension of the image of A, rank(A) = dim(Im(A)). The

matrix A has rank r if and only if it has a nonzero r × r minor.

Proof. If r columns of A are linearly dependent then all the r × r minors of A containing these columns are zero (as their

columns are linearly dependent). Conversely (up to a permutation of the columns) if all the r × r minors of A containing

the first r columns are zero, bringing A in its RREF:

(Ae1 . . . AeN) = (Ff1 . . . Ffk ∑ki=1 αik+1Ffi ∑
k
i=1 αik+2Ffi . . . Ffl . . .) ,

with F is invertible we conclude that r > k hence the r columns are linearly dependent.

The determinant of a product of rectangular matrices can be computed in terms of the minors.

Theorem 6.4 ( Cauchy-Binet formula ). Let A be an M × N matrix and B be a N ×M matrix with M ≤ N . Let

1 ≤ j1 < . . . < jM ≤ N and denote Aj1...jM the M ×M sub-matrix of A with column indices j1, . . . jM and Bj1...jM the M ×M
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sub-matrix of B with row indices j1 . . . jM . Then:

det(AB) = ∑
1≤j1<...<jM≤N

det(Aj1...jM )det(Bj1...jM ) .

If M = N this is reduces to det(AB) = det(A)det(B).

Proof. The proof parallels the case N =M . By linearity of the determinant in the columns we have:

det(AB) =

RRRRRRRRRRRRRRRRR

∑Nj1=1 a1j1bj11 . . . ∑NjM=1 a1jM bjMM
⋮ ⋱ ⋮

∑Nj1=1 aMj1bj11 . . . ∑NjM=1 aMjM bjMM

RRRRRRRRRRRRRRRRR

=
N

∑
j1=1
⋅ ⋅ ⋅

N

∑
jM=1

bj11 . . . bjMM

RRRRRRRRRRRRRRRRR

a1j1 . . . a1jM
⋮ ⋱ ⋮

aMj1 . . . aMjM

RRRRRRRRRRRRRRRRR

.

If two of the js are equal, the last determinant has two identical columns and is zero. Ordering the j’s and taking into

account that the determinant is antisymmetric by permutation of the columns we get:

det(AB) = ∑
1≤j1<...<jM≤N

det(Aj1...jM ) ∑
σ∈SM

ϵ(σ)bjσ(1)1 . . . bjσ(M)M = ∑
1≤j1<...<jM≤N

det(Aj1...jM )det(Bj1...jM ) .

As a direct consequence, the minors of a product of rectangular matrices can also be computed.

Corollary 6.4. Let A be an M × N matrix and B be a N × P matrix with M ≤ N and let I ⊂ {1, . . .M} respectively

J ⊂ {1, . . . P} with ∣I ∣ = ∣J ∣. Then:

det[(AB)IJ] = ∑
K

det(AIK)det(BKJ) ,

where K runs over all the subsets of {1, . . .N} with ∣K ∣ = ∣I ∣ = ∣J ∣.

Classifying the permutations by their fixed points one can write a diagonal expansion of the determinant.

Lemma 6.3 ( Diagonal expansion of the determinant ). Let A be a N ×N matrix and let I ⊂ {1, . . . ,N}. We denote AÎ Î
the sub matrix of A obtained from A by deleting the rows and columns with indices in the set I. Then:

det(A) = ∑
I⊂{1,...,N}

det(AÎ Î)∏
i∈I
aii .

6.5.1 The matrix tree theorem

Definition 6.4 ( Graph ). A graph G = (V,E) is a finite set of vertices V = {1, . . .N} and a set E = {(i, j)∣i, j ∈ V } of

edges, that is pairs of vertices.4 A subgraph of G is a graph having the same vertices as G, but only some of the edges. A

root of the graph is a marked vertex, say the vertex 1.

Examples of graphs are:

G1 ∶ N = 3 , E = {(1,2), (1,3), (2,3)}

G2 ∶ N = 4 , E = {(1,2), (1,3), (1,4), (2,3), (3,4)} .

A path in a graph is a sequence ed edges e1, . . . en such that any two consecutive edges share a vertex el ∩ el+1 ≠ ∅. A

path can also be identified by the ordered list of vertices i0, i1, . . . in it visits, e0 = (i0, i1), e1 = (i1, i2), . . . en = (in−1, in). A

path is simple if all the intermediate vertices v1, . . . vn are different and a simple path is a loop (or cycle) if i0 = in. Any

path can be decomposed into simple paths and cycles.

4Self loops and multiple edges are excluded.
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Definition 6.5 ( Connected graph, tree ). A graph is connected if any two vertices of the graph can be connected by a

path. A graph is a tree if it is connected and has no loops. In a tree any two vertices are connected by only one simple path

(if two different simple paths exist, their union contains a loop). We denote κ(G) the number of subgraphs of the connected

graph G which are trees.

Lemma 6.4. A graph over N vertices is a tree if and only if has no cycle and has exactly N − 1 edges.

Proof. Deleting any edge in a tree disconnects the graph, that is it increases the number of connected components of the

graph by 1. Indeed, any edge (i, j) partitions the vertices in the tree into two sets

• the vertices in the subset I which are connected to the vertex i by simple paths which do not pass through (i, j).
They are connected to j by adding (i, j) to the paths connecting them to i.

• the vertices in the subset J which are connected to the vertex j by simple paths which do not pass through (i, j).
They are connected to i by adding (i, j) to the paths connecting them to j.

All the simple paths connecting vertices in I to vertices in J pass through (i, j). Deleting (i, j) cuts all the paths that pass
through (i, j), hence splits the graph into two connected components containing the vertices i and I respectively j and J .

Iterating the edge deletions, the process stops when all the edges in the tree have been deleted and the graph has one

vertex per connected component, thus at the end one has exactly N connected components. As T had one connected

component, it follows that exactly N − 1 edges deletions have been performed.

Conversely, if T has N vertices, N − 1 edges and no cycle then T must be a tree. Indeed, assume T is not connected

and denote ∣Ei∣ and ∣Vi∣ the number of edges and vertices in the connected component i, and ∑i ∣Ei∣ = N − 1, ∑i ∣Vi∣ = N .

Then for at least one i, ∣Ei∣ ≥ ∣Vi∣. One can always chose a tree in a connected graph by a greedy algorithm: one iteratively

tests at step l one of the untested edges, say el. If el does not form a loop with the edges already chosen at previous steps,

then one ads el to the set of chosen edges and iterates. It el does form a loop with the edges already chosen at previous

steps, one does not add it to the set of chosen edges, marks it as tested and iterates. A tree over the ∣Vi∣ vertices uses only
∣Vi∣ − 1 edges and adding edges to a tree leads to a cycles (the two end vertices of the excess edge are connected by the tree

and also by the edge).

There are several matrices associated to a graph:

• the N ×N adjacency matrix A with entries Aij = 1 if (i, j) ∈ E and 0 if not. For the two graphs examples above we

have:

A1 =
⎛
⎜⎜⎜
⎝

0 1 1

1 0 1

1 1 0

⎞
⎟⎟⎟
⎠
, A2 =

⎛
⎜⎜⎜⎜⎜
⎝

0 1 1 1

1 0 1 0

1 1 0 1

1 0 1 0

⎞
⎟⎟⎟⎟⎟
⎠

.

• the N × ∣E∣ incidence matrix B. We orient the edges, say from the smaller to the larger label, and we define:

Bie =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 , if e enters i

−1 , if e exits i

0 , otherwise

.
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For the two examples before, ordering the edges lexicographically, we have

B1 =
⎛
⎜⎜⎜
⎝

−1 −1 0

1 0 −1
0 1 1

⎞
⎟⎟⎟
⎠
, B2 =

⎛
⎜⎜⎜⎜⎜
⎝

−1 −1 −1 0 0

1 0 0 −1 0

0 1 0 1 −1
0 0 1 0 1

⎞
⎟⎟⎟⎟⎟
⎠

• the N ×N diagonal degree matrix D with entries Dii = di, with di the number of edges incident to the vertex i (the

number of edges to which i belongs). For the examples before:

D1 =
⎛
⎜⎜⎜
⎝

2 0 0

0 2 0

0 0 2

⎞
⎟⎟⎟
⎠
, D2 =

⎛
⎜⎜⎜⎜⎜
⎝

3 0 0 0

0 2 0 0

0 0 3 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟
⎠

.

• the N ×N Laplacian matrix L =D −A, which is for our two examples:

L1 =
⎛
⎜⎜⎜
⎝

2 −1 −1
−1 2 −1
−1 −1 2

⎞
⎟⎟⎟
⎠
, L2 =

⎛
⎜⎜⎜⎜⎜
⎝

3 −1 −1 −1
−1 2 −1 0

−1 −1 3 −1
−1 0 −1 2

⎞
⎟⎟⎟⎟⎟
⎠

.

Lemma 6.5. The product of the incidence matrix and its transposed is the Laplacian matrix BBt = L.

Proof. For our second example for instance we have:

⎛
⎜⎜⎜⎜⎜
⎝

−1 −1 −1 0 0

1 0 0 −1 0

0 1 0 1 −1
0 0 1 0 1

⎞
⎟⎟⎟⎟⎟
⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

−1 1 0 0

−1 0 1 0

−1 0 0 1

0 −1 1 0

0 0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜
⎝

3 −1 −1 −1
−1 2 −1 0

−1 −1 3 −1
−1 0 −1 2

⎞
⎟⎟⎟⎟⎟
⎠

.

In general, (BBt)ij = ∑eBieBje. If i and j ≠ i are connected by an edge (ij) then the sum reduces to one term and

Bi(ij)Bj(ij) = −1, as one of the entries in 1 and the other −1; if i and j ≠ i are not connected then the sum is zero; if i = j
then the sum is ∑bBieBie and each of the edges incident to i contribute a 1.

Note that the the columns of L are linearly dependent, hence det(L) = 0. We consider the matrix L̃ obtained from L by

erasing the line and column corresponding to one vertex, chosen as root. We have L̃ = B̃B̃t, with B̃ the incidence matrix

with the row corresponding to the root vertex erased.

Lemma 6.6. The (N − 1) × (N − 1) minors of B̃ are the determinants of the matrices B̃I , where I is a subsets of N − 1
edges I ⊂ E. The minors are:

det(B̃I) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

±1 if I is a tree

0 if not
.
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Proof. Assume I has a simple cycle5 formed by the edges e1 = (i0, i1) . . . ek = (ik−1, i0). By factoring a some global sign we

can reorient all the edges along the cycle such that e1 is oriented from i0 to i1, e2 from i1 to i2 and so on up to ek oriented

from ik−1 to i0. Then Bie1 +Bie2 + . . .Biek = 0 for any i as:

• either i is not a vertex in the cycle and the all the terms are 0,

• or i is a vertex in the cycle, but then the consecutive terms Bies and Bies+1 to which i belongs are respectively +1
and −1 and cancel.

Thus in order for det(B̃I) ≠ 0, I must be a graph with N vertices, N −1 edges and no cycles, therefore I must be a tree.

We consider one of the edges incident to the root, say (r, i). This column has only one non zero entry, and expanding the

minor along this column we obtain a minor corresponding to a graph in which the edge e has been deleted, and vertex i

marked as root in the connected component generated by the deletion of e (that is the row corresponding to i is eliminated

in B). Iterating, the process stops when all the edges have been exhausted. As at each step we multiply the result by ±1,
the result follows.

Theorem 6.5 ( The matrix tree theorem ). The determinant of L̃ equals the number of trees of G, det(L̃) = κ(G).

Proof. As L̃ = B̃B̃t, from Cauchy-Binet det(L̃) = ∑I ∣BI ∣2 where the sum runs over all the subsets I ⊂ E with ∣I ∣ = N − 1.
The only non zero contributions correspond to sets I which are trees, and each tree contributes exactly 1.

For the two examples we discussed:

det(L̃1) =
RRRRRRRRRRR

2 −1
−1 2

RRRRRRRRRRR
= 3 , det(L̃2) =

RRRRRRRRRRRRRRRRR

2 −1 0

−1 3 −1
0 −1 2

RRRRRRRRRRRRRRRRR

= 8 .

For the second graph we have the trees depicted in Fig. 6.1 below.

1

2 3

4

Figure 6.1: Trees in a graph.

5If I has a cycle it has a simple cycle.
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Chapter 7

Functions, first contact

An important role in physics and mathematics is played by the continuous functions.

7.1 Continuity

Definition 7.1 ( Pointwise continuity ). For X and Y metric spaces, a function f ∶X → Y is called pointwise continuous if

∀x,∀ϵ,∃δϵ,x such that d(x,x′) < δ⇒ d(f(x), f(x′)) < ϵ. A function can be continued at a point x if there exists a function

f̄ whose domain includes x, is continuous at x and is such that f = f̄ on the domain of f .

As we have seen in Chapter 3, a function is continuous if the preimage of any open set is open. A function between

metric spaces is sequentially continuous (see Chapter 4) if for any xn → x, f(xn) → f(x) and in metric spaces a functions

is continuous if and only if it is sequentially continuous.

Theorem 7.1 ( Sequential and pointwise continuity are equivalent ). A function f ∶ X → Y with X and Y metric spaces

is continuous if and only if it is sequentially continuous.

Proof. Consider a pointwise continuous function f ∶ X → Y and xn → x. For any ϵ, there exist δ such that d(xn, x) <
δ ⇒ d(f(xn), f(x)) < ϵ and (for this δ but also for any other δ) there exist Nδ such that n > Nδ ⇒ d(xn, x) < δ, hence
f(xn) → f(x).

Conversely, if f is not sequentially continuous at x, then there exist a sequence xn → x such that f(xn) does not converge
to f(x). Then there exist some ϵ such that for any Nϵ, there exist some n > Nϵ with d(f(xn), f(x)) > ϵ. Consequently, for
this ϵ, for any δ there exists n > Nδ with d(xn, x) < δ but such that d(f(xn), f(x)) > ϵ and f is not pointwise continuous

at x.

It follows that a function is continuous if and only if it is pointwise continuous. A direct proof of this fact goes as

follows.

Theorem 7.2 ( Continuous is pointwise continuous ). A function between two metric spaces is continuous if and only if

it is pointwise continuous.

Proof. The proof follows the one establishing that, in metric spaces, sequential continuity and continuity are equivalent.

Let f a continuous function. For any ϵ, let Bϵ(f(x)) be the open ball of radius ϵ around f(x). Then x ∈ f−1(f(x))
(note that f−1(f(x)) includes other points in X if f is not injective) thus f−1 (Bϵ(f(x))) is an open set in X (due to

continuity) that includes x. It follows that there exists some δϵ,x such that Bδϵ,x(x) ⊂ f−1 (Bϵ(f(x))).
Suppose now that f is pointwise continuous but not continuous. This means that there exists an open set V such

that f−1(V ) is not open. Then there exist some x ∈ f−1(V ) such that ∀δ, Bδ(x) ∖ f−1(V ) ≠ ∅. As f(x) ∈ V and V is
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open, ∃ϵ with Bϵ(f(x)) ⊂ V . It follows that ∃ϵ such that ∀δ, picking x′ ∈ Bδ(x) ∖ f−1(V ) we have both d(x,x′) < δ and

d(f(x), f(y)) ≥ ϵ.

Exercise 7.1. Prove that the composition of continuous functions is continuous.

Exercise 7.2. Prove sums, products and rations (when defined) of continuous functions are continuous functions. Conclude

that any polynomial is a continuous function. ∣zn −wn ∣ = ∣z −w∣∑
n
p=0 ∣z

p ∣∣w∣n−p ≤ ∣z −w∣(s + 1)(max{∣z∣, ∣w∣})n.

Exercise 7.3. Prove that the function f ∶ R→ R defined as

f(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1
q
, for x = p

q
with p, q co primes and q > 0

1 , for x = 0

0 , for x ∈ R ∖Q

,

is continuous at all x ∈ R ∖Q but discontinuous at all x ∈ Q. For any x ∈ Q, x +

√
2
N

is irrational and arbitrarily close to x. For any x ∈ R ∖ Q and for any q there

exists an integer such that
p
q
< x <

p+1
q

chose δ <min{∣x −
p
q
∣, ∣x −

p+1
q
∣ ∣q ≤ 1

ϵ
} ≠ 0. All the rational numbers in (x − δ,x + δ) are of the form

p′

q′
with denominator q′ > 1

ϵ
, hence f(

p′

q′
) < ϵ.

Exercise 7.4. Prove that a power series defines a continuous function at all the points inside its convergence domain. Without

loss of generality, let us consider a power series centered at zero, P (z) = ∑n≥0 anz
n. Note that P (z) and P ′(z) = ∑n≥0 an(n + 1)zn have the same radius of convergence r−1 = limsup ∣an ∣

1/n =

limsup(n + 1)1/n ∣an ∣
1/n as (n + 1)1/n → 1. Now for any two points in the convergence disk, denote ρ =max{∣z∣, ∣w∣} < r then:

∣P (z) −P (w)∣ ≤ ∣z −w∣ ∑
n≥0

∣an ∣∣
n
∑
p=0

z
p
w
n−p

∣ ≤ ∣z −w∣ ∑
n≥0

an(n + 1)ρ
n
.

We will now focus on the case of f ∶ R → R. Note that a function f is continuous on a closed interval [a, b] if it is

continuous at x ∈ (a, b) and the one sided limits exist at the end points limx↘a f(x) = f(a), limx↗b f(x) = f(b).

7.2 The intermediate value theorem (Zwischenwertsatz)

Continuous functions do not jump between values.

Theorem 7.3 ( The intermediate value theorem ). Let f ∶ [a, b] → R a continuous function. Then f([a, b]) is an interval

and f([a, b]) ⊃ [min{f(a), f(b)},max{f(a), f(b)}]. That is any intermediate value between f(a) and f(b) is attained by

some point in [a, b]. Equivalently, for any t ∈ [0,1] there exists c ∈ [a, b] such that f(c) = tf(a) + (1 − t)f(b).

Proof. We assume f(a) < u < f(b), as the other case is similar. Let S = {x ∈ [a, b] ∣ f(x) ≤ u}. S is nonempty as a ∈ S and

bounded from above (by b) hence it has a supremum c = supS. As f is continuous at c, for any ϵ there exists δ such that

∣x − c∣ < δ ⇒ ∣f(x) − f(c)∣ < ϵ, that is f(x) − ϵ < f(c) < f(x) + ϵ. As c is the supremum of S, there exists x ∈ S ∩ (c − δ, c],
hence such that f(x) ≤ u and f(c) < u + ϵ. On the other hand ∀x′ ∈ (c, c + δ), x′ ∉ S hence u < f(x′) and u − ϵ < f(c). Thus
f(c) = u.

Finally, f([a, b]) is an interval because, for any c ∈ [a, b], all the values between f(c) and f(a) are attained.

Corollary 7.1. Let I ⊂ R an interval (could be open or unbounded), if f ∶ I → J = f(I) ⊂ R is strictly monotonic and

continuous on I, then f is a bijection between I and J , J is an interval and f−1 is strictly monotonic and continuous on J .

Proof. Let us assume f is strictly increasing, that is x1 > x2 ⇔ f(x1) > f(x2). Then f is injective (as f(x1) = f(x2) ⇔
x1 = x2) and it is also surjective on J , hence f is bijective. By the intermediate value theorem, J is an interval. As f is

strictly increases, f−1 is also strictly increasing (as y1 > y2 ⇒ f−1(y1) > f−1(y2)).
It remains to prove that f−1 is continuous. Combining the fact that f is strictly monotonic with the intermediate

value theorem we conclude that the image of any open interval (x1, x2) contains the open interval (f(x1), f(x2)), hence
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is an open set.1 As the standard topology is generated by the open intervals, f is an open map and it follows that f−1 is

continuous.

For f ∶ R→ R we denote:

- limx→∞ f(x) = L if ∀ϵ,∃y such that x > y⇒ ∣f(x) −L∣ < ϵ

- limx→x0 f(x) = ∞ if ∀L,∃δ such that ∣x − x0∣ < δ⇒ f(x) > L.

- limx→∞ f(x) = ∞ if ∀L,∃y such that x > y ⇒ f(x) > L. In the same spirit, for a sequence (xn) ∈ R we denote

limxn = ∞ if ∀L,∃N such that n > N ⇒ xn > L.

7.2.1 The exponential function (Exponentialfunktion)

We revisited the exponential function restricted to real arguments, exp ∶ R→ R>0, exp(x) ≡ ex = ∑n≥0 1
n!
xn.

Proposition 7.1. Restricted to real arguments the exponential is monotonic, continuous and surjective on R>0 = (0,∞).

Proof. We have e0 = 1 and for any positive x, ex > 1. As ex+y = exey, exp(x) is strictly increasing and e−x = (ex)−1 > 0, that
is the exponential is always positive.

As eδx = 1 + δx∑k≥1 1
k!
δxk−1, for 0 < δx < 1 we have ∣eδx − 1∣ ≤ δx

1−δx , hence ∣e
x − ey ∣ ≤ ex ∣x−y∣

1−∣x−y∣ for ∣x − y∣ < 1 that is

ex is continuous at any x ∈ R (by a similar argument we obtain continuity at any z in C). For x > 0, ex > 1 + x hence

limx→∞ e
x = ∞ and limx→−∞ e

x = 0 and by the intermediate value Theorem ex takes all the values in the interval (0,∞).

It follows that the exponential has an inverse which is continuous, strictly increasing and surjective. We call this inverse

the natural logarithm and we denote it:

ln ∶ R> → R , ln(x) = y , with y such that ey = x .

Note that, because ey1ey2 = ey1+y2 we have ln(x1x2) = ln(x1) + ln(x2). We are finally in the position to define irrational

powers of real numbers. For all α ∈ R, x ∈ R>:
xα ≡ eα ln(x) .

Exercise 7.5 ( Convex and concave functions (Konvexe und konkave Funktionen)). The graph of a function f ∶ R→ R
is the set of points (x, f(x)) ∈ R2. We say that f ∶ R→ R is convex in the interval [a, b] if ∀t ∈ [0,1]:

f(ta + (1 − t)b) ≤ tf(a) + (1 − t)f(b) ,

and we say it is concave if f(ta+ (1− t)b) ≥ tf(a) + (1− t)f(b). This has a graphical interpretation: a function is convex if

at an intermediate point ta + (1 − t)b it is below the straight line from f(a) to f(b).
Prove that:

• for any n ∈ N, f ∶ R>0 → R>0 with f(x) = xn is convex.

• ex is convex on R.

• ln(x) is concave on R>0.
1Any y ∈ f((x1, x2)), y = f(x) for some x ∈ (x1, x2) and there exists a δ such that (x−δ, x+δ) ∈ (x1, x2), hence f((x1, x2)) ⊃ (f(x−δ), f(x+δ)) ∋

f(x) = y.
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f(x) = xn is convex. The cases n = 0,1 are trivial. For n ≥ 2 we proceed by induction:

[ta + (1 − t)b]
n+1

= [ta + (1 − t)b]
n
[ta + (1 − t)b] ≤ [ta

n
+ (1 − t)b

n
][ta + (1 − t)b] = t

2
a
n+1

+ (1 − t)
2
b
n+1

+ t(1 − t)[a
n
b + ab

n
] ,

where we used the induction hypothesis. A short manipulation shows that:

t
2
a
n+1

+ (1 − t)
2
b
n+1

+ t(1 − t)[a
n
b + ab

n
] = ta

n+1
+ (1 − t)b

n+1
− t(1 − t)(a − b)

2
[
n
∑
p=0

a
n−p

b
p
] ,

and convexity follows.

ex is convex. Let us first prove it it convex on R>0. We have, using the previous point, that:

e
ta+(1−t)b

= ∑
n≥0

1

n!
[ta + (1 − t)b]

n
≤ ∑
n≥0

1

n!
[ta
n
+ (1 − t)b

n
] = te

a
+ (1 − t)e

b
.

In general, we note that for any x,y ∈ R, there exists a z such that x + z > 0 and y + x > 0 hence:

e
tx+(1−t)y

= e
−z
[e
t(x+z)+(1−t)(y+z)

] ≤ e
−z
[te
x+z

+ (1 − t)e
y+z

] = te
x
+ (1 − t)e

y
.

ln(x) is concave. This follows from the previous point, combined with the observation that the inverse of a convex strictly increases function is concave. Indeed, assume f ∶ X → Y is convex and strictly

increasing. Then f−1 is also strictly increasing and

f(tx1 + (1 − t)x2) ≤ tf(x1) + (1 − t)f(x2) ⇒ f
−1
(f(tx1 + (1 − t)x2)) ≤ f

−1
(tf(x1) + (1 − t)f(x2)

⎞

⎠
,

which, denoting f(x1) = y1 and f(x2) = y2 yields:

tf
−1
(y1) + (1 − t)f

−1
(y2) ≤ f

−1
(ty1 + (1 − t)y2) .

7.3 The extreme value theorem

Continuous functions on compact sets attain their extrema. Note that the supremum c of any subset S ⊂ R can not be an

interior point of S because for any ϵ, Bϵ(c) = (c − ϵ, c + ϵ) /⊂ S, as no element of S is larger than c. In fact the supremum:

• either is an isolated point of S (and necessarily belongs to S),

• or is a limit point of S (belonging or not to S).

Indeed, any point of S is either isolated or a limit point of S, hence if c ∈ S we conclude. If c ∉ S, then for any ϵ, c− ϵ is
not the supremum of S hence Bϵ(c) ∩ S = Bϵ(c) ∩ S ∖ {c} ≠ ∅, and c is a limit point of S.

Theorem 7.4 ( The extreme value theorem ). Real valued continuous functions on compact domains attain their extrema,

that is for any continuous function f ∶K → R with compact domain K, there exists xm, xM ∈K such that f(xm) = inf f(K)
and f(xM) = sup f(K).

Proof. By definition, for any point y ∈ f(K) there exists x ∈ K such that f(x) = y. The continuous image f(K) of the
compact set K is compact and by Heine Borel a compact set in R is bounded and closed. As it is closed, f(K) contains all
the isolated points of f(K) (if any) and all the limit points of f(K), hence contains its supremum (and infimum).

We are now in the position to prove the fundamental theorem of algebra.

Theorem 7.5 ( The fundamental theorem of algebra (Fundamentalsatz der Algebra) ). Any polynomial P (z) = zn +
an−1z

n−1 + ⋅ ⋅ ⋅ + a0 with complex coefficients a0, . . . an−1 ∈ C admits a root in C.

Proof. We define f(z) = ∣P (z)∣. It is easy to check that f(z) is a continuous function on C. The proof is divided into two

steps:
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f(z) has a global minimum in C. First we show that outside a big enough disk BR(0), the polynomial P (z) has a large

absolute value. Indeed, let R be a constant such that R >max{1,2∑n−1i=0 ∣ai∣}. Then for ∣z∣ > R we have:

∣an−1zn−1 + ⋅ ⋅ ⋅ + a0∣ ≤
n−1
∑
i=0
∣z∣i∣ai∣ ≤ ∣z∣n−1

n−1
∑
i=0
∣ai∣ < ∣z∣n−1

R

2
< ∣z∣

n

2
.

It follows that for ∣z∣ > R we have:

f(z) = ∣P (z)∣ ≥ ∣z∣n − ∣an−1zn−1 + ⋅ ⋅ ⋅ + a0∣ > ∣z∣n −
∣z∣n

2
= ∣z∣

n

2
> R

n

2
.

Second we show that f(z) has a minimum inside BR(0). Indeed, the closed disk BR(0) is closed and bounded, hence

compact in C. By the extreme value Theorem, the function f(z) has a minimum in it, that is there exists zm ∈ BR(0)
such that f(zm) ≤ f(z) for all z ∈ BR(0).

Third, we show that zm is a global minimum in C. Indeed, f(zm) ≤ f(0) = ∣a0∣ < R
2
< Rn

2
, and outside the disk

f(z) > Rn

2
, therefore:

f(zm) ≤ f(z) , ∀z ∈ C .

At its minimum, f(zm) = 0. Observing that z = zm + z − zm, re expand the polynomial in terms of z − zm:2

P (z) = P (zm) + ck(z − zm)k + ck+1(z − zm)k+1 + ⋅ ⋅ ⋅ + cn(z − zm)n ,

where cn = 1 and we denoted k the lowest degree such that ck ≠ 0. Note that k is at most n, as cn = 1, or lower.

We assume that P (zm) ≠ 0. Then, as ck ≠ 0, there exists a ≠ 0 one of the roots of order k of −P (zm)
ck

, that is

ak = −P (zm)
ck

. We now evaluate P at the point zm + ta:

P (zm + ta) = P (zm) + cktk (−
P (zm)
ck

) +
n

∑
p=k+1

cp (ta)p = (1 − tk)P (zm) + tk+1
n

∑
p=k+1

cp a
p tp−k−1 .

For t < 1 we have ∣∑np=k+1 cp ap tp−k−1∣ ≤ ∑
n
p=k+1 ∣cp ap∣ < C for some constant C and

∣P (zm + ta)∣ ≤ (1 − tk)∣P (zm)∣ + tk+1C = 1 − tk ∣P (zm)∣ (1 − t
C

∣P (zm)∣
) ,

which is strictly smaller than ∣P (zm)∣ for t < ∣P (zm)∣C
leading to a contradiction. We conclude that P (zm) = 0.

Theorem 7.6 ( In finite dimensions all norms are equivalent ). For any two norms ∥ ⋅ ∥a and ∥ ⋅ ∥b on a finite dimensional

Banach space V (RN or CN ), there exist two constants C1 and C2 such that:

C1∥x∥b ≤ ∥x∥a ≤ C2∥x∥b .

Proof. We will show that all norms are equivalent to ∥x∥1 = ∑Ni=1 ∣xi∣.

2Anticipating, this is just the pedestrian derivation of the fact that close to zm the Taylor expansion at first non trivial order of P (z) is
P (zm + δz) ≈ P (zm) +

1
k!
P (k)(zm)(δz)k for some 1 ≤ k ≤ n and ∣P (zm + δz)∣ decreases for (δz)k = −P (zm)

k!

P (k)(zm)
tk.
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Any norm ∥ ⋅ ∥a is continuous under ∥ ⋅ ∥1. By the triangle inequality ∣∥x1∥a − ∥x2∥a∣ ≤ ∥x1 − x2∥a. On the other hand,

choosing a basis ei, we have:

∥x1 − x2∥a ≤
N

∑
i=1
∣xi1 − xi2∣∥ei∥ ≤ ∥x1 − x2∥1 max

i=1,...N
∥ei∥a ,

hence for any ϵ, choosing δ = ϵ/maxi=1,...N ∥ei∥a we have ∥x − x0∥1 < δ⇒ ∣∥x1∥a − ∥x2∥a∣ < ∥x1 − x2∥a < ϵ.
The closed ball of radius 1 in ∥ ⋅ ∥1, B∥⋅∥11 (0) = {x ∈ V ∣ ∥x∥1 ≤ 1} is a bounded closed set in V , hence by the Heine-

Borel theorem it is compact: it is here that we use the fact that V is finite dimensional. By the extreme value theorem,

the continuous function f(x) = ∥x∥a will attain a maximum and a minimum on this closed ball, which we denote C1 =
inf∥u∥1=1 ∥u∥a and C2 = sup∥u∥1=1 ∥u∥a hence for any x:

C1 ≤ ∥
1

∥x∥1
x∥a ≤ C2 .

As a consequence we have the following result.

Theorem 7.7 ( In finite dimensions all the linear operators are bounded ). If X is a finite dimensional normed vector

space and Y is a normed vector space then any linear operator T ∶X → Y is bounded.

Proof. Let us denote e1, . . . en a Hamel basis in X. Then ∀x ∈X, x = ∑nk=1 akek:

∥T (x)∥Y ≤
n

∑
k=1
∣ak ∣ ∥T (ek)∥ ≤ ( max

k=1,...n
∥T (ek)∥)

n

∑
k=1
∣ak ∣ = ( max

k=1,...n
∥T (ek)∥)∥x∥1 ,

and we conclude as any norm on X is equivalent with ∥ ⋅ ∥1.

7.4 Differentiation in one variable

The derivative of a function captures how the function behaves when one of the arguments is varied. For a function h

continuous at x0 we denote limx→x0 h(x) = h(x0).

Definition 7.2 ( Derivative ). Consider f ∶ R → V for (V, ∥ ⋅ ∥) some Banach space. We say that f is differentiable at x0

if the function: f(x)−f(x0)
x−x0

is a continuous function of x at x = x03 and in this case we denote:

f ′(x0) ≡
df

dx
(x0) = lim

x→x0

f(x) − f(x0)
x − x0

, (∀ϵ ,∃δ , such that ∣x − x0∣ < δ⇒ ∥
f(x) − f(x0)

x − x0
− f ′(x0)∥ < ϵ)

and we call f ′(x0) the derivative of f at x0. f is called differentiable on an interval I if it is differentiable at all x0 ∈ I
and it is called continuously differentiable if f ′(x0) is a continuous function. We denote the vector space of continuously

differentiable functions C1(R, V ).

Note that f(x) − f(x0) is a vector in V and (x−x0)−1 a scalar, hence f ′(x) is a vector in V . Denoting ek a basis in V ,

f(x) = ∑k fk(x)ek and f ′(x) = ∑k f ′k(x)ek4. Remark that a priori f(x)−f(x0)
x−x0

is defined for x ≠ x0 and needs to be extended

by continuity to x0. If f is differentiable at x0 then f is continuous at x0, as for any ϵ, ∥f(x)−f(x0)∥ ≤ (ϵ+∥f ′(x0)∥)∣x−x0∣
if ∣x − x0∣ is small enough.

3Strictly speaking,
f(x)−f(x0)

x−x0
can be continuously continued at x0.

4This holds for Hamel basis in finite dimensions, but also for Schauder basis in infinite dimensions. Indeed, it can be shown that in any
Banach space with a Schauder basis (en)n, the coordinate functionals Fn ∶ V → R, Fn(∑

∞
p=1 αpep) = αn and the projections Pm ∶ V → V ,

Pm(∑
∞
p=1 αpep) = ∑

m
p=1 αpep are continuous functions.
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Theorem 7.8 ( Mean value inequality ). Let f ∶ [x1, x2] → V a function continuous on [x1, x2], differentiable on (x1, x2).
Then:

∥f(x2) − f(x1)∥ ≤ ∣x2 − x1∣ sup
x∈(x1,x2)

∥f ′(x)∥ .

Proof. Assume that there exists some ϵ > 0 such that ∥f(x2)−f(x1)∥−(x2 −x1)( supx∈(x1,x2) ∥f
′(x)∥+ ϵ) > 0. Consider the

function:

gϵ(x) = ∥f(x) − f(x1)∥ − (x − x1) ( sup
x∈(x1,x2)

∥f ′(x)∥ + ϵ) , gϵ(x1) = 0 , gϵ(x2) > 0 ,

and denote x0 = sup{x ∈ [x1, x2] , gϵ(x) = 0}. As gϵ is continuous it is sequentially continuous and considering a sequence5

xn ∈ S, xn → x0 we conclude that gϵ(x0) = 0. Furthermore, as gϵ(x2) > 0, we have x0 < x2 and gϵ(x) > 0 for x0 < x < x2
(were gϵ(x) < 0 for some such x, by the intermediate value theorem there would exist x′ with x < x′ < x2 with gϵ(x′) = 0
and x0 would not be the supremum). For all x with x0 < x < x2 we have:

0 ≤ gϵ(x) − gϵ(x0) = ∥f(x) − f(x1)∥ − ∥f(x0) − f(x1)∥ − (x − x0) ( sup
x∈(x1,x2)

∥f ′(x)∥ + ϵ)

≤ ∥f(x) − f(x0)∥ − (x − x0) ( sup
x∈(x1,x2)

∥f ′(x)∥ + ϵ) ,

hence

sup
x∈(x1,x2)

∥f ′(x)∥ + ϵ ≤ ∥f(x) − f(x0)
x − x0

∥ ,

and sending x→ x0 we obtain a contradiction.

7.4.1 The case f ∶ R→ R

An important particular class of functions are the real functions of one variable.

Theorem 7.9 ( Extremum criterion, Rolle’s theorem and mean value theorem ). Let f ∶ [x1, x2] → R continuous on [x1, x2]
and differentiable on (x1, x2). Then:

• Extremum criterion if f has a local extremum (maximum or minimum) at x0 ∈ (x1, x2) then f ′(x0) = 0.

• Rolle’s theorem if f(x1) = f(x2) then there exists x ∈ (x1, x2) such that f ′(x) = 0.

• Mean value theorem ∃x ∈ (x1, x2) such that f(x2)−f(x1)
x2−x1

= f ′(x).

Proof. Assume that f attains a maximum at x0 ∈ (x1, x2). Then:

lim
x↗x0

f(x) − f(x0)
x − x0

≥ 0 , lim
x↘x0

f(x) − f(x0)
x − x0

≤ 0 ,

and as f is differentiable at x0, the two limits must coincide which is possible only if f ′(x0) = 0.
For the second item, by the extreme value theorem, f must attain a maximum and a minimum in the interval [x1, x2].

If f(x1) is both minimum and maximum, then the function is constant and its derivative is identically zero; if not we invoke

the first item.

5If x0 is the supremum of S there exists a sequence xn ∈ S with xn → x0. If x0 ∈ S then the sequence xn = x0 belongs to S and converges to
x0. If x0 ∉ S, as x0 − ϵ is not the supremum of S there exist x ∈ S with x0 − ϵ < x < x0 hence Bϵ(x0) ∩ S ∖ {x0} ≠ ∅ and x0 is a limit point of S
hence the limit of some sequence in S from Theorem 4.1.
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For the last item, we apply the second one to:

g(x) = f(x) − f(x2) − f(x1)
x2 − x1

(x − x1) .

Theorem 7.10 ( Convexity criterion ). Consider f ∶ [x1, x2] → R continuous on [x1, x2] and differentiable on (x1, x2).
Then:

• f monotonically increasing if an only if f ′ ≥ 0.

• recall that f is called convex if ∀t ∈ [0,1], f(tx1 + (1 − t)x2) ≤ tf(x1) + (1 − t)f(x2). If f is twice continuously

differentiable on (x1, x2) then f is convex if and only if f ′′(x) ≥ 0 for all x ∈ (x1, x2).

Proof. If f is monotonically increasing, then using the definition we have f ′(x) ≥ 0. Conversely, if f ′ ≥ 0 then f is increasing

on any interval by the mean value theorem.

Setting t = x2−x
x2−x1

, convexity is equivalent to:

f(x) − f(x1)
x − x1

≤ f(x2) − f(x)
x2 − x

, x1 < x < x2 .

Assume that f ′′(x) < 0 for some x ∈ (x1, x2). Then, as f ′′ is continuous, f ′′(x) < 0 for x in some interval, x ∈ [y1, y2] ⊂
(x1, x2), and f ′ is strictly decreasing on this interval. But if f is convex on [y1, y2], then:

f(x) − f(y1)
x − y1

≤ f(y2) − f(x)
y2 − x

, y1 < x < y2 ,

and by the mean value theorem, there exist z1 ∈ (y1, x) and z2 ∈ (x, y2), hence z1 < z2 such that:

f ′(z1) =
f(x) − f(y1)

x − y1
≤ f(y2) − f(x)

y2 − x
= f ′(z2) ,

contradicting the fact that f ′ is strictly decreasing on [y1, y2].

Theorem 7.11 ( Properties of derivatives ). Consider f, g ∶ R→ R. We have:

• Leibnitz rule if f and g are differentiable at x0, then so is their product and (f ⋅g)′(x0) = f ′(x0) ⋅g(x0)+f(x0) ⋅g′(x0).

• chain rule if g is differentiable at x0 and f is differentiable at g(x0), then the composition (f ○ g)(x) = f(g(x)) is
differentiable at x0 and (f ○ g)′(x0) = (f ′ ○ g)(x0) ⋅ g′(x0).

• power series if f = ∑n≥0 cnxn is a power series with radius of convergence r > 0 then ∑n≥1 ncnxn−1 is a power series

with radius of convergence r and its sum equals f ′(x).

Proof. We have:

(f ⋅ g)′(x0) = lim
x→x0

f(x)g(x) − f(x0)g(x0)
x − x0

= lim
x→x0

1

x − x0
(f(x)g(x) − f(x0)g(x) + f(x0)g(x) − f(x0)g(x0)) .

The composition is straightforward.
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For the last part, it is easy to check that the radius of converge of ∑n≥1 ncnxn−1 is r. As a power series converges

absolutely inside its domain of convergence we have:

h(x) = f(x) − f(x0)
x − x0

= ∑
n=1

cn
n−1
∑
p=0

xpxn−p0 ,

and the series converges absolutely for ∣x∣, ∣x0∣ < ρ < r. As, except at most a finite number of terms, ∣cn∣ ≤ r−n, we have:

∣h(x) − h(x0)∣ ≤ ∑
n=2
∣cn∣

n−1
∑
p=0
∣xp − xp0∣ ∣x0∣

n−p ≤ ∑
n=2

1

rn
∣x − x0∣

n−1
∑
p=1

p

∑
q=1
∣x∣q ∣x0∣p−q ∣x0∣n−p ≤ ∣x − x0∣ ∑

n≥2

n(n − 1)
rn

ρn−2 = ∣x − x0∣
(1 − ρ/r)3

.

Theorem 7.12 ( L’Hôpital’s rule ). Let c and L be real numbers or ±∞, and I an interval containing c if c ∈ R or open

at c if c = ±∞. Let two functions f, g ∶ I → R differentiable on I (except possibly at c) such that g′(x) ≠ 0 (except possibly

at c). If limx→c
f ′(x)
g′(x) = L and either limx→c f(x) = limx→c g(x) = 0 or limx→c ∣g(x)∣ = ∞ then limx→c

f(x)
g(x) = L.

Proof. We take the case limx↗c f(x) = limx↗c g(x) = 0 (the other cases can be deduced from this one by simple tricks). If

needed, we continue f and g at c to f(c) = g(c) = 0. For any a < c, apply Rolle’s theorem to the function h ∶ [a, c] → R:

h(y) = (f(y) − f(a))(g(c) − g(a)) − (f(c) − f(a))(g(y) − g(a)) ⇒ ∃y ∈ (a, c) , f ′(y)
g′(y)

= f(c) − f(a)
g(c) − g(a)

= f(a)
g(a)

.

As limy↗c
f ′(y)
g′(y) = L, for any ϵ, ∃δ such that c−y < δ⇒ ∣ f

′(y)
g′(y) −L∣ < ϵ. But then, for any a with c−a < δ, ∣ f

′(a)
g′(a) −L∣ = ∣

f ′(y)
g′(y) −L∣

for some y ∈ (a, c) hence ∣ f
′(a)
g′(a) −L∣ < ϵ.

Theorem 7.13 ( Taylor series ). Let the function f ∶ R→ R, continuous on the closed interval and k+1 times differentiable

on the open interval between x and a. Then there exists ξ between a and x such that

f(x) = f(a) + (x − a)f ′(a) + 1

2!
(x − a)2f ′′(a) + ⋅ ⋅ ⋅ + 1

k!
(x − a)kf (k)(a) +Rk(x) , Rk(x) =

1

(k + 1)!
(x − a)k+1f (k+1)(ξ) ,

where f (k)(a) = dkf
dxk
(a) is the k’th derivative of f at the point a.

Proof. Define F (t) = f(t) + (x − t)f ′(t) + 1
2!
(x − t)2f ′′(t) + ⋅ ⋅ ⋅ + 1

k!
(x − t)kf (k)(t) for t in the interval comprised between x

and a and observe that F ′(t) = 1
k!
(x − t)kf (k+1)(t). By the mean value theorem, for any G, there exists ξ between x and a

such that
F ′(ξ)
G′(ξ)

= F (x) − F (a)
G(x) −G(a)

,

and using G(t) = (x − t)k+1 this reads Rk(x) = F ′(ξ)
G′(ξ)(G(x) −G(a)) =

1
k!
(x − ξ)kf (k+1)(ξ) (x−a)k+1

(k+1)(x−ξ)k .

Exercise 7.6 (Differentiable but not continuously differentiable). Prove that the function:

f(x) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

x2 sin( 1
x
) , x ≠ 0

0 , x = 0
,

is differentiable but not continuously differentiable at x = 0.

Exercise 7.7 (Derivatives of simple functions). Let f ∶ I → R for I ∈ R some suitable interval. Prove that:

• f(x) = c , f ′(x) = 0. Prove that if f ′(x) = 0 on an interval, then f(x) = c for some constant c.
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• f(x) = x, f ′(x) = 1.

• f(x) = xn, f ′(x) = nxn−1.

• f(x) = ex, f ′(x) = ex.

• f(x) = ln(x), f ′(x) = 1
x
.

• recalling that x < sinx < tanx prove that sin′(x) = cos(x) and cos′(x) = − sin(x).

• prove that e−ıx[cos(x) + ı sin(x)] = 1. The complex sinus and cosinus functions are defined as

e±ız = cos(z) ± ı sin(z) ⇒ sin(z) =e
ız − e−ız

2ı
= ∑
k≥0

1

(2k + 1)!
(−1)kz2k+1 ,

cos(z) =e
ız + e−ız

2
= ∑
k≥0

1

(2k)!
(−1)kz2k .

Exercise 7.8 (Generalized binomial theorem). Apply Taylor’s theorem to sin(x), cos(x), ex, ln(1 + x) and (1 + x)α.
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