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Chapter 1

Introduction

Axioms are statements which are accepted to be true. Theorems (lemmatas, propositions, etc.) are statements that can
be proven using logical reasoning starting from axioms. We know since the work of Gddel that no system of axioms is
complete, that is for any system of axioms which includes the natural numbers it is possible to formulate statements that
are undecidable, that is can neither be proved true nor be proven false . This is because, essentially, there are more possible
statements that can be formulated than there are possible proofs.

Reductio ad absurdum is a strategy of proving a statement is true by first assuming the statement is false and proving
that this implies a contradiction (i.e. some other false statement). As a true statement can not imply a false one, one
concludes that the original statement is true.

Mathematical induction is a strategy of proving a statement indexed by a natural number n is true by first proving it is
true for n = 0 and then proving that if the statement for n is true then the one for n + 1 is also true. Transfinite induction
is indexed by ordinal numbers in stead of natural ones.

The following logic symbols are useful 3,!, ¥V, =, <> =. We denote = when the left hand side and the right hand side are
equal by definition.
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Chapter 2

Sets and numbers

We review some elementary notions which will be useful for the sequel. In the beginning we will denote the multiplication

of numbers by x, but drop this notation later on.

2.1 Sets (Mengen)

The notion of set is a primitive notion in mathematics, therefore it can not be defined in terms of other more fundamental
notions. Instead of providing a definition, one lists the axioms sets obey. Informally, a set is the mathematical model for a
collection of different things.

A set X contains elements x, which we denote x € X. The elements are mathematical objects of any kind. The only
question one can ask about a set and an element is whether the element belongs to the set. This has the consequence that,
when listing the elements of a set, every element is written only once: {2} ={2,2} = {2,2,2} and so on, as they all represent
the set which contains only the element 2.

We follow the Zermelo—Fraenkel axioms of set theory plus the axiom of choice. The axiom of choice is sometimes

contested, but not by us. Most axioms are intuitive.
Axiom 2.1 ( ZermeloFraenkel axioms (ZF-Axiome) ). We denote the empty set @ the set with no elements. We have

e (Extension) A set is determined by its elements, that is, if x € A < x € B = then A = B. We denote B c A if

reB=xecA.

(Pairing) If A and B are sets, then {A, B} is a set.

(Subsets or specification) If A is a set and P(x) is a property of some of the elements x, then {x € A| P(x)} is a set.

(Union, or sum set) For any set of sets*> A there exist a set UA = {x|x € D € A} which is the union of all the elements

of the elements of A. In particular this allows us to unpack the pairs of sets:
\K{A,B}={z|zeAorzeB}=AuB.

For instance U{{1,2},{2,3}} = {1,2,3}.

(Power set) For any set A there exists the power set P(A) consisting in all the subsets of A, P(A) ={B|Bc A}. As
the empty set is a subset of any set, @ € P(A) for any A.

IMulti sets which can contain the same element more than once can be defined.
2In ZF theory everything is a set, so any set is a set of sets.



2. SETS AND NUMBERS

o (Infinity). Let w be some set. Then, by the axiom of pairing {w} is a set (obtained by pairing w with itself {w,w} =
{w}) and so is S(w) =wu {w} =U{w, {w}}. Note that U{w} = w, but {w} +w.

There exist a set A such that @€ A and we A= S(w) € A.

e (Replacement) The image of a set under a function is a set, that is if f is a function and A is a set, f(A) = {f(x)|z €
A} is a set.

e (Foundation, or regularity) Fvery non empty set A contains an element that is disjoint from A.

We denote the intersection of the sets A and B the set consisting of the elements which belong to both A and B, that
is AnB={x|xeAandx e B}. Two sets are disjoint if their intersection is the empty set. The aziom of foundation
states that for all A+ @&, there exist x € A such that xtn A =g.

This implies that no set is an element of itself: for any set A, {A} is a set by the axiom of pairing and by the
aziom of reqularity {A} must contain an element which is disjoint from {A}. As {A} contains only A, it follows that
An{A} =@. Reading this from right to left, as A € { A} it follows that A ¢ A.

The set difference of X and Y consists in the element of X which do not belong to Y, X \Y = {z|z ¢ Xandz ¢ Y}.
The Cartesian product of two non empty sets X and Y is the set of ordered pairs X xY = {(z,y) |z € Xandy e Y}.

2.1.1 Functions (Funktionen)

Definition 2.1 ( Functions ). A function from a set X to a set Y is an assignment of an unique element of Y to each
element of X. The set X is called the domain of the function and the set'Y is called the codomain of the function.

A function, its domain, and its codomain, are declared by the notation f: X — Y and the value of a function f at an
element x € X, denoted by f(x), is called the image of x under f, or the value of f applied to the argument x. Functions
are sometimes called maps or mappings. For example, the identity function id : X - X is the function which assigns to
each element of X itself, that is Vo ¢ X, idx(z) = «.

Two functions f and g are equal if their domain and codomain sets are the same and their output values agree on the
whole domain, that is for f,g: X - Y we denote f =g if f(x) = g(x), Vz € X. The composition of two functions f: X - Y
and ¢g:Y — Z is the function go f : X - Z defined by Va € X, go f(x) = g(f(z)) € Z. The image of a set U c X under
the function f: X - Y is the set f(U) ={y e Y |3z e Us.t. f(x) =y} c f(X). The preimage of a set V c f(X) is the set
FAV)={zeX|f(z)eV}cX.

A function f: X — Y is called injective, or one to one, if each element in Y is the image of at most one element in X,
that is Vap,20 € X, f(21) = f(z2) < 21 = 3. A function f: X - Y is called surjective, or onto, if f(X) =Y that is each
element in Y is the image of some element in X: Vy e Y, 3z € X such that f(z) =y. A function which is both injective
and surjective (one to one and onto) is called bijective. A bijection f: X — Y has a well defined inverses, that there exists
a function f~!:Y — X such that f~'o f =idyx and fo f! =idy. Indeed, as f is a bijection, then Yy € Y, 3z € X (due to
surjectivity) and « is unique (due to injectivity) such that f(x) =y. Let us denote this element x,. The inverse of f is the
function f™':Y - X defined by f™'(y) = z,.

2.1.2 The axiom of choice (Das Auswahlaxiom)

The most disputed axiom of set theory is the axiom of choice.

Axiom 2.2 ( The axiom of choice ). For any set X of nonempty sets, there exists a choice function f: X - UX that maps

each set X € X to an element v € X.
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Reformulated, this means that for any set of nonempty sets {X, # @|« € A}, there exists a set that contains exactly
one element per X, that is there exists the set {z, € X, | € A}. What is non obvious about this axiom is that the index
set A can be anything, for instance the real numbers, a set of ordinal numbers (see below) etc. In such cases it is often non

trivial to exhibit a choice function and one needs to rely on the axiom of choice to conclude that such a function exists.

2.1.3 Binary relations (Zweistellige Relationen)

Elements of sets can be in binary relations of several types.

Definition 2.2 ( Binary relations ). Several binary relations among the elements of a set X important for the sequel. We

say that:
e ~ is an equivalence relation on X if:

— (reflexive) Vx € X, then x ~ x,

(symmetric) Vx,y e X, if x ~y then y ~ x,

— (transitive) Vz,y,z € X, if x ~y and y ~ z then x ~ z.

e < is g partial order relation on X if:

(reflexive) Yz € X, then x < x,

(antisymmetric) Vz,ye X, if c <y and y < = then y =z,

— (transitive) Va,y,z€ X, if x <y and y < z then x < z.

A set with a partial order relation is called a partially ordered set, or a poset. A poset can contain pairs of elements
that are not ordered, that is there can exist x,y € X such that x £y and y £ x. A partial order is a total order if any

two elements are ordered:
— (connected) Va,y € X, either x <y ory<x.
e < is a strict partial order relation on X if:

— (irreflexive) Vz € X, then x ¢ x,

(asymmetric) Vx,ye X, if v <y then y ¢ x,

— (transitive) Va,y,z€ X, if x <y and y < z then x < z.

For every partial order < there exists an associated strict partial order < defined by x <y if xt <y and x +y.

A strict partial order is a strict total order relation on X if:
— (connected) Y,y € X, if x +y then either x <y or y <z,
e <, is a well-ordering relation on X if

— (total order) <, is a total order on X,
— (least element) every non empty subset of X has a least element, that is VY ¢ X, Y # @, there exists y € Y such
that VzeY, y <y 2.

A finite poset can be represented by a Hasse diagram with nodes the elements z € X and links between x and y if x <y

but there exists no z with z < z < y.
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2.1.4 Zorn’s lemma (Das Lemma von Zorn)

Lemma 2.1 ( Zorn’s lemma ). A chain T in a partially order set X is a subset T c X that is totally ordered, that is
Ve,y e T either x <y of y <x. If any chain T in X has an upper bound, that is YT chain, 3xp € X such that Yx € T,
x < xp, then X has at least one maximal element, that is an element that is not smaller than any other element in X.
Formally, 3z x € X such that Ve e X ~{xx}, xx £ .

This lemma is in fact equivalent to the axiom of choice. In proving this lemma, the axiom of choice is used as follows.
Assume there exists a partially ordered set X such that every chain has an upper bound and also for every element in
X there is another element bigger than it. For every chain T we then define b(T) € X, an element strictly larger than
any element in T (this exists because T has an upper bound, and that upper bound, being an element in X, has a bigger
element). In order to actually chose b(T') we need to use the axiom of choice. The contradiction comes from building, using
the function b, a strictly totally ordered sequence in X which is “too long”, that is it has more elements that there can be

in any set as it is indexed by the ordinal numbers which are a proper class, not a set (see below).

Exercise 2.1 (The poset of partitions). A partition II of a set X is a set of subsets of X, Il ={X,|a€ A+ @} such that
X = Ugea Xo and Xon Xy =@ if a £ b. A partition 11y is finer than Iy (and Iy is coarser than I1;) if VX € II; , 3Y € Il
such that X cY. We denote I1y <1l5.

Prove that < is a partial order on the set of partitions. Check that this poset verifies Zorn’s lemma. Show that this poset
is a lattice, that is a poset in which every pair of elements x,y has a unique supremum x Vy (smallest element larger than
both, called the join) and a unique infimum x Ay (largest element smaller than both, called the meet). Show that this lattice
has a greatest lower bound as well as a smallest upper bound. ror zorns temma - the upper bound on any chain in the poset is the join of all the partitions in the

chain; the poset has a mawzimal element, the one set partition.

Exercise 2.2 (Equivalence classes, quotient). Let X be a set with an equivalence relation. For any x € X, we define
the equivalence class [x] = {y € X |y ~ x}. Prove that an equivalence relation partitions a set into the disjoint union of
equivalence classes. First X =Ugex [2], that is X is the union of equivalence classes of its elements. Second, two equivalence classes are either equal or disjoint: assume that two equivalence
classes are not disjoint [] N [y] = @. Then 3z € [z] N [y] hence z ~ x and z ~ y and (by transitivity) © ~ y. But then, again by transitivity Vz' € [x], 2’ ~ @ ~ y hence 2’ € [y] and [z] c [y]. Similarly,
[y]  [x] hence [x] = [y].

We denote {[x]|x e X} = X/ ~ and we call it the quotient of X by ~.

Exercise 2.3 (Equivalence classes of permutations.). The permutations of n elements are the bijections on the finite set
with n elements o : {1,2,...n} - {1,2,...n}. We denote the set of all the permutations over n elements by S,. The
composition of permutations is sometimes denoted as a product oo o 01 = 0901. For 01,09 € Sy, we denote o1 ~ oo if there
exits ™€ S,, such that o1 = Toam L.

How many elements are there in S, ¢ Prove that ~ is an equivalence relation. Characterize the quotient set S,/ ~. How

many elements are there in the equivalence class of a permutation? e any permutation can be decomposed into a product of disjoint cycles.

2.2 Numbers (Zahlen)

We now discuss the various sets of numbers we will encounter in these notes. Different numbers are introduced in order

to solve equations: solving x +n = 0 with n natural leads to integers, solving mz + n = 0 for m, n integers leads to rational

2

numbers, z¢ = r > 0 with r rational leads to real numbers and finally P[z] = 0 for some polynomial P leads to complex

numbers.



2.2. Numbers (Zahlen)

2.2.1 Natural numbers N (Natiirliche Zahlen)

The natural numbers are a primitive notion. Informally they are obtained by starting from 0 and iteratively adding 1 an
arbitrary number of times. One can construct the natural numbers starting from sets. This construction is then generalized

to ordinal numbers.

Construction 2.1 ( Natural numbers N ). By the aziom of infinity, there exist sets which contain the empty set @ and are
closed under the successor function (such sets are said to be inductive). The smallest such set is the set of natural numbers

N and is constructed in detail as follows:
e zero is the empty set 0 = @.

o the successor S(a) of any set a is S(a) =a v {a} and we label:

0=0,
1=0u{0} ={0} =ou{g}={a},

2=10{1} = {0,1} ={z} u {{&}} = {2, {2} } ,
3=20{2}={0,1,2} ={,{z} } u {{@7 {@}}} - {@, {2}.{2, {@}}} .

o N is the seto consisting in & and all its successors.
We endow N with further structure:

- (addition) the addition of natural numbers is the internal binary operation +: NxN — N defined as Ya,beN, a+0=a
and a +S(b) = S(a+b),

- (multiplication) the multiplication is the internal binary operation x : Nx N — N defined as Va,b ¢ N, a x0 = 0,
axS(b)=a+axb.

- (total order) the natural numbers are totally ordered by the relation a < b if a € b or a = b. Equivalently, there exists

c e N such that a + ¢ =b. This total order is a well order.
The operation + substitutes the successor function by denoting S(0) =1, S(a) = a+ S(0) =a + 1. We use the notation
1,1+1=2,2+1 = 3 and so on and write the natural numbers as N = {0,1,2,...,n,...}. We also denote nxn =n? nxn? =n?

and so on.

Exercise 2.4. Prove that + is commutative a+b = b+a and associative a+(b+c) = (a+b)+C. we have 040 =0. Fora =0 we proceed by induction:
we show that the statement for S™1(a) implies the statement for a. We first show that O commutes with every a. It is enough to show that O+a = a. Indeed, 0+a = S(0+S™1(a)) = (571 (a)) = a. Now we
want to show that S(0) commutes with any a. First a+S(0) = S(a+0) = S(a). Second, for a = 0 we have a = S(S™1(a)) = S(S™1(a)+0) = S71(a)+S(0). Assuming S(0)+S~ 1 (a) = S~ (a)+5(0),
then S(0) + a = S(S(0) + S™1(a)) = S(S71(a) + S(0)) = S(a). We then proceeded to S(S(0)) and so on.

Prove that x is commutative, associative and distributive with respect to the addition, that is a x (b+c¢) =axb+axc.
Prove that < is a total order on N and that it is compatible with + and x, that is Va,b,c € N, a <b=a+c<b+c and

axc<bxc. Finally, prove that nxp=n+mn+---+n where the addition it performed p times.

2.2.2 Ordinals and cardinal numbers (0Ordinal und Kardinal Zahlen)

Ordinal numbers generalise the notion of numerals (first, second, third and so on) to infinite sets. Roughly speaking,
ordinals are labels which include the natural numbers, are totally ordered and are such that every set of ordinals is well

ordered.
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Definition 2.3 ( von Neumann ordinals ). An ordinal A is the set having as elements precisely the ordinals strictly smaller
than itself, which we denote by A =[0,\). We stress that A itself is not en element of \.

More precisely, an ordinal X is a transitive strictly well ordered set by set membership:
o ¢ is a strict well order relation among the elements in the set A:

— that is for all x e A\, x ¢ x; for all x,y € A, if x #y then either x €y, or yex; for all z,y,ze X, ifv ey andyez

then x € z,

— for all Ac X\, A+ @, 3x € A such that Vy € A either x €y or x =y.
e )\ is transitive, that is for all x € \ then x c \.

For every ordinal A = [0,\), we denote A+1 =AU {\} the successor of A. It is immediate that Au{\} is also an ordinal,
and it is in fact the least element of all the ordinals strictly larger than A. We always have U c A\. The ordinals themselves
are strictly well ordered by set membership: for 8 and A two ordinals, 5 < A if 8 € A\. Two ordinals either coincide or one is
strictly large than the other.

It can be proven that the union of any set of ordinals is an ordinal and every set of ordinals has a least upper bound
(a supremum) obtained by taking the union of all the ordinals in the set. A limit ordinal is an ordinal that is neither 0
nor the successor of an ordinal® and limit ordinals arise as least upper bounds on sets of all smaller ordinals:* X is a limit
ordinal if V3 < A, 3v s.t. 8 <~y < A. Every ordinal is either 0 = @, or a successor ordinal or a limit ordinal and in the latter
case, A=UA\.

By construction, the natural numbers are ordinals. The smallest ordinal greater than every natural number, denoted
w, is a limit ordinal: this is nothing but the well ordered infinite set of all the natural numbers. To check that w is a limit
ordinal we observe that, by definition, n < w = n € N but n < n+ 1 € N and, because n + 1 is itself a natural number,
n+ 1 <w. The successor of w is the ordinal w +1 =w U {w}. A construction of w is provided by the two letter words with
alphabet N arranged in lexicographical order (0,0), (0,1),(0,2),...,(1,0),(1,1),.... Then w is the position of (1,0), w+1
the one of (1,1), w-2 the one of (2,0) and so on. The smallest ordinal larger that any w-n is denoted w?.

The class of all ordinals is not a set, but a proper class. If it were a set, this class would be an ordinal A (obtained by
taking the supremum of all the ordinals) hence a set. But, as A contains all the ordinals, A € A, which is a contradiction.

The axiom of choice implies that every set can be well ordered (Zermelo’s theorem) by choosing the element given by
the choice function on the subset of elements not yet chosen. In detail, take f a choice function for the non empty subsets
of A and define for every ordinal o the element an = f(A N {a¢|é < a}) if AN {a¢]€ < a} # @. Then the listing of elements
of A in the order {aq}, is a well ordering of A. For every well ordered set S, there exists an order preserving bijection
between S and exactly one ordinal.

Cardinal numbers are a generalization of the natural numbers used to measure the cardinality (size) of sets. Two sets
have the same cardianlity (the same cardinal number) if and only if there exist a bijection between them. The cardinal of
a set X is the least ordinal number such that there exists a not necessarily order preserving bijection between X and that
ordinal.

The cardinality of a finite set is the number of elements in that set hence a natural number. The “transfinite” cardinal
numbers, often denoted using the Hebrew Aleph symbol R followed by a subscript, describe the sizes of infinite sets. There

exists a transfinite sequence of cardinal numbers:

071,2,...77’L,...N0,N17...Ra...,

3A limit ordinal is a limit point of the class of ordinal numbers, with respect to the order topology defined in the next chapter. The other
ordinals are isolated points in the same topology.
40f course, there are sets of ordinals whose supremum is not a limit ordinal.

10



2.2. Numbers (Zahlen)

where the transfinite cardinal numbers are indexed by ordinals. The cardinal of N is the first transfinite cardinal number,
Aleph zero Ry, which is the smallest ordinal greater than every natural number, w. A set with cardinality Rq is called
countable. Cardinals and ordinals are distinct objects: the ordinal w+ 1 = w U {w} is the successor of w, hence a distinct
ordinal, but the cardinal of w + 1 is still Xg. The same holds for w + 2,w - 2, w?, w*.

We denote the cardinal of a set X by |X|. The power set of the set P(X) = {Y|Y c X} has cardinal |[P(X)| =2, and

is a cardinal number strictly larger that | X|.

Theorem 2.1 ( Cantor’s theorem ). Let f be a map from a set X to its power set P(X). Then f is not surjective and
[ X[ <[P(X)I-

Proof. Consider the set B={z e X |z ¢ f(z)} c X hence B € P(X). Assume f is surjective. Then there exits y € X such
that f(y) = B. But by construction y € B < y ¢ f(y) = B, which is a contradiction. The last assertion follows by noting
that f(x)={x} is an injective function from X to P(X). O

2.2.3 Integer numbers Z (Ganze Zahlen)

Informally, the integer numbers are constructed as Z = Nu {-1,-2,...}, where —n is the inverse of n with respect to the

addition. Integers can be modeled as differences or natural numbers a — b.

Construction 2.2 ( Integer numbers Z ). The integer numbers can be constructed as the quotient set Z = N x N/ ~ with ~
the equivalence relation (a,b) ~ (¢,d) if a+d =b+c. The addition, multiplication and total order on the integers are define

e [(a,0)]+[(c;:d)] = [(a+cb+d)],
o [(a,b)]x[(c,d)]=[(axc+bxd,axd+bxc)],
o [(a,0)] < [(c,d)] fa+d<b+e.
The natural numbers N are embedded in Z by n — [(n,0)].

Note that [(a,b)] + [(b,a)] = [(a +b,a+b)] = [(0,0)] hence the additive inverse of [(a,b)] is [(b,a)] which we denote
[(b,a)] = -[(a,b)]. If @ > b then a = b+ ¢ and [(a,b)] = [(¢,0)] = ¢; if on the contrary a < b then b = a + ¢ and
[(a,b)] = -[(b,a)] = —c which leads to the usual notation Z = {0,1,-1,2,-2 ... }. We observe that [(b,a)] = [(a,b)]x[(0,1)] =
-[(a,b)], that is (-1) xc=—-c and (-1) x (-¢) = ¢

Exercise 2.5. Prove that ~ is an equivalence relation. Prove that the addition of integers is commutative, associative
and compatible with the total order. Prove that the multiplication on integers is associative, distributive with respect to the
addition and the multiplication by positive elements is compatible with the total order while the multiplication by negative

elements reverses the order.

Definition 2.4 ( Group (Gruppe) ). A group (G,o,¢e) is a set G with an internal binary operation o : G x G - G such
that:

e (identity element) there exist e € G such that eog=goe=g,

e (associative) g1 o (g209g3) = (g1 °92)° g3, Vg1,92,95 € G,

e (inverse) for any g € G, there evists g°' € G such that gog™ ' =g log=e.
A group is Abelian, or commutative, if Vg1,92 € G, g1 092 =g2° g1.

Definition 2.5 ( Axiomatic definition of Z ). (Z,+,0) is the only non trivial totally ordered Abelian group whose positive

elements (i.e. elements strictly greater than 0) are well-ordered.

11
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2.2.4 Rational numbers Q (Rationale Zahlen)

Informally, rational numbers are modeled as ratios p/q with p and ¢ integers.

Construction 2.3 ( Rational numbers Q ). The rational numbers can be constructed as the quotient set Q = Z x Z.o/ ~

with ~ the equivalence relation (p1,q1) ~ (p2,q2) if p1 x @2 = q1 x pa. Clearly [(p,q)] = [(a x p,a x q)] for any a € Z.g, in
particular [(p,q)] = [(-p,—q)]. The addition, multiplication and total order on the rational numbers are:

o [(p1,q1)]+[(P2,92)] = [(P1 X g2 + @1 X P2, 1 x q2)],
b [(plan)] x [(Pz,lh)] = [(Pl X Pp2,q1 X Q2)],

o [(p1,q1)] <[(P2,42)] if 41,42 >0 and p1 x g2 < q1 x p2.
The integer numbers Z are embedded in Q by p — [(p,1)]. We use the notation [(p,q)] = 5.

The additive and multiplicative inverses of = = [(p,q)] are —z = [(-p,q)] and 7 = [(¢,p)] (where we need to assume
p # 0 for the multiplicative inverse to exist). We can define the ratio of two rational numbers as the multiplication of the

first by the multiplicative inverse of the second: x/y =z xy™ 1.

Theorem 2.2 ( Q is dense in itself ). The set Q is dense in itself, that is for any x,y € Q and x <y there exists z € Q such
that x < z <y. More precisely (see Sec. 8) each point in Q is a limit point of Q in the standard topology.

Proof. We have = = [(p1,q1)] and y = [(p2,g2)] with g1,q2 > 0 and p; x g2 < g1 x p2. We denote z = (x +y)/2 = [(p1 x g2 +
q1 % p2,2 x q1 X q2)], where 2 x q1 X g2 = q1 X g2 + q1 X g2 as the multiplication is distributive. Taking into account that the
multiplication is compatible with the total order on Z we have:

@ x(P1xq) <qux(quxp2) =2xqax@xp1<qax(P1xq@+qxp)=>r<2,

(p1xq2) xq2<(quxp2) xq2= (P1Xq2+q1 XP2) X2 <2Xq X Q2 XPa = 2<Y.

O

Theorem 2.3 ( Q is countable ). There exists a bijection between N and Q. More generally, a countable union of countable

sets is countable, that is there exists a bijection between N and the set Upey Spn, with Sy = {snp|p € N}.

Proof. Let us arrange the sets (S, = {snp|p € N}),en on a square grid in the plane putting sy, at coordinates (n,p). We
list the sets .S,, along the horizontal and pile them S7, S5 and so on along the vertical. The bijection is obtained by stepping

along the axes and along the diagonals:
811 = 812 = S21 = 531 —> 522 —> 513 —> 514 = $23 —> §32 = S41 —> ... .

It follows that Z c Ugen{(a,b)|b € N} is countable and Q ¢ Upez{(p,q)|q € Z+o} is also. O

Exercise 2.6. Prove that ~ is an equivalence relation. Prove that the addition of rational numbers is commutative,
associative and compatible with the total order. Prove that the multiplication of rational numbers is commutative, associative,

distributive with respect to the addition and compatible with the total order.

Exercise 2.7. Prove that the decimal representation of any rational number either stops or ends up with an infinitely
repeated (periodic) sequence of decimals.consider p < and recall the algorithm of long division (we denote (..0) a possibly empty sequences of the decimal zero):

12



2.2. Numbers (Zahlen)

P-000000. ... eeunnnns | q
pO(..0) | 0.¢..0)c1(..0)c2(..0)c3(..0) ****
-cl x q
r10(..0)
-2 xq
r20(..0)
-3 x q
r30(..0)
[R—
The rests 71,79, . .. can only take a finite number of values 0,1, ...q ~ 1. If one of the rests is O the decimal representation stops. If not, there is a first repeat of the rests r; = v; and the decimal
representation ends up in a periodically repeating sequence.

2.2.5 Real numbers R (Reelle Zahlen)

Perhaps the most useful numbers we will use are the real numbers. Informally the real numbers sit “in between” the
rational ones, that is they are numbers that are not rational but can be arbitrarily well approximated by rational ones. An
example of a number that is not rational is V2.5

Real numbers can be constructed using Dedekind cuts. Morally, a Dedekind cut represents the real number b by the
set (—o0,b) N Q.

Construction 2.4 ( Real numbers R ). The real numbers R can be constructed as the set of Dedekind cuts of the rational
numbers. A Dedekind cut (A, B) of the rational numbers is a partition of Q into two non empty disjoint sets Q = Au B,
A, B+ @, An B =g such that:

e (A is closed downwards) if x,y € Q with x <y and y € A then x € A,
e (A does not contain a greatest element) if x € A then there exists y € A such that x <y.

As B =Q~\ A, we can identify the cut (A, B) by its first set only, namely A, which is a nonempty, downwards closed
strict subset of Q (hence bounded from above) but with no greatest element. Q is embedded in the set of Dedekind cuts by
r—>A={aeQ|a<r}, which does not have a greatest element in Q since Q is dense in itself. For example the Dedekind
cut corresponding to 0 is Q«g, the set of strictly negative rational numbers. The arithmetic operations and total order on
the Dedekind cuts are defined as:

o (addition) Ay + Ay = {a1 +az]a; € A1 and ag € As},

(subtraction) A1 — As = {a; —ba|ay € Ay and by e Q \ Ao},

(negation) —As =0— Az ={a; —ba|a; € Qg and by e Q \ Ay},

(total order) Ay < Ay if Ay is a strict subset of As, that is Ay ¢ Ay and Ay N Ay # @, also denoted Ay ¢ As, and this

is a total order as the Dedekind cuts are closed downwards,

(multiplication) we have two cases:

— for Ay, As > 0 we define Ay x Ay ={a; xaz]|0<a; € Ay and 0<ag € Ay} UQ.,
— otherwise we use one of the equalities Ay x As = —(Ay x (—A3)) = —((-41) x A3) = ((-A1) x (-A2)),

o (division) we again have two cases:

5Euclid, Elements (proposition 117, Book X) Alexandria, Ptolemaic Egypt, year ~ 300 BCE. Assume V2= p/q with p and ¢ co primes. Then
p? = 2¢2 hence p? divides by 2 hence p divides by 2. Then ¢2 = 2(;1)/2)2 hence ¢? divides by 2 hence ¢ divides by 2 hence p and ¢ are not co
primes.

13
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— ZfA1 >0 and Ay >0 then Al/Ag = {al/bz |0 <ay €Ay and by € Q~ Ag} U Q.o,
— otherwise we use one of the equalities A1/As = —(A1/(-A2)) = —((-A1)/A2) = (-41)/(-A42).

The important remark is that any nonempty subset of the real numbers thus constructed which is bounded from above

has a supremum, that is a least upper bound.

Theorem 2.4 ( Every nonempty, bounded subset of R has a supremum in R ). The supremum, that is the least upper
bound, of a bounded above subset S = {A|A € X and A < B} of a totally ordered set X is an element I € X such that
VAeS,A<T and VI'<I,3A €S with A¢1'.S The supremum of the set of Dedekind cuts S = {A| AeR and A < B} is the
Dedekind cut I =Ues A, that is any nonempty subset of R bounded above has a supremum in R.

Proof. We consider S = {A|AeR and A< B}. The set I =Uacg A is a Dedekind cut:
-as AcQthen I cQ;as I oA+ @ then I #@; as [ < B, then I #Q,
- I is closed downwards, if y € I then y € A for some A and as A is closed downwards, x <y =>x€ Ac .
- if I has a greatest element x, then x € A for some A and, as A c I, z is the greatest element of A, which is impossible.

Moreover, I is an upper bound for S because VA € S, A c I hence A < I. Finally, any I’ < I is not an upper bound for S
because, if I' < I then Jx e INT'. As x € I, then 3A € S such that 2 € A hence (asz ¢ I') A£T'. O

Definition 2.6 ( Algebraic field (Kérper) ). An algebraic field (K, +,0,x,1) is a set such that:

o (K,+,0) is an Abelian group, (K ~ {0}, x,1) is an Abelian group and x is distributive with respect to + that is

ax(b+c)=axb+axc.

If moreover K is totally ordered by < we say than < is compatible with + and x if for all x,y,z € K, if © <y then
r+2z<y+z, and if 0 <z,y then 0 <x xy. We say that < is Dedekind complete if every non-empty subset of K bounded
from above has a least upper bound, that is VX c K, X +@, if B={be K|Vre X, x <b}+ 2 then Ju € B such that Vb € B,

u <b. In this case u is called the supremum of X.

The rational numbers Q are an algebraic field with a compatible order < which is not Dedekind complete: the set
A ={z €Q,z? <2} has upper bounds in Q, e.g. 1.416, but it has no least upper bound as V2¢Q.

Definition 2.7 ( Axiomatic definition of R ). (R,+,0,x,1) is the unique Dedekind complete compatibly totally ordered
algebraic field.

The real numbers can be represented as points on an infinite straight line, called the real line, depicted in Fig. 2.1.

R

Figure 2.1: The real axis.

Theorem 2.5 ( R has the Archimedean property (Archimedisches Axiom) ). The real numbers have the Archimedean

property, that is for any x,y € R with 0 < x <y, there exists n € N such that y < nz.

Proof. Without loss of generality we can assume y = 1. Assume there exists 0 < z < 1 such that nz < 1 form any n € N.
Denote S the set of all such = and observe that S is bounded from above by 1. Then S has a supremum, which we denote

c. As c is the supremum of S, n(c/2) <1 for all n € N7 but there exists p € N such that 1 < p(2¢), which is impossible. [

SEquivalently, if B is such that YA e S, A< B then I < B.
7As there exists ¢/2 < x < ¢ with z € S, and as the order is compatible n(c/2) < nz <1
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Theorem 2.6 ( Q is dense in R ). For any x,y € R with x <y there exists a rational number q € Q such that x < ¢ <y.

Proof. We denote = the cut associated to the real number z, that is  is a subset of Q that is closed downwards and is
bounded from above but has no greatest element. The Dedekind cut of g € Q is denoted §={p € Q|p < ¢}. We denote Z ¢ §

the relation of strict inclusion Z c g and §\ 2 # @. As x <y we have Z ¢ § and:

If x € Q then x € . This follows if 3s € §, x < s. Assume the contrary Vs € ¢, s < z. But then the inequality needs to be
strict, otherwise, as § has no greatest element, 3s’ € §, s’ > s = x. Finally, if Vs € §, s < z then § ¢ Z and y < =z,

contradicting the hypothesis = < y.

There exist g€ Q, ge y~x and if v € Q we can always chose g > x. The first part follows from = ¢ y. If x € Q then by the

previous item x € § and as ¢ has no greatest element, there exists ¢ € Q, z < g and g € 3.

We have £ ¢ q. Any r ez, r #q. As Q is totally ordered then either r < q or g <r. If ¢ <r, as & is downwards closed, q € T
contradicting ¢ € y N Z. We conclude that r < ¢ hence r € § and Z c ¢. If x ¢ Q then = # ¢ and the inclusion is strict. If

x € Q, as we can chose g > x, the inclusion is again strict.

We have § ¢ y. This is trivial as ¢ € y and ¥ is closed downwards.

O

Theorem 2.7 ( R is uncountable ). There is no surjective function f:N — (0,1) c R, that is the set of real numbers is

not countable.

Proof. Every a € (0,1) admits a decimal representation as 0.a1as...a, ... obtained by choosing inductively aj to be the
largest digit 0,1,2 up to 9 such that Z’;=1 apl0? <z and x = supkzl{zlgzl a,107P}. This definition avoids the “problem of
trailing 9s”, i.e. 0.49999... is not the decimal representation of any real number, as the decimal representation of 1/2 is
0.50000. ... The price to pay is that not any list of digits is an admissible list of decimals of a real number: lists ending
in trailing 9s, a; = 9 for k£ > n are not admissible and need to be converted in lists of decimals ending in trailing Os, as in
0.a1...a,9999 - 0.a; ... (a, +1)0000.... The gain is that there is a one to one correspondence between real numbers and
lists of decimals that is x = y if and only if all their decimals are equal.

Consider now any function f:N — (0,1) and consider for all ¢ € N the decimal representation f(i) = 0.i1i2...%5,.... We
now build a real number z € (0,1) such that Vi, f(i) # x. We take = with decimal representation z = 0.z1xs ...z, ... and
we ensure that @ # f(i) by choosing the i’th decimal x; of x to be different from the i’th decimal i; of f(¢) (if we make a
table with rows the decimals of f(i), we modify the diagonal decimals and collect them to form ). For instance we can
chose z; =4; + 1 if 0 <4; <7 and x; = 0 for ¢; = 8,9. In particular x can not contain any decimal 9, so it is an admissible

decimal representation of a real number. As x # f(4) for any ¢, z ¢ f(N) and f is not surjective. O

It can be shown that |R| = 2% that is the cardinal of the real numbers is equal to the cardinal of the power set of the
natural numbers.® The continuum hypothesis states that there is no other cardinal number in between Rq and 2%°, that is
2%0 = ®;. This statement is undecidable using the standard Zermelo-Fraenkel set theory axioms.

Some simple functions of real numbers are:

e Inverses. For x € R the additive inverse of z is —z and for z € R, the multiplicative inverse is 1/z = z7'. The

multiplicative inverses of 0 is undetermined.

o Absolute value. For z € R the absolute value |z| of x is x if > 0 and —z otherwise.

8Think of the decimal representation in base 2.

15



2. SETS AND NUMBERS

n+1

e Integer powers, polynomials. For x € Ry, 2° = 1 and 2™ = xx2™; 0! = 0 but 0" is undermined. Polynomials are linear

n-1 +

combinations of integer powers. A polynomial of degree n is P(x) = ap x ™ + ap-1 x T ---+ag, with ag,...a, €R

and a,, # 0.
e n-roots. For x € Ry, the root of order n for n € Zg is:
— n>0, it is the Dedekind cut z= = {0 < g € Q|¢" < 2} UQup.
— for n.<0 it is defined as zw = (7).
For n £ 0, 0+ =1 and 00 is undetermined.

e Rational powers. For x € Rsg, and p,q € Z, T4 = (m%)p

Exercise 2.8. Prove that the arithmetic operations defined for Dedekind cuts are commutative, associative, compatible with
the ordering and that the multiplication is distributive with respect to the addition. Prove that if 0 < x,y then 0 < z x y.
Prove that this implies that if a >0 and © <y then axx < a xy.

Exercise 2.9. Prove that A= {ae€Ql|a® = axa <2 or a<0} is a valid Dedekind cut which does not correspond to a rational

number. What real number does this cut represent?

Exercise 2.10. Prove, using Dedekind cuts, that the sequence 0.999... of trailing 9 is the real number 1. we denote the truncated

sequence of n decimals 9, 0.(9)p, =1 —10"" <1, and 0.999. .. the supremum of this subset of real numbers. The Dedekind cut of 0.999 ... consists in the rational numbers r such that there exists some

n with < 0.(9)pn, < 1, hence r belongs to the cut of 1. Consider now any element in the cut of 1, % <1 hence 0 <a <b. Then1- ¢ = bza > 1 >

hence 0.(9)p, > % therefore % belongs to the cut

1
10b

0f 0.(9)y, and consequently to the one of 0.999 . . ..

2.2.6 Complex numbers C (Komplexe Zahlen)
The last class of numbers we will be using are the complex numbers.

Construction 2.5 ( Complex numbers C ). The complex numbers C are the Cartesian product R x R endowed with the

operations:
b (addztwn) (zlayl) + (x27y2) = (1'1 +T2,y1 t+ y2)7
o (multiplication) (x1,y1) % (z2,y2) = (1 X T2 — Y1 X Y2,T1 X Y2 + Y1 X T2),

and form an algebraic field. The real numbers R are embedded in C by x — (z,0)

In order to simplify the notation, whenever no confusion can arise, we suppress the symbol x for multiplication.

As C =R xR, the complex numbers are represented as an infinite plane, called the complex plane. The real numbers R
are embedded into C by the mapping x - (z,0). In particular (1,0) =1 and denoting (0,1) =1 we can write any complex
number as:

z=(z,y)=(x,0) +(0,1) x (y,0) =x+1xy, P=axi=-1.

Let z = x +12y be a complex number. We call = the real part of z which we denote Re(z), and y the imaginary part of z,
which we denote by Im(z). The complex conjugated of z, denoted Z, is obtained by keeping the real part fixed, but taking
the additive inverse of the imaginary part z=z+1y > Z =z —1y.

The complex numbers can be represented as points in a plane, called the complex plane spanned by two orthogonal
real axes: z = x +1y = (z,y) represents a point with coordinates x on the horizontal and y on the vertical, as depicted in
Fig. 2.2.
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2.2. Numbers (Zahlen)

Figure 2.2: The complex plane.

The absolute value (or modulus) of z is the non negative real number? |z| = (22 + y?)"/? = (22)Y/2, |2| > 0 for z # 0. It
represents the distance from the origin 0 = (0,0) and z = (x,y). The argument of z is the angle ¢ between the horizontal
axis and the line (0,0), (x,y) and:

x=|zlcosp, y=|zsinp = z=|z|(cosp +28ingp) .

A priory the angle ¢ belongs to the interval (—m, 7). This is the principal determination of the argument, denoted Arg(z).

However, the argument is not uniquely defined: it is a periodic function with period 2m, that is:
z =|z|(cosf + 1 sinf) , 0 = Arg(z) + 2km , keZ.

Like for real numbers, simple functions of complete numbers are:

e Inverses. For z € C the additive inverse of z is —z and for z € C,y the multiplicative inverse is % = —=_. The

ZXZ

multiplicative inverses of 0 is undetermined.

o Integer powers, polynomials. For z € R.g, 2° =1 and 2™ = 2 x 2”; 0' = 0 but 0° is undermined. Polynomials are

1

linear combinations of integer powers P(z) = ap, 2" + ap-1 2" + -+ + ag, with ag,...a, € R and a,, # 0.

e n-roots. For z = |z|(cos ¢ +1sinp) € C,q and for any n € N.o we have n distinct roots of order n of z:

"=z2=>8e{b,... {1}, & =2 (COS(M) +zsin(M)) .
n n

e Rational powers. For x € C.g, and peZ and q € Z,, za = (z%)p

The most important property of the complex numbers, whose proof is postponed to Chapter 10, states that C is an
algebraically closed field, that is any polynomial with complex coefficients admits a root in C. In detail, for any polynomial
with complex coefficients P(z) there exist r € C such that P(r) = 0. Denoting r a root of the polynomial P(z), we note that
2= =(z-1) ZZ;OI 22" % hence P(z) = P(z) - P(r) = (2 —r)Q(z) for @ some polynomial of degree n — 1, and iterating
we get P(z) =a,(2-71) x...(2=1ry) with 71,...7, the n (not necessarily distinct) roots of P(z) and a,, the coefficient of

the monomial of highest degree.

Exercise 2.11. Prove that the addition and multiplication of complex numbers are commutative and associative and the

multiplication is distributive with respect to the addition, that is the complex numbers are an unordered algebraic field.

Exercise 2.12. Prove that 1> =1 x1= -1

9Strictly speaking the non negative determination of the square root is constructed as a Dedekind cut.

17



2. SETS AND NUMBERS

Exercise 2.13. Prove using the trigonometric circle that cos(p1 + ¢2) = cos(p1) cos(p2) — sin(¢) sin(ps) and sin(py +
p2) = sin(py) cos(pa) — cos(p1) sin(psa). Conclude that for zy = |z1](cospr + 2 sinwy) and zo = |za|(cos s + 1 sinps) then
2129 = |21]|22|(cos(p1 + @2) + v x sin(py + p2)). Show that for any n-root of z, (&)™ = z. Prove that any complex number

such that £™ = z is one of the n-roots of z.

Exercise 2.14. What is the image of the line Re(z) = const. under the function f(z)=1/z7
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Chapter 3

Topological spaces

Topology formalizes the notion of being close in the absence of a way to measure distances.

3.1 Topology

Definition 3.1 ( Topology (Topologie) ). A topological space is a set X endowed with a topology T. A topology T on
X is a set of subsets of X, T ={U|U c X} c P(X) such that:

e 3 XeT,

e (closed under arbitrary union) for any index set' A if (Us)aea € T then Ugea Ua € T (or, stated fancier, Ac T =
UAcCT),

o (closed under finite intersection) for any finite set I, if (U;)ier € T then My U; € T.

A subset Y of X is endowed with the subspace (or induced) topology Ty ={UnY |U € T}.
The topologies of a set X form a poset, in fact a lattice, with the inclusion. For Ty and Ty two topologies on X, if
Ti c T2 we say that Ty is finer than Ty (resp. Ti is coarser than Tz).

Any set X has two trivial topologies: the discrete topology consisting in all the subsets of X (the finest topology on X)
and the indiscrete topology consisting in only the empty set and the set itself (the coarsest topology in X). Topologies that

sit in between these two are usually more interesting.

Definition 3.2 ( Open sets and neighborhoods (0Offene Menge, Umgebungen) ). The elements U in a topology U € T
are called open sets. We reserve U as a notation for open sets. A set is called closed if its complement is open.? Sets that
are both open and closed (for instance @ and X ) are sometimes called clopen.

For any x € X, a neighborhood of = in X is an set V c X which includes an open set containing x, that is xe U cV
with U € T. Without loss of generality we restrict to open neighborhoods, that is a neighborhood of a point is any open set
containing that point.

A topology is called Hausdorff if for any two distinct points x1,x2 € X, x1 # T3 one can find two disjoint neighborhoods,

one containing x1 and the other one xo, that is x1 € Vi, xo€ Vo and Vi nVy =@.

In a Hausdorff topology the points are not indistinguishably close to each other. The discrete topology is Hausdorff,

while the indiscrete one is not.

1Strictly speaking, any ordinal A, finite, countable or uncountable.
2A5 Ne (X NUa) = X N (Uq Ua) and U; (X N U;) = X ~ (N; Uy), arbitrary intersection and finite unions of closed sets are closed.
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3. TOPOLOGICAL SPACES

A subbase in a topology is a subset of open sets U € T such that any other open set is obtained by taking arbitrary
unions of finite intersections of them. A base is a subset of open sets such that any other open set can be obtained by
taking only unions of them. For example, every totally ordered set X can be endowed with a topology, called the order
topology, generated by the subbase {z|z < b} and {z|a < x} for all a,be X. A base in the order topology consists in these
sets together with (a,b) = {z]|a < x < b}. The ordinal numbers A = [0,A), A+ 1 =AuU{A} are totally ordered and the space

of ordinal numbers can be endowed with the order topology.

Definition 3.3 ( Continuous and open functions ). A map (function) f : X =Y from a topological space (X,T1) to a
topological space (Y, T3) is called

e open if for allU €Ty, f(U) €Tz,
e continuous if for all Ve Ts, f~ (V) eT.

If 71 and 73 are topologies on X with 71 c T3 then the map idx : (X, 71) = (X, 72) is open and idx : (X, 73) - (X, T1)
is continuous.

A topological space is called connected if it can not be divided into two disjoint nonempty open sets, X # X; u X with
X1nXe =@. For x,y € X, a path from x to y is a continuous function f : [0,1] —» X with f(0) =z and f(1) =y. A

topological space is path connected if any two points in it are connected by a path.

3.1.1 Compact sets (Kompakter Menge)

A class of sets that will play an important role below is that of compact sets.

Definition 3.4 ( Compact sets ). A set K ¢ X is called compact if from any open cover of K, Ugea Ua 2 K with Uy €T,

one can select a finite open cover of K, Uperca Ua 2 K for some finite set I.
Theorem 3.1 ( Properties of compact sets ). We have:

o let K be a compact subset of X and U c K an open set. Then K \U is compact.

Proof. Let any open cover (Uy)aea of KNU, then U, (Uy)aea is an open cover of K and it possesses a finite subcover
(U;)ier (where one of U; can be U). As U contains no point in K \ U, (U;);er N U is a finite cover of K\ U. O

e if K is a compact subset of (X, T) then K is compact in the induced topology (K, Tk).

Proof. For any cover of K by open sets in the induced topology (K N Uy )aea with U, € T, then (Uy)aea is an open
cover of K in 7 and admits a finite subcover (U, );e; which is such that (K nU;);er covers K. O

e the image of a compact set under a continuous function is a compact set.

Proof. Let f: X - Y a continuous function and consider K € X compact. For any open cover of f(K), f(K) c
Uaea Va © f(X), the sets (f71(Va))aca are open (as f is continuous) and form a cover of K, Unea f (V) o K.
Hence one can select a finite cover of K, (f71(V;))ier leading to a finite open cover of (V) of f(K). O
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3.1. Topology

3.1.2 Topological boundary, closure and interior (Topologischer Rand)

Definition 3.5 ( Topological boundary, closure and interior ). Consider a subset of a topological space Y ¢ X. For any

point in x € X, we denote U(xz) an open neighborhood of x, that is an open set U(x) € T containing x, x € U(x). The point

€T 18:

an accumulation (or limit) point of Y if every neighborhood of x contains at least one other point in' Y, that is VU (),
(U(x)nY)~{z} #@. A limit point of Y does not necessarily belong to' Y.

an interior point of Y if it has a neighborhood entirely contained in'Y, that is 3U(z) c Y.

a isolated point of Y if it belongs to Y but is not a limit point of Y, that is x € Y and U (x) such that (U(z)nY )\{z} =
2.3

We stress that the isolated points of a set, while by definition are not limit points, can be interior points: if X is endowed

with the discrete topology and Y c X, every point of y € Y is at the same time an isolated and an interior point of Y as

{y} is open.

Exercise 3.1. The interior Y° of a subset Y of a topological space X is the union of all the open sets contained in'Y , that
isY°=U(P(Y)NnT). Prove that:

- x €Y° if and only if x is an interior point of Y. ifw is interior to Y then 3U(x) € ¥ hence Ux) € P(Y) AT thus U(z) € Y°. Conversely, any point in ¥°

must belong to at least one of the open sets in P(Y) N T, all of which are entirely included in Y .
the interior Y° c'Y is an open set in T . by definition.

N : : o
a set U is open Zf and only Zf U=U0°. If U = U° then U is open (as U® is open). Conversely, consider an open U; first, U c U; second, as U is open then both

UeP(U) and U e T, hence U c U(P(U)NT) =U°.

The closure Y of Y is the union of Y with all its limit points. The boundary of Y is the set difference between its
closure and its interior, 0Y =Y \Y°. We have that:

z €Y if and only if VU(I), U(I) NY # . Ifact then cither w € Y or @ is a limit point of Y and in both cases YU (z), U(x)NY = @. Conversely, if @ € Y then

zeY and if x ¢ Y then VU(z), © ¢ U(2)NY hence U(x)NY N {z}=U(2)NY # @ and x is a limit point of Y.

the complement of the closure is the interior of the complement X NY = (X NY)® . indeed, if 2 € X < ¥ then on the one hand 3U (2) such
that U(z) N Y \ {x} = @ and on the other z ¢ Y (as Y c Y) hence U(z) NY =@. It follows U(z) € X \Y, that is = € (X \ Y)°. Conversely, if x € (X \ Y)° then 3U(z), U(z) c X \Y,

which implies U(x) NY =@ hence x can not belong to Y.

C 1S closed Zf and O’I’Lly Zf C = C By the previous item, C is closed hence C = C implies C is closed. Conversely, if C is closed then X \C is open and X \C = (X\C)° = X\C

by the previous item.

X splits into the disjoint partition X =Y U (X NY) = YUY U (X NY)°. rom the definition of ¥ and item 2.

the boundaries of a set and of its complement are equal Y = O(X NY) and OY =Y N X NY . by apptying the previous item to ¥

and Y - X \Y.
Y is a closed set. as its complement is open.

Y consists of all the points v € X such that YU (x), U(z)nY #@ and U(x) N (X \NY) £ B. tndecd, any point ¢ 0Y is cither a

point in Y or a limit point of Y (or both) and any U(x) will contain a point in Y ; the same goes for X \Y . Conversely, by the first item above, z € Y and x € X NY hencezx e YN X \Y =Y.

3{z} is an open set in the induced topology Ty .
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3. TOPOLOGICAL SPACES

- for any setY, OY 5 00Y and 0Y = 09Y if and only if OY has no interior points. maced, as oy is closed, Y = 8Y and 80 = 8~ (97)°.

- the boundary OV of any open set V has empty interior. The same holds for closed sets. asv isopen, vV = V° hence VoV = as
the boundary and the interior of any set are disjoint. Take any point x € OV ; for any U(x), U(z) NV + @ hence U(x) can not be a subset of OV . The same result follows for close sets as they

have the same boundary as their complements, which are open.

- every closed set with empty interior is the boundary of its complement. mdced, as B = B and B® = & then on the one hand 8B = B = B and on

the other 8B = (X \ B) = 8(X \ B)°.
- we stress that:

* the isolated points of Y are not necessarily limit points of X \Y, as in the discrete topology.
* for any Y the interior of Y° is Y° as Y° is open and the closure of Y is Y asY is closed.
* q setY is dense in X if Y = X. If U is dense in X and open then OU = X \ U.

* in general Y # 0Y # OY° hence in general Y° #Y and (Y)° # Y°! The isolated points of Y belong to Y but are
not accumulation points of Y. Such points usually do not belong to Y° (unless the topology is discrete and they
belong as one element sets to the topology), hence usually they belong to Y but not to OY°. If U is open dense
in X, then O(U) =0X =@ as X is both closed and open but OU = X \U # @.

3.2 Metric spaces and the standard topology

In many cases of interest, the topology of a space comes from a notion of metric. Formally, a topological space X is called
metrizable if it is homeomorphic* to a metric space. A metric space is a space in which one can measure distances.

We use € as a notation for a (possibly small) strictly positive real number.

Definition 3.6 ( Metric space (Metrischer Raum) ). A metric space X is a set endowed with a distance function d :
X x X - Ry (the non negative reals) such that:

o d(x,z)=0,
o (symmetry and positivity) if x + y then d(z,y) = d(y,z) > 0,
o (triangle inequality) for all x,y,z, d(x,y) < d(z,z) +d(z,y).

The most interesting property of a distance is the triangle inequality. Morally it means that the distance between x and
y is measured along the shortest path, and passing through another point z will always represent a detour which lengthens
the distance.

A distance function of a metric space induces a topology.

Definition 3.7 ( The standard topology ). The standard topology on a metric space (X,d) is the topology generated by
the subbase of all open balls B.(z) = {y|d(z,y) <r} c X, for allz e X, r e Ryp.

The closure of a ball in the standard topology is B,(z) = {y|d(z,y) < r}. Indeed, if y is an accumulation point of
B.(z), then Ve, 3z € B.(y) n B-(x) hence d(z,y) < d(z,z) +d(z,y) <7 +e. Assuming d(x,y) =7 >r, e<r’' —r leads to a
contradiction. The boundary of the ball is 0B, (z) = {y|d(x,y) =r}.

4That is mapped by a bicontinuous bijection, a continuous bijection whose inverse is also continuous.
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Theorem 3.2 ( In the standard topology, every open set contains a ball around any of its points ). For any open set U in
the standard topology on some metric space (X, d), and for any y € U, there exists a small enough € > 0 such that B.(y) c U.
The converse (if Vy e U, AB(y) c U then U is open) is trivially true.

A topological space X is called first countable if Vo € X, there exists a countable set of open meighborhoods of x,

{Un(2)|n € N} such that for any open set U, x e U = U;(x) c U(z) for some i € N. All metric spaces are first countable.

Proof. We first show that this property holds for any ball, then for an arbitrary union of balls and finally for a finite
intersection of balls.

Consider a ball B,.(x) centered at x for some x and some other point y € B,.(x). As d(z,y) < r, there exists ¢ such that
0 <e<r-d(x,y). By the triangle inequality, Vz € B.(y), d(z,2) < d(z,y) +d(y,z) < e+d(y,x) < r therefore B.(y) c B(x).

Let y € Ugea Br, (zo) and denote B, (x1) (one of) the ball(s) to which y belongs; then there exists e such that
B.(y) c By, (z1) and the same ball is contained in the union B.(y) ¢ Ugea Br, (2,). Finally, if y € B, (y) ¢ By, (1) and
y € Be,(y) € By, (x2), then y € Bin(e,,e2)(y) € Be, (y) N Be,(y). The lemma follows by noting that any open set can be
obtained by taking arbitrary unions and finite intersection balls.

The countable set Bi (z) fulfills the requirement of first countability at x. O

From this lemma it follows that the balls form in fact a base, not only a subbase in the standard topology, that is one
can obtain any open set U by taking unions of balls, one for each of its points, which are fully contained in U.

An important result is that metrizable topologies are Hausdorff.

Theorem 3.3 ( The standard topology is Hausdorfl ). The standard topology on a metric space is Hausdorff; the same

holds for all metrizable topologies.

Proof. Consider any two points x # y, hence such that d(x,y) > 0. Then the balls By, ,y/3(2) and Bg,.,)/3(y) are totally
disjoint. Indeed, assume there exists z € Bg(y.,)/3(7) N By(z.y)/3(y). Then d(z,x),d(z,y) < d(x,y)/3, and from the triangle
inequality d(x,y) <d(z,2) +d(z,y) < 2d(x,y)/3 which is impossible. O

Sorgenfrey, or lower limit topology (Sorgenfrey-Gerade)

Although in many cases topologies are metrizable, there exist also non metrizable topologies. An example is provided for
instance by the Sorgenfrey topology of R generated by the basis of all half open intervals [a,b). This is a non metirzable
topology on R.

Exercise 3.2. Let us consider the real numbers R. Prove that:

T r—y20
d:RxR—>Ry,  d(z,y)=lz-yl= :
-r+y, x—y<0

1s a distance function on R. any e,y = ek with o <y, we have z <z <y ora<z<y orz<y<= Consider now the complex numbers C. Prove
that d : Cx C — Rzo, d(Zl,ZQ) = ‘Zl — Z2

15 a distance function. this foitows from |21 + 23| < |21] + |=2] which follows from (21 + )2 + (y1 +y2)? <

T% + y% + r% + y% +2 (a:% + z/%)(m% + y%) < rf'rg + y%yg +2x1w0Y]Yg < 'riq% + T?y% + y%’z‘é + y%y% which is true as 0 < (z1yg — 12y1)2.

3.2.1 The R? metric space

The D dimensional Euclidean space is the set RP = {(2!,...2P)[z* € R}. We denote 0 = (0,...0) the origin in RP,
that is the point with coordinates z* = 0, = 1...D. In most cases R” is regarded as a topological space endowed with
the standard topology with respect to a distance function which we now discuss. Starting from the next chapter, unless

otherwise specified, we will always assume that the R” is endowed with this topology.
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3. TOPOLOGICAL SPACES

The space R” is a metric space. In fact several standard distance functions are usually defined on it:
2 1
dp(xﬂy): Hx_pr:(Z |$M_yu|:0) /p7 pE [1,00) )
pn=1

and doo (2,y) = [|# - y[ oo = max,-1 .. p|z* —y"|. Observe that for D =1 all these distance functions are equal and reproduce

the absolute value of the difference.

Lemma 3.1. The distance functions d, are equivalent on RP, that is for any p,q > 1 there exist two constants Cpq and Cpq
such that

Cpap(z,y) < dg(x,y) < Cpedy(z,y) -

Proof. It is enough to prove that d, is equivalent to de,. We have max, |z —y#| < (25:1 |z = yHPYP < DYP max,, ot —

yhl. O
This lemma implies that the standard topology on the D dimensional Euclidean space (R”,d,) is independent on which
which distance function d, is chosen (i.e. a set is open with respect to one of these distance functions if and only if it is

open with respect to any other). For simplicity the common choice is to use ds:

D
da(z,y) = |z -yl2 = \l > |t —yr? = o -yl = d(z,y) ,
p=1

that is | - | and d(-,-) with no index p are understood to correspond to p = 2. This is just the familiar Euclidean distance
between points in dimension n. Note that, from the topological point of view, R? endowed with the Euclidean |z - y| is

identical to the complex plane C with distance given by the absolute value |21 — 23| on complex numbers.
Theorem 3.4 ( In the standard topology Q = R ). In the standard topology the closure Q of Q is R.

Proof. The balls in the standard topology of R (which incidentally is also the order topology) with distance function
d(z,y) = |x — y| have the form B.(z) = (z - ¢,z + ¢). From Theorem 2.6 we have that Q is dense in R, that is for any
x,y € R with x < y there exists a rational number g € Q such that z < ¢ <y. Consider any x € R. From Theorem 3.2 any
neighborhood of z contains a ball B.(z) = (z—€,z+€) and as Qn Be(z) \ {z} = Qn ((z - €,z) U (z,z +€)) # @ we conclude
that z is a limit point of Q. O

Exercise 3.3. Give an example of an open dense subset of R in the standard topology. w (o} or more generalty Ex M for any finite set M.

Exercise 3.4 (Holder’s inequality (Hélder-Ungleichung)). Let p,q € Ry such that 1/p + 1/q = 1. Then, for any

(a*,0") =1, D € Ryg we have the inequality:

D D D
albt < [Z (a/t)p]l/p[z (b/t)q]l/q ]
p=1 p=1 p=1

We first note that, for any p,q > 1 with 1/p+1/q =1 and any @,y > 0, as the logarithm (see Section 7.2.1 for a reminder on the definition and properties of the logarithm) is a concave function we

have:

1 1 1 1
m(fmf’ +(1- 7)1,‘1) > —In(zP) + — In(y?) = In(zy) ,
P P P q

DGR L R
P q

) ) r o yd ) ]
hence, as the logarithm is strictly increasing, Ty < TT + yT which is also known as the Young inequality. Thus: 2;:=1 zHyt < , and the lemma follows by setting

B at md gt = bt .
T ED e T T E D e

Prove the Minkowski inequality ||x+y|, < |z|,+|ylp. Conclude that that all the functions d,(x,y) = |-y, are distance
functions. we nave, with w +y = (z + 41, .. 2P +yD)

L -1 L -1 -1 - -1 -1
le+ylD =Sl + 9" P = et + yH et + yH P70 < S+ D e+ yHPT = Dlat 2+ g P Syt e+ v 1P < Uzllp + lylp) (2 + ylP Mi_1
" A A 3 " P
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3.2. Metric spaces and the standard topology

p

where we used Holder's inequality. We conclude by observing that |l +yIP~)l, 1 = (Z“(\z‘u 4yl Py p-1 ) =l +ylB7t.
P

Exercise 3.5 (One point compactification (Alexandroff-Kompaktifizierung).). To any topological space (X, T) one
can add a point, usually denoted {oo}, and build the space X* = X u{oco} endowed with the topology T* consisting in all
the open sets U € T together with the sets V = (X N K)u{oo} for K compact in X.

Prove that (X* , T*) 1S COMPACT. Any open cover of X* will need to cover {oo}, hence will contain a set of the form (X \ K)U{oo} whose ¢ tin X is compact. What

are the open sets in Nu {OO} 2 In the discrete topology any subset of N and a set is compact if and only if it is finite. The neighborhoods of {oo} are {oo} U P for P any infinite subset
o Give a base in the topology of R U {00}, Besides the balls Be(w) = (- c, 2+ €) we add Be (o) = (-0, ~1/6) U {o0} U (1/¢, o). Prove that R U {oo} is
homeomorphic to a circle. ru (oo} is mapped on a circle by the inverse stercographic projection: draw a circle tangent at the south pole to 0 € R and map any point @ € R to the intersection
of the line (x, N) (where N is the north pole of the circle) with the circle then identify {oo} with the north pole N on the circle. Prove that the one point compactiﬁcation Of

C is homeomorphic to a 2 dimensional sphere, the Riemann sphere.
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Chapter 4

Sequences

In this chapter we discuss sequences. One can consider sequences in generic topological spaces, metric spaces in R endowed
with the standard topology. Sequences in non metrizable topological spaces are more complicated and will not be discussed
here. However, it is important to discuss as much as possible general metric spaces: one does in fact encounter in physics
such spaces, for instance in in quantum mechanics where a central role is played by spaces of functions. Such spaces are

metric spaces in their own right: one does talk about distances between functions, sequences of functions, and so on.

4.1 Sequences in metric spaces

From now on X is always understood to designate a metric space (X,d) endowed with the standard topology. Unless
otherwise specified, when discussing the space RP, we always consider it endowed with some distance function d(z,y) =
2~ yl.

A sequence in a metric space X is a list of elements xg,x1,x2,...Z,,... in X in which repetitions are allowed and the

order matters. Formally sequences are defined as follows.

Definition 4.1 ( Sequence (Folgen) ). A sequence in a metric space (X,d) is a function with domain N and co domain
X, z:N—-> X. We denote x(n) = z,, and we identify a sequence by its image (o, x1,22,...) = (Tn)nen. In order to simplify
the notation we sometimes denote a sequence simply ().

A subsequence of a sequence is obtained by deleting some elements without changing the order of the remaining ones,
that is a subsequence of (Ty)nen is the sequence (X, )ken with ny, a strictly increasing sequence of natural numbers ng > ny

if k> k'. In particular, for any subsequence, ny > k.
A sequence converges if x, approaches some fixed value when n — co.

Definition 4.2 ( Convergence (Konvergenz) ). A sequence (n)nen in (X, d) is said to converge to x if for any € > 0 there
exists N € N such that n > N, = d(z,x,) < €. Equivalently, for any ball B.(x), there exists N such that n > N, = x,, €

B.(x). We denote this by lim,,_, ,, = x, limx,, = x or simply x, — x. The point x is called the limit of ().
This definition can be extended with zero effort to general topological spaces.

Lemma 4.1. A sequence in (X, d) converges if and only if all of its subsequences converge. A convergent sequence and its

subsequences converge to the same limit.

Proof. As any sequence is one if its own subsequences, one implication is trivial. For the other, assume (x,) converges to
x, that is for any €, 3N, such that k > N, = d(zx, ) <e. As ny > k for any subsequence, d(x,, , ) < € also, and the lemma
follows. O
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Limits of sequences and limit points of subspaces of metric spaces are intimately related.

Theorem 4.1 ( Limit points in metric spaces are limits of sequences ). A point x is an accumulation (limit) point of a

subset Y of a metric space (X, d) if and only if there exists a sequence (yy) with y, €Y, y, + x such that limy, = x.

Proof. If limy,, = x then every ball B.(x) will contain all the elements (y;, ),>n, which belong to Y and are different from
x. Conversely, Take the sequence of balls of radius 1/n centered at x. As z is an accumulation point Bi(z)nY \ {z} # @.
From the axiom of choice (!) we can chose an element y,, per set B1i(z)nY \ {z} # @ which yields a sequence such that

VYN >0, n>N = d(yn,z) <1/N and we conclude from the Archimedean property of R. O

In metric spaces, limit of sequences go through continuous functions. For X and Y topological spaces, a function
f X - Y is called sequentially continuous if for all (z,) c X such that z, - z € X, the sequence (f(z,)), cY is a
sequence which converges to f(x), f(x,) — f(x). It can be shown that if X and Y are arbitrary topological spaces, a
continuous function is sequentially continuous. The reciprocal does not hold for general topological spaces but holds if X

is first countable.

Theorem 4.2 ( In metric spaces continuous is sequentially continuous ). For X and Y metric spaces, a function f: X =Y

is sequentially continuous if an only if it is continuous.

Proof. Let f a continuous function. For any ¢, let B.(f(z)) be the open ball of radius € around f(x). Then z € f~*(f(z))
(note that f~'(f(z)) includes other points in X if f is not injective) thus f~! (B.(f(x))) is an open set in X (due to
continuity) that includes z. It follows that there exists some § such that Bs(z) ¢ f~* (B.(f(z))). As x,, - x, there exists
some N such that z,, € Bs(z) for n> N and then n> N = f(x,) € B(f(x)).

Suppose now that f is sequentially continuous, but not continuous at some point x € X, which means there exists an
open neighborhood V of f(x) such that f~1(V) is not an open neighborhood of 2. As any open neighborhood of = contains
some ball B;(z), it follows that for any &, Bs(x) N f~'(V) # @. Choosing a sequence (z,) with z,, € B ()N FH(V) we
have that x,, > x but f(z,) ¢ V. But then f(z,) 4 f(z), because V is open and contains a ball around f(xz). Hence f is

not sequentially continuous, leading to a contradiction. O
Theorem 4.3 ( Any distance function is continuous ). Any distance function is continuous in either of its arguments.

Proof. Tt is enough to prove sequential continuity. Fix a point z and consider d(x,z) as a function of its first argument.
For any x and x,, we have d(x,,2) < d(xn, ) +d(z,z) and —-d(z,,x) < d(xn, 2) —d(x, 2) hence |d(zy,z) —d(z, 2)| < d(@n, ).
We conclude that for any sequence x,, - x = d(x,, z) — d(z, 2). O
4.1.1 Cauchy sequences (Cauchy Folgen)

A Cauchy sequence is a sequence such that its terms become increasingly closer for n - oo.

Definition 4.3 ( Cauchy sequence ). A sequence (zp)nen n (X, d) is called a Cauchy sequence if for any € > 0 there exists

N, € N such that m,n > N, = d(@m,z,) <.

Every convergent sequence is Cauchy. The converse (reciprocal) of this statement is not true. For instance the real

sequence defined recursively by z,41 = %(xn + Il), zo =1 is a Cauchy sequence in Q but does not converge in Q.
Lemma 4.2. A Cauchy sequence in (X,d) converges if and only if it has a convergent subsequence.

Proof. One implication is trivial. Assume now we have a Cauchy sequence (z,, )neny With a convergent subsequence (2, ) ken-
For any e chose N, such that for k,I > N. both d(x,x;) < /2 and d(an,,x) < €/2. as ng > k, it follows that d(zy,z) <
d(zg, n, ) + d(Tp,, ) <€ O
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Exercise 4.1. Prove that any convergent sequence is Cauchy. uvse a(em,wn) < d@@m,2)+d(z, en). Prove that x,.1 = %(l‘n + Il),

. . 2 5

242+ -2vV2
xo=115a Cauchy sequence i Q. The jact that the sequence stays in Q is trivial. Then denote @y = /3 — ey, the recursion becomes /T — . yq = #f’b = epny1 =

—<Z€n

b 2 - 2 2
4-2V2ep —4-€;, +2/2ep € 2 2 4 on e _
3 n L n it . we shot 2. Thus |z . n _ 1 _(lyn _g52-n
VA ERETv i By induction we show that ey, 1| < €7, and eq < 1/2. Thus |zn+p—2n|<leppil+lensal.  lenipril S ep +ep +ter < ez <o (" =2

which becomes arbitrary small with n.

Theorem 4.4 ( In metric spaces compact is sequentially compact ). A subset K ¢ X of a topological space X is called
sequentially compact if every sequence in K admits a subsequence that converges to some point in K. If (X,d) is a metric

space then K c X is compact if and only if it is sequentially compact.
Proof. We have:

Sequentially compact = compact. Assume K is sequentially compact and take {U, }, an open cover of K.

First, there exists § > 0 (independent of ) such that Vz € K, Bs(z) c U, for some a. Assume no such § exists.
Then for any n there exists x, € K such that Ve, By,(2,) ¢ Us. Chose a convergent subsequence of (xy,)n, say
rp, >z € K. Now, x € U,, for some a; and there exists € > 0 such that Bc(z) c U,,. Pick n; such that d(z,z,,) < §
and n% < §, thus By, (2n,) ¢ Uy, which is a contradiction.

Second, there are finitely many balls of radius ¢ centered at points in K whose union covers K. Suppose this is false.
Pick 1 € K and Bs(x1) K, pick 25 € K ~ Bs(x1) and Bs(x1) U Bs(x2) K, iterate. We build a sequence z,, such
that j + j' = d(xj7x3 > J, hence z,, does not contain any Cauchy subsequence hence can not have any convergent

subsequence.

As each Bs(x) is a subset of some U, the finite cover of K by balls of radius ¢ selects a finite cover of K by sets U,,.

Compact = sequentially compact. Assume K is compact and take a sequence (), in K. If z, has a constant subsequence

we conclude. If not, we can always pick a subsequence consisting in pairwise distinct elements which we label (z,)pen.

Assume that Vy € K, 35, > 0 such that Bs, (y) contains only finitely many terms in the sequence (z,),. As K
is compact, the open cover U, B;,(y) > K has a finite subcover U, Bs, (yi) > K. But this finite union can only

contains finitely many of the z,’s, a contradiction.

Then 3y € K such that Vé > 0, Bs(y) contains infinitely many terms in the sequence (z,). Then the subsequence

obtained by picking one element x,, € {x,, p€ N} n By, (y) for each k € N is a convergent subsequence of x,.
O

Definition 4.4 ( Cauchy complete spaces ). A metric space such that every Cauchy sequence converges is called complete

or Cauchy complete.

Not all metric spaces are Cauchy complete: for instance Q is not, as can be seen by considering the Cauchy sequence
consisting in the finite truncations of the decimal representation of /2 which does not converge in Q. Starting from a
Cauchy incomplete space X one can build a Cauchy complete one (called the completion of X) by adding to X the limits
of all the Cauchy sequences! of elements in X. This procedure provides an alternative construction of the real numbers

starting from the rational ones.

4.1.2 Banach fixed-point theorem (Fixpunktsatz von Banach)

A function (map) T : X - X is called a contracting map if there exists ¢ € [0,1) such that d(T(x),T(y)) < gd(x,y) for all
x,y € X. The constant ¢ is called a Lipschitz constant for T.

1Strictly speaking one must take equivalence classes of Cauchy sequences with the same limit.
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Theorem 4.5 ( Banach fixed-point theorem ). A contracting map T on a (non empty) Cauchy complete metric space X
admits a fixed point x*, that is T(x*) = x*. Furthermore, for any xq the recursively defined sequence xpy1 =T (xy) forn >0
is such that d(x*,x,) < f—:}d(xhxo) hence converges and limx,, = x*.

The fized point exist under the weaker condition d(T(x),T(y)) < d(z,y) if X is compact.

Proof. Starting from xg, we build 2,1 = T (2, ) for n > 0. Then d(zp+1,2,) < ¢"d(x1,20) hence for p > 1:

p-1 p-1 . 1-¢? 1
d(Tnip, Tn) € Y. d(@pireis Tnei) < Y ¢ d(z1,m0) = ﬁqn d(z1,z0) < liqqn d(z1,z0) ,
i=0 i=0 - -

hence, as ¢" - 0, z, is Cauchy and, as X is complete, it converges limx, = z* € X. Taking p - oo above we find
d(z*,2,) < ¢"/(1 - q)d(z1,20). We have that Ve, there exists N, such that d(a*,zy) < €/2 for all &k > N.. Picking any
k > N, we have:

A", T(a")) < (" ) + d(T (@), T(@")) < S + a5 <c.

hence z* = T(z*). Note that the fixed point is unique as T is contracting. O

Note that in this proof we used the fact that ¢" — 0 for 0 < ¢ < 1. We will see below that this is a direct consequence of

the monotone convergence theorem.

2+ Prove that T([1,00)) c

ilsiea?iiz20 = @-02z0 Prove T is a contraction on [1,00). 7@ -7 = (o - w)(} - ) and for all @,y > 1, we have

Exercise 4.2. We will prove later that R is Cauchy complete. Consider the function T(x) =
[1, 00).

0<(ey)t<1= 2l <@yt m27l <27l w27l _(wy)~Y<2-t. Flind the fized point of this contraction. * -z

z
2

Propose an algorithm to compute /2 as the limit of a rational sequence. «, ., -T(n), co - 1.

4.2 Sequences in R and RP

A particularly rich case is the one of real sequence (z;)qen, 2; € R.

4.2.1 Homogeneous linear recurrence (Homogener lineare Differenzengleichung)

Often one encounters recursively defined sequences in which a term is fixed by a finite number of its predecessors. .4 =
F(xy,Zn41,-. Tpeg-1). If F is continuous, then the limit of a recursively defined sequence, if it exists, is a solution of the
equation z* = F(z*,...x").

Let us consider real or complex valued sequences. If a recursively defined sequence is not convergent, one is interested
in finding a closed formula for the general term x,, (this is the equivalent in the world of sequences of solving differential
equations). A particular case or recurrence that can always be solved is that of a homogeneous linear recursion with

constant coefficients:?

q-1
Tntq = Zcpxnﬂa ) Lo; L1, X2, .Lg-1;
p=0

where ¢, are fixed. In order to start the recursive computation of all the x,s, the first ¢ elements in the sequence
Zo,T1, %2, ... Lg—1 Need to be given. Linear recursions can always be translated in finite difference equations using the finite

difference operator:

_ + _ _ a p
(Ax)n =Tp+l —Tp (Ak lx)n = (A(Akl'))n s Tn+p = ];J(k)(AkiU)n .

20ne can consider more general recursions with non constant, n dependent, coefficients ¢p(n) or inhomogeneous obtained by adding a known
sequence by, to the right hand side of the recurrence relation. If the homogeneous recurrence is solved, the inhomogeneous case can also be solved
by the so called “variation of constants” method. We will discuss this later in the context of differential equations.
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4.2. Sequences in R and R

This provides a straightforward parallel between such recursions and differential equations which we will discuss later.
We note that if (nyl)) and (yg)) are two sequences respecting a homogeneous recursion, so is any linear combination

of them. In order to solve the recursion it is then enough to:
e identify ¢ linearly independent solutions y,(f) fori=1,...q,

e posit the general solution:

q .
Tp = Z di nyl) 5
=1

e fix the constants d; by solving the boundary conditions z; = 3.7, d; yj(-i) for 7=0,...q—1. Indeed, as long as yg) are
linearly independent, this linear system of equations will admit a unique solution.
The ¢ linearly independent solutions y,(f) are found by solving the characteristic equation of the recurrence. Posit that

T, =t" with some fixed ¢, then the homogeneous linear recursion becomes the characteristic equation:
q-1
P(t)=t7-Y ¢,t?=0.
p=0

Being a polynomial equation of degree ¢, this equation has ¢ not necessarily distinct complex roots. Clearly any root r of
this polynomial is such that z,, = 7™ will respect the recurrence, hence if all the roots r; are distinct the general solution of

the recursion relation is:

In particular, as advertised, the linear system of equations determining the coefficients d; admits a unique solution as:

1 .. 1
; T1 T’q
det(yj(l)): . . = H (ri—rj)i().
: : 1<i<j<q
2 rdt
If the root r has multiplicity v, then the linearly independent solutions corresponding to it are r™, nr™, n?r™ and so
on up to n¥~rm.

Exercise 4.3. Solve for the Fibonacci numbers xog = 0,21 =1, Tpio = Tpe1 + Tn. The choracteristic equation is 12 = ¢ +1 with roots t = LELTIL jepce

xp = dy (“Tﬁ)" Yd_ (1—27¢5)” with dy +d_ =0, (dy ~d)V5 =2 hence o = = (1+72\/3)" - (1—72\/3)”
Exercise 4.4. Solve and compare the general term of the sequences ag =0 and a1 =1 and recursive definitions:

2 2
Apy2 = 20p41 + ap + W an =0, Un+2 = 20p41 + Gy = A ap =0

Exercise 4.5. Flirst order non-homogeneous linear recursions can always be solved. Given two known sequences (fy) with

fn #0 and (g,) prove that the general term in the recursive sequence ag, Gn+1 = frnGn + gn 18:

n-1 n-1 g
m
an:(H fk)(a0+ m ) .
k=0 m=0 11k=0 fk’

_ 90 _ n-1 n—1 9gm - n n—1 gm gn
We ve that = + = nd + = . + + = + =t + = |-
vty ot = fo(e0 + 930 0nd fan m = (23 1) (a0 + =52 gy ) o = (Mg 1) (o0 + =52 g+ ey )
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4.2.2 Limits of real sequences, limsup and liminf

The distance on R is the absolute value d(x,y) = |x —y|. Convergent real sequence can be manipulated much like numbers:

they can be added, subtracted, multiplied, divided ordered and so on.
Theorem 4.6 ( Properties of limits ). If (a,) and (b,) are two convergent sequences in R, lima,, = a and limb,, = b, then:

e lim|ay| =|al.

lim(a, +b,) =axb.

VeeR, lim(cay,) = ca.

lim(a,b,) = ab.

if b+ 0 then lim‘;—::%.

ifYn> N, a, <b, then a <b. This implies the so called sandwich theorem (Einschniirungssatz): if ¢, is a sequence

such that a,, < ¢, <b, and lima,, =limb,, = L then limc¢,, = L.

Proof. The proof is straightforward. For instance, as |a| < |a—ay,|+|an| and |a,| < |an, —a|+|a| we conclude that |(|a] - |as])] <

la — a,| and lim|a,| = |al; also:
Gn %) G0 _On O 0 [0 =bal |, lan —a|

b o T B T T

and for n large enough [b] — € < |by|, |an| < |a| + €.

For the last point, assuming that b < a the ball B ol (a) contains all the a,, n > Ny and the ball Bj,- ol (b) contains all
the by, n > Na, hence for N > max(Ny, Na), b, < ay, contradlctlng the hypothesis. O

Any real sequence (z,,), € R admits an asymptotic upper (lower) bound:

limsupz, = lim (Sup mn) , liminf z,, = lim (inf mn) ,

n—>00 \ ;m>n n—oo \m2n

where we allow limsup x,, = +oco, liminf x,, = +co. We have that:

- we denote limsup x,, = oo if for any y € R, there exist infinitely many terms in (x,) such that x,, >y, that is Vy, VN,
dn > N such that z,, > y.

- if imsupx, = L < oo, then for any € > 0 only a finite number of terms in (z,) are such that x,, > L + ¢, but infinitely
many terms are such that x,, > L — ¢, that is Ve, 3N, Vn> N, L +¢€ > x, but Ve, VN, 3n > N such that x, > L —e.

Clearly, the sequence (z,,) converges to x if and only if limsupz,, = liminf x,, = 2 # +00.?

4.2.3 Monotone convergence theorem (Satz von der monotonen Konvergenz)
An interesting case of sequences in R are the monotonic, bounded ones.
Definition 4.5 ( Monotonicity ). A sequence in R is called:

e monotonically increasing if a, > a, for n > p.

e monotonically decreasing if a, < a, for n>p.

30ne sometimes encounters the notation limz, = oo if Vy, INy such that n > Ny = x, >y. This is however a dangerous notations because
such a sequence x, does not converge.
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e bounded if lay| < M form some fized M.

Theorem 4.7 ( Monotone convergence theorem ). A sequence (x,), T € R that is monotonic and bounded is convergent.

If ©,, is monotonically increasing (resp. decreasing) then it converges to ils supremum (resp. infimum).

Proof. Let (x,) monotonically increasing and bounded. {z,} is a bounded subset of R hence has a supremum (least upper
bound) which we denote x. Now for all €, there exists N such that zy > x — € (otherwise « — € would be an upper bound

on (z,)) and Vn> N, z—e<zy <2, < T O

Exercise 4.6 (Limits of classical sequences.). Prove Bernoulli’s inequality (1 +x)" > 1+ nx for x real, x > -1 and n € N.

By induction, (1+ )™ = (1+ @)™ (142) > (14 ne)(1+2) = 1+ (n+ Do +na? > 1+ (n+ a. PrOVE that:
e Vse(Qyo lim # =0. Chose Ne > 1/¢1/%).

. 1/n
e Va>0 lima In — 1. 1t is enough to prove this for a > 1. We have a = (1+a/™ 1) > 1+ n(al/? 1) = 0<[al/ 1| < =1 hence by the sandwich criterion lim a1/™ = 1.

o imn'/™ = 1. ot thet Fn> 1 then nt 9 5 1 for any . Now n'/2 = [1+ /(1) 1317 5 1 40/ (27 Z1y = 0 < n /7)) J1 ¢ 0712 2 0=l L0 and lim(n M) =

(lim 7;1/(2"))(1im "1/(2n)) =1.

M n
e < q< 1, lim q = 0. aso< g™t < g™ this is a monotonic bounded sequence hence converges at its infimum. Assume this infimum is ¢ > 0. Then c < q"™ for all n, but ¢P < ic for

some p, as %c is not the infimum, which is a contradiction.

k 2k
soon” 1/2 k 1/2
° fOTTLEN, .T>]., hmﬁ—o. Wehavez"21+n(m—1)27;1/2n1/2(m—1)=>%<ma0, Then%:(m) — 0.
X . P n
e denotingn!=1-2-----n, prove that lim,, T7=0 for any real x. 1 is cnough to check for @ > 0. We denote an = £ >0 and note that ap 1 = =%1an
hence ap is monotonic decreasing for n. > @ hence converges to its infimum. Assuming this infimum is ¢ > 0, then e < £ for all n, but there evists some n > @ such that T < e ML aq c1tL
is not an upper bound on ar, for n > .
-1\n : -1\n . ’
e prove that x, = (1 +n™")" converges. We denote lim(1 + n=')" = e and we call it Euler’s number.  +
-1yn _ sn ny 1 _ no1(q_ 1 _2 _p=1 N I __1 __2 _p=l)_(;_1 _2 _p-1
n) N Z:p=0 (p)n?’ =1+ p=1 p! (1 n)(l n)"'(l n ) Hence w41 Tn = p=1 pl [(1 n+1)(1 n+1)"'(1 n+1) (1 n,)(l n)(1 n )] +
ﬁ (1 - ﬁ) (1 - %) . (1 T ) and as 1 - -2 > 1L >0 it follows that @y, 41 > @y hence @y, is monotonically increasing. Furthermore, as @, < Epz0 ﬁ and p! > L2P for
1-lim 00 (1/2) Y

p=0,1,... then xp <8Lp>0 2%, =8 < 16 hence it is bounded from above.

1-1/2

4.2.4 The Bolzano-Weierstrass theorem (Satz von Bolzano-Weierstrass)

We have seen that sequences that are monotonic and bounded converge. In fact, boundedness suffices to ensure convergence

of a subsequence.

Theorem 4.8 ( Nested intervals theorem (Intervallschachtelung) ). Let [an,b,] € R be a family of nested closed
intervals [an41,bn41] € [an,bn] indexzed by n € N. If lim (a, — b,) = 0 then there exists exactly one real number {x} =

nneN [G,n, bn] .

Proof. Due to nesting, both (a,) and (b,) are monotoninc and bounded, hence convergent. If they converge to different
limits then lim(a, — b,) # 0 contradicting the hypothesis. It follows that lima, = limb, = x and, due to monotonicity,
an < x < by, for all n hence {z} € Nypen[a@n,bn]. Finally, assuming there exist some z’ # x with {2’} € Npen[an,bn], ' can

not belong to the intervals with diameter b, — a,, < | — 2’|, which leads to a contradiction. O

Theorem 4.9 ( Bolzano-Weierstrass theorem ). A sequence in RY is called bounded if ||z, | = d(z,,,0) < M. Any bounded

sequence in RP has a convergent subsequence.
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Proof. It is enough to prove this for D = 1, as the general D case can be obtained by going component by component.*
A sequence in R” is bounded if and only if the sequence of any of its components (z"),y are bounded. We first select
a convergent subsequence for the first component, then we select a subsequence of the subsequence such that the second
component converges also and so on.

We denote ag and by an upper and a lower bound for (z,) and we declare the interval Iy = [ag,bp]. We chose the

“";b" and note that at least one of the intervals [ag, “(’;b"] and [‘“’;b“ ,bo] has an infinity of elements of (z,). We

declare this interval as I) = [a1,b;] and we iterate. As the diameter of the interval halves at every step we have built a

midpoint

family of nested intervals. We denote {x} = Ngen[ak, bk ]
We pick a subsequence (x,, ) of (z,) as follows. We first pick x,, one element in the sequence (x,). At each step,
among the successors of x,,,_,, that is z,, with n > n,_;, an infinity belongs to I) (as an infinity of elements in the sequence

belongs to I and x,,_, has only finitely many predecessors). We pick one of them and declare it x,,. Then (x,,) is a

subsequence of (z,) and d(z,,,x) < Wg;kbol We have limy x,,, = x. Indeed, for any e, there exists k. such that I“g%bol <e
hence for any k > k, as I, c I, we have that d(z,,,z) < €. O

Whenever the splitting in half of an interval I,, leads to two intervals containing an infinity of elements of (z,,), each of
these subsets of (z,) has its own convergent subsequence: a bounded sequence can have subsequences which converge to

different limits.

4.2.5 RP is Cauchy complete
An example of a Cauchy complete metric space is provided by the real numbers.

Theorem 4.10 ( R” is Cauchy complete ). The real numbers R endowed with the standard topology are a Cauchy complete

metric space. The same holds for RP.

Proof. Any Cauchy sequence is bounded. Indeed, pick some €, and for n > N, |zn, — 2,| < € = |z,| < |zn.| + €. Then, by

the Bolzano-Weierstrass theorem any Cauchy sequence in R has a convergent subsequence we conclude by Lemma 4.2.
This generalizes to R” by noting that the sequence corresponding to the first component x} of any Cauchy sequence

z, = (z1,...2P) e RP is Cauchy. O

Corollary 4.1. R is the Cauchy completion of Q.

Proof. As Q c R and R is Cauchy complete, any Cauchy sequence of rational numbers converges to some number in R.

In order to prove that R is the Cauchy completion of Q we need to prove that Va € R, there exists a Cauchy sequence of
rational numbers converging to . From Theorem 2.6, for any real number = and for any n there exists a rational number g,
such that  —n™! < ¢, < x, hence the sequence (g, )nen is a sequence of rational numbers converging to x. As any sequence

in R is covergent if and only if it is Cauchy, (g, )nen is Cauchy. O

4.2.6 Heine—Borel theorem (Satz von Heine-Borel)

An important result is the characterisation of compact sets in the standard topology on RP. A set in (RP,d) is called

bounded if it can be entirely covered by one (big enough) ball centered at the origin.

Theorem 4.11 ( The Heine Borel theorem ). In the standard topology (RP,d), a set is compact if and only if it is closed
and bounded.

4We note that for all the distances we have defined |z - y| < L2, |z% - 4|

5 Alternatively, if (2,,) has a constant subsequence (@n,, )ken, we conclude. If not, then x is an accumulation point of the set {z,|n € N} and
we conclude using Lemma 4.1. Indeed, for any € consider the bubble Be(z) = (z — €,z + €). As lim(ay, —bn) — 0 there exist Ne such that n > N
|an —bn| < € hence, as an <@ < bn, In ¢ Be(x). In particular Iy, ¢ Be(x) and Iy, contains an infinity of elements of (xr), at least one of which
is different from z as (z,) does not have a constant subsequence.
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4.2. Sequences in R and R

Proof. The theorem follows from the following assertions:

If K is compact then K is closed. This holds in any Hausdorff topology. The standard topology on R” Hausdorff by
Theorem 3.3.

Take x a limit point of K. Any finite collection of open sets U;,4 € I such that Vi, 3V;(x) some open neighborhood
of x such that U; n V;(x) = @ can not cover K. Indeed, N;c; Vi(x) is an open set, thus a neighborhood of z hence it

contains a point in 2’ € K and z’ ¢ U;c; U;.

If K is compact but not close, then 3z limit point of K such that x ¢ K. For every y € K, pick an open set U(y)
containing y such that it is disjoint from some neighborhood Uy (x) of x. This exists as the topology is Hausdorff.
The family U(y), y € K is an open cover of K, Uyex U(y) 2 K, but any finite subfamily will be of the type discussed

previously, hence can not cover K.

Note that if = € K, such U, (z) exist only for y € K,y # x and Uyef 2z U(y) does not cover K.

If K is compact then K is bounded. This hold for any metric space in the standard topology.

Consider a compact K. The family {U;(z)|x € K} of bubbles of radius 1 is an open cover of K hence admits an
open subcover {U; (z;) |x; € I} for some finite set I. The set of pairwise distances between the centers of the bubbles
{d(wi,25) |2, x; € I} is a finite set hence its maximum M = max,, ;;er d(7;,2;) is a finite number. As any point
belongs to one of the bubbles in this family, by the triangle inequality, any two points are at a distance of at most
d(xz,y) <1+ M + 1, hence K has finite diameter.

A closed subset of a compact set is compact. This holds for any topological space.

Let S c K a closed subset of the compact set K, and let {U,|a € A} an open cover of S. Then U = RP \ S is open,
{U}u{U,|a € A} is an open cover of K, hence contains a finite cover {U;|i € I} (where one of the U; can be U) of

K which also covers S. As U does not contain any element in S, {U;|i € I} N {U} is an open cover of S.

If a set is closed and bounded, then it is compact. This holds for finite dimensional Cauchy complete metric space (we will

define later the dimension of a space).

By the property above, it is enough to prove that the set Ty = [~a,a]” with a > 0 is compact. Assume Tj is not
compact. Then there exists an infinite open cover Ugyea Uy 2 K which admits no finite subcover for K. Similarly to the
nested intervals construction, we subdivide Ty = X2, ([-a,0]u[0,a]) into 2" closed boxes of the type [0, a]?x[-a,0]"?.
At least one of these sub boxed requires an infinite subcover of (Uy)qca. Call this box T} and iterate. We obtain a
sequence of nested closed boxes Ty > T} o ..., where the diameter of T}, is (2a)27%, each of which requires an infinite

subcover of (Uy)aea. We pick a sequence xy € T), and xy, is Cauchy as Vp > k, z, € Tj.

As RP is Cauchy complete, x), converges and x = limxy, € T}, for all k as T}, are closed. There exists U, one of the
U, such that z € U, and since U is open there exists some ¢ such that B.(x) c U, hence for k larger than some N,

Ty c B(x) c U, thus only one set in (Uy)aca suffices to cover all these T}, leading to a contradiction.

Hence Ty is compact.

O

Note that this property uses the completeness of R, hence fails for incomplete metric spaces like Q. It also fails in

complete infinite dimensional spaces (more on this later) in which the subdivision of boxes into boxes fails.
Corollary 4.2. The inverse of a continuous bijection between two compact Hausdorff spaces is continuous.
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Proof. Consider f: X — Y a continuous bijection with X compact, hence Y = f(X) is compact. Take any U c X open set,
then X \ U is compact (always), f(X \U) is compact (f continuous), Y \ f(X ~ U) is open (Y Hausdorff plus the first
item in the proof of Heine-Borel), and using f(U) n f(X \U) = @ (f bijection) we conclude that f(U) =Y \ f(X\U) is
open . We thus established that f is an open map. Denote ¢g:Y — X the inverse of f and take any open set U c X. Then
g~ 1(U) = f(U) which is open. O

4.3 Series

Series are infinite sums over sequences.

Definition 4.6 ( Series (Reihen) ). Starting from any sequence (an) valued in R or C one can build a series, which is a

formal infinite sum denoted:

[}

Zak:a0+a1+a2+... .
k=0

The elements a,, of the sequence (a,) are called the general term of the series. A series is said to be:

e convergent if the sequence of partial sums s, = Yj_oar converges s, — s. In this case we say that ¥, ar converges

to s.
e absolutely convergent if the series of the absolute values Y 5 |ak| is convergent.
e divergent if it is not convergent.

Note that if a series is convergent then the general term a, = s, — s,—1 must converge to 0, a, — 0 (otherwise the
sequence of partial sums is not Cauchy).® Not only this, but it must in fact converge fast enough. Some examples of series

are: i
1 (-1
domEr 2 : Z m
i1 k2 =1k i=1 K
Also, if a series is absolutely convergent then it is convergent: indeed, | ¥}~,, ax| < Yiv,, lax| and one concludes that if

the sequence of partial sums of ¥, |ax| is Cauchy, then the sequence of partial sums of ¥, ay is also Cauchy.

Exercise 4.7. Prove that the three series above are respectwely absolutely convergent, convergent and divergent. ru. fist series

1 ,; _1,1_ 1. _1l_o_ 1 _
is absolutely convergent as k2 < k(k 1 - £ hence sp <1+1-% 44 -Low Lo oL o2 L yhus sy is monotonic and bounded. The second serics is convergent as sy — sn| < ig fm
m > n hence sy, is Cauchy, but is is not absolutrlz/ convergent. To see this, consider as sp = s % and grouping the terms we have:
1 101 11 1 1 o 1 1 1 5 1 n-1 1 n
son =l+—+(=+=)+(=+ -+ -+ =)+-->1+2" x —+2" x —+29x —+...2 — =1+ —,
2 3 4 5 6 7 8 2 4 8 2m 2

hence son is a subsequence of sy, which is not convergent.

The main question one faces when encountering a series is to determine whether the series is absolutely convergent,

convergent, or divergent. Two important series are encountered often.

- The geometric series. The geometric series Y j.q q" is absolutely convergent and converges to (1-¢)~! for 0 < ¢ <1;

! forg+1 and s, =n+1 for g=1.

it is divergent for g > 1. This follows by noting that s,, = 1?_

- The generalized harmonic series. The series ((a) = ¥ ;51 k% is absolutely convergent for a > 1 and divergent for a < 1.

By the Cauchy condensation test (see below) the series has the same nature as:

1
ok _
I~cz>0 2ka N kZz;J 9k(a-1) °

61f s, converges then it is Cauchy then Ve >0, 3N, such that p > Ne = |sps1 — sp| = |ap+1]| < € hence ap — 0.
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Remark that if a series with positive terms converges then it converges absolutely.
Theorem 4.12 ( Convergence tests (Konvergenzkriterium) ). Given a generic series Y. jsoQk:

e Cauchy condensation test. Ifay >0 and ax is monotonically decreasing then Y51 ar converges if and only if Y1 2k agn

converges and moreover Y51 ag < Ypso 28agr <2351 ay. This follows by noting that:

Zak:al+(a2+a3)+(a4+a5+a6+a7)+~~£ ZQkagk,

k>1 k>0
ZQkagk :(a1 +a2)+(a2+a4)+(a4+a4)+(a4+~~£2Zak .
k>0 k>1

e Direct comparison test. If |ag| < b (hence by, 2 0) and Y50 bk is convergent then Y. ar is absolutely convergent and
| Y420 @kl € Xpso b Indeed, as Y150 bk is convergent, the sequence w,, = Y150 by is convergent hence Cauchy; but then

[$m = S| € Xhenst lak] € Xhenst bk € U — Uy, hence sy, is Cauchy thus convergent and |sy| < uy,.

e Alternating series. If aj, is monotonically decreasing and aj, — 0 then ¥ i50(=1)¥ay, is convergent. This follows by

noting that for m >n, |sm — sn| < |ans1|.”

e Cauchy-Hadamard. Denote lim,,_, e, (SUD,ysp [am|™) = 7. If r <1 then the series is absolutely convergent. If r > 1 it

is divergent.

e if lim |*=*t) =y then, if v < 1 the series is absolutely convergent whereas if r > 1 it is divergent.
e Integral criterion. This criterion can be revisited after the reader familiarizes themselves with integrals, discussed
in Chapter 11. Assume ayj, is monotone decreasing and ai — 0. If there exists monotonically decreasing function

f:[1,00) > Ry such that f(n) = ay then the series ¥,51 an, is convergent if and only if f1°° f(t)dt < oo.

e Abel’s test. If Y51 ax is convergent and (by) is a monotonic bounded sequence then Y., arby is convergent. The
importance of this test is that it applies when Y51 ay is convergent, but not absolutely convergent. Call Ay, = ¥ 11 1 ax
and noted that Yp_y arby = Apbpi1 — Yo Ap(brs1 —br). Both (b,) and (A,) converge, then on the one hand Ay,byy1
converges and on the other Y. Ar(br+1 —br) < (supy |Ak|) ey 1bk+1 — bk As (by) is monotonic Y v, |br+1 — bk| =

|bm, = br| and, as by, is convergent hence it is Cauchy, Yy, Ar(brs1 —bg) is also Cauchy and consequently convergent.

Exercise 4.8. Prove the unproven statements above.

Exercise 4.9. We have defined e =lim(1+n™')". Prove that e = %0 7 -

0
")% =xn, L (1-2)(x-2)... (1 - P’l) < sp. We know that ty, — e and it is trivial to check that sy converges. We have

N -1
We have sy = ZE:] % and tp = (L+n" )" = ZZ:(J (p p n n

limin = e < limsn. Now define vm = $77% # (1 - %)(1— %) (1= P’l) for m < m. We have v < tpn hence limy oo vm < limty = e, but limy oo vy = Sy hence s < e and

lim sy, < e.

4.3.1 Absolute convergent series (absolut konvergente Reihen)

Absolute convergent series have some additional, more constraining properties.

Lemma 4.3. The sum of an absolutely convergent series is invariant under rearranging the terms in the series. That is,

let an absolutely convergent series ¥y lay| < 0o, ¥y ap = A. For any permutation o : N - N (bijection), ¥y, as(ry = A.

7 Alternatively [$2m+1,52m+2] € [82m—1,52m] and S2m — S2m-1 = a2m — 0 hence by the nested interval theorem M, [$2m-1,52m ] = lim s2,, =
lim sgp,-1 = Zkzo(—l)kak-
8More generally we have Srem bk (A = Ag_1) = bpy1An = bmAm-1 — X3, (k1 — bi) A
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Proof. For any € let N, such that for N > N, both Y32y |ax| < €/2 and |$N | ar - A| < /2. Fix some o and take N
also larger than max{c~'(1)...07"(N.)} =maxo ' ({1,... Nc}), that is the list a, (o), @y(1),- - - @(n) includes all the terms

ao,a1,...an,, and possibly others. Then:

Ne N N oo
o(i) ~ Al< Z aj = Z Ao (3) < Z aj — + Z |Clj| <e.
=1 J=1 i=1,0(i)>N. j=1 j=N.

O

Theorem 4.13 ( Cauchy product ). The Cauchy product of the two series Yysoar and Y50 by is the series 3,50 cp with
cp = ZZ:O agbpk- If both ¥ 5o ar and Yp50 by converge and at least one of them converges absolutely then ¥, ¢, converges
to (Xpso ak) (Zisobr). If both series are absolutely convergent then their Cauchy product is also absolutely convergent.

Proof. Denote the partial sums A, = ¥ 3_gar, Bn = Yo br and C,, = ¥}_, ¢ and assume Y, ay, converges absolutely. We
have: _
Co=> > apbick =, > apbik = Z%Bn k= Zan kB = Zan k(B -B)+A,B.
=0 k=0 k=01i=k k=0 k=0 k=0
€/3
zk |ak,|+1 :

€/3
Ne(maxicn -1 |Bi—B[+1) "

Since B,, > B and Y |ax| < oo then there exists some N, such that for n > N, |B,, — B| < On the other hand as

A, converges then aj — 0 hence there exists an M, such that for n > M, |a,| <

an L such that n> L., |[A- A,| < %, thus for n > {L., M, + N¢}:

Finally, there exists

-1

|Cn_AB|: Zan—k(Bk_B)+(An_A)B Z |an ]gHBk_B| Z |an—k||Bk_B|+|An_A| |B|
k=0

=0 —— k=N.
>Me
/3 N. g B~ B+ o /3 3 1pl<e.
N(maxKN -1|Bi = B|+1) Y lak |+1 |B| +1

Now, if both Y. ar and ¥, b converge absolutely, then:

SIS0 ISTED o) SONTEY boit] [ A B

hence };5q¢; is absolutely convergent. O

Theorem 4.14 ( Fubini-Tonelli theorem for series ). Consider the double series Y50 ¥ j50 @ij with a;; complex numbers.

If ¥is0 Xjs0laij| < oo then the series is convergent and the two sums commute Y50 ¥ 50 Gij = 2530 2iz0 Gij-

Proof. The hypothesis ¥;. X0 |aij| < oo implies Vi, M; = 372 |a;j| < oo and Y72 M; < oo.

Let us denote f,(m) = ¥y X7 aij and f(m) = ¥ ¥j%y a;; and this series converges as | Y7, a;j| < M;. Observe that
for any m, [fn(m) = f(m)] < TZpi1| Xito aijl < X2k Mi and taking into account that »72, M; converges it follows that
fn — f uniformly in m, that is

Ve ,Vm 3N, such that n > N, = |f,(m) - f(m)|<e.

As |f(k) = f(m)| < |f (k) = fu(B)]+]|fn(k) = fn(m)] +|fn(m) — f(m)], this uniform convergence and the convergence of Y. M;
imply that f(k) is a Cauchy sequence hence convergent, limy_,o, f(k) =
On the other hand, for any i, Z;’ZO a;j converges absolutely, therefore lim,, o frn(m) = ¥i o limy, oo Z;-"zo ai; = Ay exists

and, as |4, — Ag| < ¥i .1 Mi, A, is a Cauchy sequence, hence convergent lim,, o, A, = A.
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Finally:
[f = Al<|f = F(B) [+ 1f(B) = fa(R) |+ [fn(k) = An| + |An - Al

which is arbitrarily small for & and n large enough, therefore f = A. O

4.3.2 Power series (Potenzreihen)

An important subclass of series are the power series, generalizing polynomials, of the form P(z) =Y ,,50¢n(z — 20)", where

20 is some fixed complex number (called the center of the disk of convergence) and z is a complex variable.

Lemma 4.4. Let P(z) a power series. If P(z) converges at some z, then P(z") converges absolutely for all z' such that

|2" = 20| < |2 = 20]|.

Proof. As P(z) converges then ¢, (z — z9)™ — 0 hence there exists some constant such that Vn, |c,(z — 29)"| < S. For any

2" with |2" - 29| < |z = 20], pick u such that |2' — zg| < u < |z — zg|. Consider the partial sum:

N , , Nz =z " 1
Sy = len (2 = 20)" < sup{len(z = 20)"[} D) < -
n=0 n n=0| %~ %0 1- [z—z0]
We have that Sy is monotonic and bounded hence convergent. O

Definition 4.7 ( Radius of converge ). The radius of convergence of the power series P(z) = ¥ ,s0¢n(z — 20)" is the

nonnegative real number r € Ry such that the series converges (absolutely) if |z — zo| < v and diverges if |z — zo| > r, that is:

r= sup{|z— 20| | |[P(2)| < oo} .

The domain (disk) of convergence of the series is the open disk B,(29) = {z € C||z — 20| < r}, and the power series

converges absolutely inside its domain of convergence. The radius of convergence of a power series is:
1
= = limsup|e, | .
r

Cn

The radius of convergence of a power series can also be computed as r = lim,,_, ‘ if the limit exists. For instance,

Cn+1

the radius of convergence of the geometric series }.,,5¢ 2" is 1.

Lemma 4.5. Consider a power series and pick z such that |z — 29| < p < r. Then there exists a constant C such that
|P(2) - 2N g en(z = 20)N| < Oz = 2| V.

Proof. There exists u with p < u < r, thus |c,u"| is bounded by some S hence:

L S S 1
| Y ealz-20)"<S Y " <r-z|VT :
n=N+1 " n=N+1 u” U‘NJrl 1- %

Exercise 4.10 (Cauchy-Hadamard theorem). Prove that the series P(z) = ¥, cp2" converges absolutely for |z| < r and
diverg@s for |z‘ > r where 7’71 = lim sup |Cn|1/n' Denote ¢ = 1 = lim suplen|Y™. Then for any e only a finite number of terms are such that |cn| > (t + €)™ hence
1 1

Snlen 2™ < 2y 12]™(t + €)™ which converges for |z| < e Forany e, len|> (¢~ €)™ for an infinity of terms, hence for |z| = T len 2™| 4 0 and the series can not converge.
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4.3.3 The exponential function (Exponentialfunktion)

Many simple functions are defined as the sum of power series. We now discuss some examples. The exponential function is

defined as the sum of the power series:

1 1)!
exp(z)EeZ:Z—'z" rzlim@:oo,

n>0 nmee n.

where we stress that the radius of convergence of this series is oo, that is the series converges for any z € C. The exponential

has a number of interesting properties.

Proposition 4.1. We have e*'e* = e*1*?2 in particular ¢ + 0. Furthermore, for any z € C we have:

n
= lim (1+ f) .
n—o00 n

Proof. The Cauchy product of e** and e*? is absolutely convergent to:

21 22 Z Z p_ Z *(2’14‘22)”: Zl+227

1
nso ! pOp n- p)' nso 1!

and we note that e*e™* = ¢" = 1.
k
In order to prove the last equality, for any e, let NV such that Y ;sn.1 % < ¢, which is possible as the exponential has

infinite radius of convergence). As |(Z)Z—Z| < 4l2|F, for any n > N we have that:

n 1 N k 1 k-1 n k k
(+2) -2 2« 2 B fa-Da- bl 5 (). 3 B
n ko k! i1 K n kN1 \K/ 1 N1 K
k
1
Z|Z| (1-=)...(1- —) 1+ € <e,
=1 n 2
for n large enough. O

Exercise 4.11. We call f(2) = Yys0 axz® the generating function of the coefficients ay. It might happen that the series is
divergent, in which this is just a formal equality, or it is convergent. Compute the generating function of the coefficients

defined recursively as an+1 = Y j_g AnGn-k, Go = 1. What is the radius of converge of this generaing function?

Exercise 4.12 (Ramanujan’s trick). One can sometimes attribute a finite value to the sum of a divergent series. For

mnstance: .
Zk:1+2+--~+n+-..:—— .
k>1 12
Denote 1 +2+---+n+---=c. Show that c —4c = szl (—1)p+1p. We have by subtracting 4 from the second term, 8 from the fourth, 12 from the sizth and so on that

4‘.—40:1+(2—4)+3+(4—8)+5+(6—12)+--4=1—2+3—4+5—6+~-:szl(—l)erlp. Use ﬁ = Zkzo(—l)kxk to conclude that szl(—].)p-ﬂp = i.We

have ﬁ = [Zkzo(*l)kl‘k][Zkzzo(fl)k,mk,] = ps0 B0 CDPTFRP TR ()RR 2 5 (P (04 1)aP = Spse(-DP (0 + 1) = L. We will see later that this

resummation can be more rigorously justified.
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Chapter 5

Vector spaces, first contact

Vector spaces are ubiquitous in mathematics.

5.1 Vector spaces

The simplest examples of vector spaces are RP and CP, but may other vector spaces are relevant.

Definition 5.1 ( Vector space (Vektorraum) ). A wector space V' over the algebraic field F = R,C is a set endowed with

two operations:

e the addition + : V. xV -V, (z,y) - x +y such that (V,+,0) is an Abelian group (that is + is associative and

commutative, 0 is the identity element for + and every element x € V' has an additive inverse, or negation, —x ).
o multiplication by scalars - :FxV >V, («a,z) > a-x such that:

— - is compatible with the multiplication x in F:
a-(B-z)=(axp) z.

— the identity of - is the multiplicative identity in F, denoted 1:

— - is distributive with respect to both the addition in F and the addition in V:
a-(z+y)=a-z+a-y, (a+B) z=a-z+p-x.

F is called the field of scalars. When no confusion can arise, we suppress the - and x notation for the multiplication.
The D dimensional Euclidean space RP = {z = (2!,...2P)|2* € R} is an example of vector space over R with:
- the addition of z = (z!,...,2P) and y = (y},...,yP) aiz+y = (2t +y!,..., 20 +¢yP).
- the multiplication of 2 by a e Ris az = (az?,...,az?).

Similarly, C” is a vector space over C. We typically represent vectors as column vectors in these cases.

Exercise 5.1. Prove that 02 =0.a-2-(a+0)-c=a-2+0-a.
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We often encounter vector spaces with more structure.
Definition 5.2 ( Norm ). A norm on the vector space (V,F) is a function |- | : V - Ryg such that:
e |v]| >0 and |v] =0 if and only if v="0.!
o |az|=|a| |z, VaeF and Vx e V.
o [z+yl<lzl+lyl, vo,yeV.

Any normed vector space is a metric space with distance function d(x,y) = |z —y|. A Banach space is a Cauchy complete

normed vector space.

For instance R” and CP are normed spaces (and in fact Banach spaces) with norm any of the p-norms |z], =
(Zf=1 |z#[P)}/P. Remark that QP with |- |, is a finite dimensional normed vector space over Q which is not Banach
as it is not Cauchy complete. In fact all the finite dimensional vector spaces (see below) over Cauchy complete fields of
scalars are Banach spaces.

Note that if V' is a vector space and Y c V is a vector subspace then VY = {[z]|x1 ~ 22 if 1 — 29 € Y} is a vector

space. An important lemma is the following.

Lemma 5.1 ( Direct sum decomposition ). Consider Y1 and Y3 are subspaces of X such that Y1+Ys = {y1+y2|y1 €Y1, y2 €
Yo} = X, that is any x € X can be decomposed as a sum x =y, +yo with y1 €Y7 and yo € Y. If Y1 nY5 = {0} (or equivalently
Yy and Ys are linearly independent)?, then the decomposition is unique. In this case we denote X =Y, ® Yy and say that X
is the direct sum of Y1 and Ys.

Proof. If x admits two decompositions x = y; + y2 = y] + ¥4, then y; — y] = y5 — yo hence, as y; —y; € Y1 and y) —yo € Y5 we

conclude that y; =y and yo = y5. O

Given two vector spaces one can build new vector spaces.

Definition 5.3 ( Direct sum of vector spaces ). Let Y1 and Ya be two vector spaces over F. The direct sum Y, @ Ya is

the set of pairs (y1,y2) with y1 € Y1 and y2 in Yo endowed with the vector space operations a(y1,y2) = (ay1,ays) and
(y1,92) + (Y1, 95) = (Y1 + ¥4, y2 + 1)

5.2 Hamel bases, dimension of a vector space

Vector spaces are closed under taking linear combinations. Thus given a vector space, an important question is to identify

a subset of vectors such that any other vector can be obtained as a linear combination of them.
Definition 5.4 ( Hamel basis ). A Hamel basis in a vector space (V,F) is a set of vectors B c'V such that:
e Linearly independent. For every finite subset {e1,...ep} € B, aje1 +...apen =0=>ay =g ="+ =, =0.

e Spanning. FEvery vector writes as a finite linear combination of vectors in the basis, that is Yv € V there exist
B1,B2,...0m €F and {e1,...ey} © B such that v = f1e1 + -+ Bmem.

The scalars By, ...Bm are called the components of v in the basis B.

It is in fact sufficient to require |v| > 0 if v # 0.
2For any y1 € Y1 and yz € Y2, a1y1 + a2y2 =0 if and only if a1 = a2 = 0.
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5.3. Finite dimensional vector spaces

The span of the vectors S is the set of all finite linear combinations of these vectors SpanS = {aje; + -+ + ape,| a; €
F,e; € S}. If a vector w # 0 is not in the span of the linearly independent vectors S then {w} u S are linearly independent.
Indeed, assume

aw + aie +...ape, =0,

such that not all @, a,...q, are zero. Then a # 0 (otherwise e; would not be linearly independent) and

and at least one of the «;s is not zero (as w # 0) hence w € Span S. The span of any set of vectors is a vector spaces.
We stress that even though a set B might be infinite, both linear independence and span involve only a finite number

of vectors in B. On the positive side, every vector space has a Hamel basis.

Theorem 5.1 ( Every vector space has a Hamel basis ). Every vector space has a Hamel basis. All Hamel basis of a vector

space have the same cardinality. The cardinal number of a basis is called the dimension of the vector space.

Proof. Let (V,F) a vector space and let X the set of linearly independent subsets of V. X is non empty (as it contains the
empty set) and is partially ordered by inclusion c.

For any subset Y ¢ X which is totally ordered (i.e. VY7,Y € ), either Y7 c Y5 or Y5 c Y7) denote Sy = Uyey Y.
Sy is linearly independent: every finite subset of Sy is a subset of some element in ). Indeed, consider a finite subset
{$1,...8n} € Sy. Then there exist Y1 3 51 ,...Y, 3 8y, ¥7,...Y,, € Y and, as Y is totally ordered, one of Y7,...Y,, is the
largest of them and contains s1,...s,. It follows that Sy € X and is an upper bound for ) with respect to the order relation
C.

By Zorn’s lemma, X has a maximal element, i.e. an element that is not smaller than any other element. Denote
Smax € X a maximal element. Then Sp,ax is linearly independent, as it belongs to X'. Moreover, Spax spans V. Indeed,
assume it does not, then Jw € V such that w is not in the span of Syax (i.e. no finite linear combination of elements in
Smax equals w). Then Spax U {w} is linearly independent (as any finite subset of Syax U {w} is linearly independent) and
strictly larger than Sy,ax, contradicting the fact that Sp,.x is maximal.

The fact that all basiss have the same cardinality can be proven abstractly (using again Zorn’s lemma). As we comment
below, the infinite dimensional case is not of practical use and mostly academic. In finite dimensions it follows from

lemma 5.2 below. O

The drawback of Hamel basis is that they are useful only if the dimension of the space is finite, that is the Hamel bases
have a finite number of elements. In this case a Hamel basis is called simply a basis. If the cardinal of the Hamel basis is

infinite, things are more complicated.

5.3 Finite dimensional vector spaces

Theorem 5.2 ( Steinitz exchange lemma ). Let U and W be finite subsets of a vector space V. If U is a set of linearly

independent vectors and W spans V', then:
o U <|W],
o there is a set W' c W with |W'| = |W| - |U| such that Uu W' spans V.

Proof. We denote U = {uq,...up} and W = {wy,...w,}. We will show that “we can exchange k elements in W for elements
in U7, that is Vk, 0 < k <n the set {uy,...ux, Wg41,...wy}, where the w’s have been reordered in a k dependent manner,

spans V.
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We proceed by induction. k =0 is trivial. Assume that for k <m, {u,... ug, Wgs1,...w,} spans V then Jpq, ... p, such
that:

k n
Ukel = D Jgt YL s
j=1 j=k+1

and there must exist j > k+ 1 with p; # 0 (as the us are linearly independent). In particular, this implies that k£ +1 < n.
We relabel this j = k + 1 and write:

1 k n
W1 = — | Uk+1 — Z Hyts — Z HiWs | -
Mr+1 j=1 j=k+2
Thus wge1 € Span{ug,...Ug,Ugs1, Wke2,-. - Wnt.  As, in addition, Span{ui,...ur,Uk+1,Wks2,...w,} contains all
Uly .. Uk, Wkt2, - - - Wy, then Span{uy, ... ug, Uk1, Wki2, - - - Wy } O Span{uy, ... Ug, Wei1, Wgs2, - .- W} = V. O

Although an analog of this lemma holds for V' an infinite dimensional vector space, it’s true force comes into play in the
finite dimensional case. In particular, in finite dimensions, we can build a basis in a vector space by completeing a basis in

a subspace.
Corollary 5.1 ( Vector subspace ). Let X be a vector space with a finite Hamel basis. Then:

e if a basis in X has a finite number of elements, any other basis in X will have the same number of elements. We

denote dim X this common number and call it the dimension of X.

Proof. As any two basis By and By are both spanning and linearly independent, we have both |B;| < |Bs| and
|Ba| < |Bil. O

e any set of dim X linearly independent vectors in X spans X (hence is a basis in X ); any set of dim X vectors that

spans X is linearly independent (hence a basis in X ).

Proof. We denote n = dimX. Take U = {uy...u,} € X a set of n linearly independent vectors. Choosing a basis
W ={wi,...w,} in X and exchanging its elements with the elements of U, as |U| = |W| we conclude that U spans X.
For the second assertion, assume that the dim X vectors in W span X but are not linearly independent. Then one
can chose a subset W' ¢ W with dim X — 1 elements which spans X. Exchanging W' for dim X — 1 vectors in a basis

we obtain dim X — 1 vectors which are both linearly independent and span X, which is impossible. O

Let Y ¢ X be a vector subspace of X, then:

e any basis in'Y can be completed to a basis in X; if dimY =dim X thenY = X andY ¢ X if and only if dimY < dim X.
Proof. We denote dimY = m. The assertion follows by exchanging the elements of a basis {wy,...w,} in X for the
elements of a basis {u,...u,,} in Y to obtain the set of n = dim X vectors {u1,...Um, Wp41,... wy,} that span X,
hence are a basis in X. O

If Y1,Y5 ¢ X are vector subspaces of X, then:

e Y1 nY5 is a vector subspaces of X and dim X + dim(Y; nYs) > dim Y] + dim Ys.

Proof. This follows by choosing a basis {eq, ... edim(ylny2)} in Y1 nY5 and completing it to a basis in Y; by adding
{faim(vinyz)+1s- - - faimy; } and respectively to a basis in Y5 by adding {Adim(v;nvs)+1>- - - Pdimy, }- As the set of all

vectors e, f, h is linearly independent® in X, we have dim X > dim Y; + dim Y5 — dim(Y; nY3). O
SAs ae+ff €Y, and h e Yo\ Yy, if ae+ Bf = —yh then v =0 and ae + Sf implies a = 3 = 0.
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Definition 5.5 ( Tensor product of vector spaces ). Let X and Y be two vector spaces over F, with (z;)ier and (y;)jes
bases in X and respectively Y. The tensor product space X ® Y is the linear span of all the pairs (x; ® y;)ier,jes, that is:
finite

X®Y =Span{z;®y; , ie],jeJ}:{ S iy ®y; aijeIF,ieI,jeJ},
ig=1

where the tensor product ® is linear in each of its arguments. We have dim(X ® Y') = dim(X ) dim(Y").
We stress that X ® Y contains the tensor products v ® w with v € X and w €Y, that is v @ w = }; ; v;w; x; ® y;, bul

contains also more general linear combinations }; ; aij T; ® Y;.

5.4 Linear operators

Definition 5.6 ( Linear operators ). An operator A : X — Y from a vector space to a vector space is called linear if
A(azx + By) = aA(z) + BA(y). We sometimes denote A(x) = Az in order to simplify the notation. The operators A also
form a vector space over F, with (aA+ pB)(z) = aA(x) + BB(x). The kernel of A is the set ker A= {x ¢ X |Ax =0}, and
the image of A is the set In A={yeY |Jx e X, Ax =y}. Both ker A and Im A are vector spaces.

A linear operator is also called a linear homomorphism. If A: X - X, then A is called a linear endomorphism.

Theorem 5.3 ( The rank nullity theorem ). Let A: X — Y a linear operator on a finite dimensional vector space X. Then
dim(ker.A) + dim(Im .A) = dim(X).

Proof. We denote dim X = n. The kernel ker A is a vector subspace of X. We denote k = dim(ker.A), we chose a basis
{v1,... v} in the kernel and we extend it to a basis = {v1,... Vg, W1, .. Wy} in X. Then:

Im A = Span{Avy, ... Avk, Awg1 ... Awy } = Span{ Awy1 ... Aw, } |

that is the vectors Awgyq - .. Aw, span Im A. These vectors are linearly independent as:

n n
Z a; Aw; =0 = A( Z a;w;) =0 = Z o w; € ker A = Z awz+2awl-0=>al-0 1=1,...n,
i=k+1 i=k+1 i=k+1 i=k+1 =

hence form a basis in Im A. O

Definition 5.7 ( Operator norm ). The operator norm of A is:

Av
” H sup ||Av]| .

HU|| veV, ul=1

| Allop. = inf {c > 0’ [Av| < c|jv] , Vv e V} =su

We will prove later that any linear operator on a finite dimensional vector space is bounded, that is [|A]qp. < oco.
Exercise 5.2. Prove that |- |op. is a norm. Prove it is submultiplicative |AB|op. < | A]op. | Blop.-

The linear operators A: X — Y, with point wise addition and multiplication by scalars form a vector space, and in fact
a Banach space with respect to || - |op., which we denote B,y (X,Y").
5.4.1 The dual space

Definition 5.8 ( The dual ). A linear form or linear functional on the vector space V' over F is a linear function p: V - T,
plax+fy) = ap(x) + Bp(y), forz,y eV, a,feF

The dual space V* is the vector space of linear functionals on V' endowed with the vector space operations:
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o (p1+w2)(x) = pi(x) +pa(x), pr,02€ V¥, 2 €V,
o (a-p)(x)=a-(x), peV*, aecF, zeV.

The elements of the dual are also called covectors. There exists a natural homomorphic injection of V into V** = {®:V* -
F|® linear} (which can be promoted to an isomorphic bijection in finite dimension) v — ®(v) defined by (P(v))(¢) = p(v),
VoeV and Vo e V*.

For every basis in a finite dimensional vector space, one can build a basis in the dual space.

Construction 5.1 ( Dual basis ). If the dimension of V is finite, V* has the same dimension. Given a basis {e1,...en}
in 'V one can build a basis in V* called the dual basis by specifying the linear functionals 67 defined by 67 (e;) = (55, that is

07 (X, vie;) = vl. By definition 07 are linear functionals and they are linearly independent as:

N . N .
Zalﬂz(v) =0, Vo= Zaiﬁl(ek) =ar=0,
i=1

i=1

and span V* as any functional ¢ writes as:
N N N ' N 4
Yo, o(v) = (Y v'e) = Y wlev' = 3 p(e)0' (v) = 0 =3 p(e;)d" .
i=1 i=1 i=1 i=1

Lemma 5.2 ( Basis in Bo, (X,Y) ). If X and Y are finite dimensional vector spaces, then the vector space of the linear
operators is the tensor product Bop (X,Y) =Y ® X*. Given {e;,0?}je; a basis in X and its dual basis in X*, respectively
{fi, ;' ier dual bases in'Y and Y*, any linear operator A : X — Y decomposes in the tensor product basis f; ® 67 as
A=Yier jes [/ﬂ(Aej)] fi ®07. For instance, the identity operator on T:V -V, I(v) = v writes as T =YV e; ® 7.

Proof. It is enough to note that any vector y € Y decomposes as 4 = ey ¥ fi = Sier firt' (y) hence:

A(z) =Y fin'(Az) = Y fi[p'(Aep)]a! = >0 ['(Aej) ] fi 07 (x) = Y [1'(Ae))] (fi® ) (x).

iel iel,jeJ i€l jeJ i€l jeJ

We denote p'(Aej) = Aij and call (A%))ier jes the matriz elements of A in the given bases. O

5.5 Affine spaces

An affine space is morally what is left from a vector space when one forgets all the information that depends on the origin.
For instance, while the sum of two vector depends on the origin and is not captured in the affine structure, the difference

(or any affine combination AD + (1 — A)w does not and is encoded in the affine structure.

Definition 5.9 ( Affine space ). An affine space is a set V and a vector space V and an operation + : V x V - Vv,

(a,0) = a+ v such that (denoting with an arrow the elements in ‘_/))
o (right identity) a + 0=a, YaeV, where 0 is the vector zero in ‘_/),
. . . — — =z — — — — — — . e . b4
e (associativity) Vo, w eV and Ya €V we have (a+7) +w =a+ (0 +w), where ¥+ w is the addition in V,

e (free and transitive action) Ya €V, the mapping from V to V, ¥~ a+7 is a bijection.

The dimension of an affine space is the dimension of the associated vector space.
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For every v € 1_;, the translation by 9, that is the map T : V —» V, T(a) = a + 9, is a bijection. Note that Tj is the
identity and Ty = T Ty If Ts(a) = Ty(b) then T_3T5(a) = T-3T5(b) hence a = b and for any b, T5(T-5(b)) = .
The third property in the definition is equivalent to saying that for every a,b € V', there exist a unique ¥ such that

b=a+9.* We sometimes denote this vector c?l)) or b—a. The subtraction is such that:
e YaeV,K Vve X_}, there exists a unique b € V' such that b - a = ¢, namely a + 9,
o Va,bceV, (c-b)+(b-a)=c-a,as (a+(b-a))+(c-b)=c=a+((b-a)+(c-D)).

An affine subspace of V' is a subset of the form a+ W= {a+w, we I/I—)/} with a a point in V" and W a vector subspace of
‘—/). The vector subspace V—[)/' is called the direction of the affine subspace and two affine subspaces with the same direction
are called parallel. Given any direction V[_)/ for any point a € V, there is only one affine subspace of direction V[_}, namely
a+ I/I_}, which is known as Euclid’s fifth postulate. Any translation of the base point maps an affine subspace to a parallel
subspace.

Exercise 5.3. Consider a linear operator on a finite dimensional vector space H : X — Y. Prove that for any fired y € ImH,
-

the space of solutions of the equation Hx =y is an affine space over Ker H. we denote Wy = (w € X| Az = y) and define +: Wy x ket H — Wy by

(z,v) = @+, with + the addition in X. Clearly, for any = € Wy, H(x+0) = H(x)+H (D) =y hence x + 9 € Wy and the associativity is trivial. It remains to check thar for any @, the function © — x +70
ec s s fia ; I e w, ’ _ _ e o) — @ eker H ’_ ’
is a bijection. As w is fived, this is clearly an injection. For any =’ € Wy we have H(z' — @) =y -y =0 hence o’ —x e ker H and @’ =z + (2’ - x).

Definition 5.10 ( Affine map ). An affine map (affine homomorphism) between two affine spaces (X7?) and (Y, }—}) s a
map A: X —Y such that the map A:X - }_}, ./_4)(6 —-a) = A(b) - A(a) is a well defined linear map, that is ifb—a=d—-c
then A(b) — A(a) = A(d) - A(c). It follows that A(a+70) = A(a) + Z(ﬁ), hence A is defined by its value at a point and the
associated linear map ./—4>

An affine transformation, or endomorphisms is an affine map from A:V — V. The translation Ty is an endomorphisms.

—

Given a point b and a linear map .,_4) V- 1_/) we can build the affine transformation Lb % V-V, Lb X(a) =b+ Z(b—a),

that is the linear map ./_4) centered at “the origin” b.

For two choices of an origin 0,0, if \; +---+ A\, =0, then for any a1,...a,:
M(ay—0)+-+Ay(an —0)=A(ar o)+ + A\y(an —0') .

Indeed, using A, = -A; — ... — A,_1, both sides equal the vector A;(a; — a,) + ... + Ap_1(an-1 — a,). As this vector is
independent of the choice of origin o, we denote it A\ja; + -+ Apa,. Note that the subtraction is just the case with two

terms.

Exercise 5.4. Prove that g = o+ 1(a1—0)+---+ A, (an —0) is independent of 0 if \i+...+ Xy = Lijg=oss and g’ =o'+ theng-o=3,

g’ =o' = %' hence (g—0)—(g"—0") = 5-0", but the right hand side is also (g—0)+(o—g")~[(o—g")+(g"~0")] = (g—g")~(0-0"), therefore g—g" = o—0’+5-0". Denoting g = 0o+X1 (a1 —0)+-+Ap (an—0)

and g’ =o' + A1(a1 = 0') +---+ Ap(an — o), and taking into account that a —b=—(b—a) (if a=b+7v then b=a + (=0)), we get g— g’ = (0—0')=A1(0-0") ... =Ap(0-0")=0.

For A1 +...+ ), =1 and for some choice of the origin o, we denote g = 0+ A1(a; —0)+--++ A\ (@, —0). This is independent
of 0 and we simplify the notation to g = Adja; +-+++ Apa, and say that g is the affine combination (or the barycenter) of the
a;s with weights )\;. The affine span of X c A is the set of all finite affine combinations of elements in X and its direction
is the linear span of x —y with x,y € X. Fixing xg € X, the direction of the affine span is the linear span of x — zg for all
reX.®

YAs T a+0is surjective, there exist some ¥ such that a + ¥ =b. As ¥ —~ a + ¥ is injective, if a + U1 = a + U2 then a + (31 — U2) = a but at the
same time a + 0 = a hence @, — ¥ = 0.

5Equivalently, the affine span of X is the smallest affine space containing X and it is the intersection of all the affine subspaces containing X.
Its direction is the intersection of the directions of the affine subspaces containing it.
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N

Definition 5.11 ( Affine basis, affine and barycentric coordinates ). An affine basis in a affine space V, V' of dimension n is
—

a set of n+1 elements in {eq,...e,} such that {e1—eq,...,en—eo} is a basis in V. Every x € V has a unique decomposition

in an affine basis x = eg + A1(e1 —eg) +--- + Ap(en — €p), or equivalently:
T=Meg+Aer...+ \pen, Aog+...+A,=1.

The coordinates Ag, ...\, are called the barycenter coordinates of x.

An affine coordinate frame in an affine space V,‘_/) of dimension n is a point o € V, called the origin and a basis
{1,...0,} in V. For each point x € V, there exists a unique n-tuple M1, ..., \n such that T = 0+ My + ... \nOn. The
numbers \; are called the affine coordinates of x in the frame {o,v1,...7,}.

The point with barycentric coordinates Ag,...An, Ao+ ...+ A, = 1 in the affine basis {ey,...en} corresponds to the
point with affine coordinates Ai,..., A\, in the affine frame {0 = eg, V1 = €1 — €g,...,Vp = €, — €g}. Conversely, the point

with affine coordinates A1,..., A\, in the affine frame {0,01,...0,} corresponds to the point with barycentric coordinates

1=X—...= A, A1y, Ay in the affine basis {eg = 0,61 =0+ V1,...,€, =0+ Ty }.

Exercise 5.5. Prove that x =eg+ M\ (e1 —eo) +-+ A(en—eg) if and only if v = (1 =X —...= Ap)eg + Adrer + ... + A\pey.
Ifz=(1-XA1-...—An)eg+A1el +...+ Anen then, choosing eq as origin, we have © = eg + (1 - A1 — ... — An)(eg — €9) + A1(e1 —€Q) + - - - + An(en — eg) and we conclude. Conversely, if
x=eq+Ai(e1—e)++An(en —eq) then x—eq = (1- A1 —...—An)(eg —e0) + A1(e1 — )+ + An(en — eg) and we conclude.

Exercise 5.6. Any vector space is an affine space over itself. We denote the vectors in R® as (x,y, 2). Prove that the planes
defined as P, = {(z,y,2)|x +y+2 = a,a € R} are parallel affine subsets of R®. Identify barycentric and affine coordinates
on Pa. We denote eq = (1,0,0), e1 = (0,1,0) and eg = (0,0,1). The planes Pq can be parametrized as Pq ={(a -y — z,y, )|y, z € R} Denoting a = (a,0,0) and ¥1 = e1 — e and ¥ = eg — e
3

we have Pg = a + y¥q + 209, with + the addition in R3, hence they are all parallel affine subspaces in RS. An affine basis in Pg is cg = (a,0,0), c‘f =(0,a,0) and cg =(0,0,a): any element in Pgq

decomposes in this basis as (1 = X1 = Ag)el + Apef + Age§ = (1 —aXy —aXg,aXy,aXy) and an affine frame is (o = ef, vy = ef —ef, Vg = e§ —ef).
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Chapter 6

Matrices

We will now be more precise with the notation and distinguish between vectors, forms and operators and their expressions
in various bases. We will denote & the vectors in the (finite dimensional) vector space X, ¢ € X* the linear forms and
A: X =Y the linear operators from X to Y.

Once we pick a basis {e;}=1,..n, any vector will decompose uniquely as z = Zﬁl z'e;, with z* the components of the

vector in the basis. These components can be organized in a column vector:

x! 1 0 0
2
0 1 0
T = .73 =$1€1+...$N€N7 er=\|.1:; =11, - en=1.1,
v 0 0 1

where the entry 4 in the column vector x corresponding to x € X is the component z° of the vector in the direction e;. In
particular, the basis vectors are columns with only one entry 1 and the other 0. In a basis, any vector space X is identified

with the vector space RY or CV of column vectors.

Choosing a basis in the N dimensional vector space X and a basis in the M dimensional vector space Y allows us to
represent the linear operators A : X — Y as M x N matrices, that is a table of numbers with M rows and N columns.
In detail, let {e;},-1.. .~ be a basis in X and {Bj}jzll__N its dual basis in X*, that is 67 (ey,) = 5%, 0;‘(22\/:1 z¥er) = 2% and
respectively let {f;,pu'}iz1,a be a pair of dual bases in Y and Y*. For any vector in y € Y we have y = Z?fl yifi =
Zf—vfl ' (y)fi, and the linear operator A: X — Y decomposes in the tensor product basis f; ® 67 as :

M

N
Filw' (Aep)]a? =37 3 [n'(Aey)] f:6 (z)

i=1j=1

N ) N ) M N
Az = Zfz‘ﬂl (A(z)) = §fiul (A(le]ej ) Z

i=1j

EM:

<.
<.

[,U' (Ae])] fiet .

||M?

We denote ui(Aej) = Aij = a;; and call (a;j)i=1..n,j=1..m the matriz elements of A in the given bases. For instance, the
identity operator on a vector space V, Z:V -V Z(v) = v writes as T = Zi‘L e; ® 0" and has matrix elements Iij =0y;.

As a point of notation, we use calligraphic letters 4, B and so on for operators, capital letters A, B and so on for the
matrices of these operators in some bases, capital letters Aij,Bij for the matrix elements if we track the position of the

indices and lower case letters Aij = a;j, B = bi; if we write all the indices in subscript.

J
The numbers (a;;)i=1...~,j=1...; form a matrix, that is a table with M rows and N columns, having thus M x N entries

a;j, which are just (real or complex) numbers. We denote My (F) the space of M x N matrices whose entries a;; belong
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toF=R,C:

a1 ai1N
AeimeN(IE‘), A=

apr1 aprN

The action of the operator A : X — Y on a vector & is the row-column multiplication of the corresponding matrix

A € Muren (F) with column vector z € FYV, that is the component i in the basis f; of the vector Az is:
u'(Azx) = (Az)' = Z Aljx] = Z a;;x’
j=1 j=1

which writes in terms of tables of numbers:

.’131 331 1 N
ail aiN 9 ail aiN 9 apr +---+aINT
. :I: . x
A: . s xTr = . Aw: . X =
: N 1 N
apl .- QAQMN N amypmlr ... QMN N apyxr  +--+apynNT
X X

In words, one multiplies term by term the entries in the rows in A with the entries in the column vector and ads up the
results.
The linear forms ¢ : X — F are represented as 1 x N matrices, that is line vectors. The form ¢ = Zf\il 00" acts on

vectors as p(z) = XL, ¢;607(x) = XL, ¢;27 and it is represented by the line vector:
o=(e1 w2 . en), 0'=(1 0 ... 0), =01 .. 0, =00 .. 1)

Note that, while the components z7 = 87 (x) of the vector & and the matrix elements A*; = u’(Ae;) of the operator A
depend the bases we have chosen, the vectors  and Az are basis independent. We will see later that, in order to reflect
this, the components of vectors and the matrix elements of operators change in a precise way when changing basis. The

identity operator is special: its matrix elements in any basis are [ Z =0di;.

6.1 The algebra of matrices

Once we fixed bases, the set of operators is B, (X,Y) with dim X = N and dimY = M is represented by the set of matrices
Maswn (F) and consequently the matrices form a vector space with (A+B)*; = a;;+bs; and (aA)"; = aa;j, that is entry-wise
addition an multiplication by scalars. The dimension of this vector space is M x N, and a basis consists in the matrices
associated to f; ® 87:

J
0 0 0
(fi80) = (Bt =6f6  Eapn=ilo ... 1 ... 0
0 0 0

In order to simplify the notation we often suppress the tensor product symbol.
Linearity operators can be composed, that isif B: X - Y and A:Y - Z with dim(X) = N, dimY = M, and dim(Z) = P
are linear operators, then Ao B: X — Z is a linear operator. Fixing bases {e;,0’}, {f:,u'}, {hr,p"} in X, Y respectively
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Z, and taking into account that the identity in Y is ¥, f;0%, the matrix element of the composition is:

M=dimY

p*[AcB(e;)]=(A-B)*; = 3 p"LA(f)] ' [Bles)]
i=1
corresponding to the the row-column product of then two matrices:

M ) M
AeMpun(F), BeMyun(F), A-BeMpun(F),  (A-B)Y =3 ANB' =3 apbi; .
j=1 j=1

In terms of tables of numbers one multiplies term by term the rows in A with columns in B and adds up the results:

air ... aip b11 blN a11b11+...a1MbM1 a11b1N+...a1MbMN
= : apibii + -+ aprmba;

apy ... apm le bMN ap1b11+-~+aprM1 ap1b1N+~~+aprMN

In particular the basis matrices are matrix products F(;;) = f; -#7. Note that the identity matrix with matrix elements
Iij =0;; is an identity for the matrix product A-I=1-A=A.

Definition 6.1 ( Algebra over a field ). An algebra MM over a field of scalars F is a vector space over F endowed with a

bilinear product - : M x M — M. The bilinearity of the product can be states equivalently as:
o (right distributive) (A+B)-C=A-C+ B-C for any A,B,C €M,
o (left distributive) A-(B+C)=A-B+A-C for any A,B,C €M,
e (compatible with scalars) (a A)-(8B) = (af) (A- B), for any o, €F and A, B € M.

The algebra is associative if - is associative A-(B-C) = (A-B)-C, commutative if A- B = B-A, and unital if - has a unit
element I -A=A-1=A.

The set of N x N matrices, My« (F) with the matrix product is an associative unital but non commutative algebra
over F. The same holds for the set of operators B,y (X, X) with the composition. For convenience, we supress from now

on the - in the matrix product.

Theorem 6.1 ( The left and right inverses of a matrix are equal ). Let A be a N x N matriz. The left inverse of A, if
it exist, is the matriz L such that LA = I, and the right inverse is the matriz R such that AR = I. If the left inverse of a
matriz exists then the right inverse of the matriz exists and the two are equal.

In any associative unital algebra, if both the left and the right inverses exist then they are equal.

Proof. Consider a finite dimensional vector space V, and ® : V - V injective (®(vy) = ®(v2) = v1 = vy = ker(®) = 0). By
the rank nullity theorem, dim(Im(®)) = dim V" hence Im(®) = V' and ® is surjective.

Consider A a matrix with left inverse L. We define the linear operator ® : My n (F) > Myxn (F), ®(X) = AX. Then
P(X)=0e AX =0« LAX = X =0, hence dim(ker(®)) =0 and ® is surjective and there exist R such that AR =1I.

If both the left and right inverses exists then L = L(AR) = (LA)R = R. O

Note that this is trivial when recalling that a matrix represents an operator in some basis. By the rank nullity theorem

an operator A: X — X is surjective if and only if it is injective (it has zero kernel) and in this case it is invertible.
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6.2 Change of basis

Vectors and linear operators are intrinsic notions and do not depend on a particular basis, but their representations
(components of vectors, matrix elements and so on) do. For instance the matrix associated to an operator A: X - Y in

some bases has entries a;; = p*(Ae;) hence depends on the basis vector e; and forms p’.

Let us assume we have a basis e; in X and we select a new basis €;. As both e; and €; are bases, we can decompose the

vectors in the new basis as linear combinations of the vectors in the old one:

St

N
o j _ . (=~ ~
ei—ZejSi, €; = : 5 S—(el 61\1)7
j=1 SN

3

where the last notation signifies that the matrix S is just the matrix obtained by juxtaposing the column vectors é;
corresponding to the vector é; decomposed in the basis e;. We can of course expand e; on the basis €;, e; = }; éiji =

Xl e,S"! ij , and, as the e;s are linearly independent, we conclude that @ = 571, hence in particular S is invertible.

The dual basis changes accordingly (where all the sums are understood to run from 1 to N):
O =3(S") 60, 6@ =>(5"),¢ (Zelslk) =3 (S80S =0
J J l 4,0
The components of a vector ¥; v'e; and of a form ¥, 0%, with v’ = 8*(v) and ¢; = p(e;) transform as:
7 =0'(v) = ;(S_I)iﬂj(v) = ;(5_1)ijvj O ;@(ej) 57 = ;wsji ;

and we say that ¢; transforms covariantly, as it transforms like the basis elements e;, while #* and v* transform contravari-

antly. The matrix elements of an operator A : X — X transform under a change of basis as:

Al =6'(A8;) =3 (571" 8" (Azeqsqj) =2 (57 A ST = [STTAST
l q

l,a

Note that, consistently, Ao = (S~1A45)S v = S~1(Av).

Two matrices related by a transformation A = S™'AS, for S some invertible matrix are called similar, and similar
matrices correspond to the same operator expressed in different bases. The matrix of an operator A: X — Y changes under
a change of bases in both X and YV as A=T"1AS.

Definition 6.2 ( The trace ). The trace of a square matriz is the sum of its diagonal elements, Tr(A) = ¥, A", = ¥, a;;.
The trace is cyclical Tr(AB) = Tr(BA) and it is invariant under a change of basis, Tr(S™tAS) = Tr(A).

As it is common in the literature, when no risk of confusion arises, we will conflate the operators with their matrix
representation in some basis. We will then talk about the kernel of a matrix consisting in vectors in the kernel of the
corresponding operator expressed in the appropriate basis, and so on, of course keeping in mind that the matrix is basis

dependent.

In order to simplify the notation, from now on we write the matrix indices in subscript.
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6.3

Gaussian elimination

Matrices can be brought into a standard form by linear manipulations. The algorithm we present below is used to determine

the kernel and image of a matrix, to solve system of linear equations with constant coefficients and to compute the inverse

of a matrix (if it exists).

Consider A € My v (F) a M x N matrix. The process of Gaussian elimination simplifies the matrix thorough a sequence

of the following steps:

swapping two rows, say ¢ and j of the matrix A, that is A - SA with Sy, =1ifn#4,4, S;; =5 =1 and all the other

entries set to 0.

multiplying one row by a non zero constant, a;e - «a;e (the dot signifies that we apply the operations along the
entire row), that is A - D% A with (D% = 01 + (@ — 1)0;64:

(DL A kg = > (8 + (a0 = 1)ik0i0 ) arg = arg + (0 = 1)dikaiq -
l

taking a linear combination of two rows, a;e = @je + @, that is A — LE9 A with (L9 ) gy = 0p + ab;, 651

(LZjA)kq = Z(akl + a&kéﬂ)alq = Qkgq + aéikajq .
l

Exercise 6.1. Prove that $*> = D' D' = L3 L% = .

-

As all the elementary operations are invertible, the matrix obtain after any sequence of such operations can be written

as B

= F A for F some invertible M x M matrix.

Construction 6.1 ( Gaussian elimination ). Using a combination of these operations one reduces the matriz as follows:

if an entry on the first column is non zero, by permuting the rows we can always bring it in the position a11. For all
the rows with 1 > 1, we take the row linear combination a;e — G0 — Z—ﬁal.. This sets all the entries on the first column

a;1 with 1> 1 to 0 and we pass to the next column.

when we reached the column k, we only look at the rows with i > k. If any of these rows has a non zero entry in the
column k, by row permutations we can bring it in the position axr. For all the rows below, that is with i > k, we take

the linear combination ;e — Qje — %ak., which sets all a;, =0 for i >k and we pass to the next column.
at the end of these sequence of steps we obtain the row echelon form of the matrix, which is such that:

— all the rows with only zero entries are at the bottom.
— the left-most nonzero entry in every nonzero row (called the leading entry, or the pivot) is on the right of the

leading entry of every row above.

we use rescalings to set all the pivot entries to 1, and linear combinations of the rows to set to zero all the elements

above the pivots. This leads to the reduced row echelon form (RREF) of the matrixz, which is unique.

We call dominant the columns in the RREF which contain the pivots, and non dominant the other ones.

An example of Gaussian elimination applied to a matrix goes as follows:

3 1 9 1 3 1 9 1 3 1 9 10 -2 -3
1 -1 1]-]o -2 2 =s|-]o 2 2 =g|l-]o 1 1 4 :(f1 fo —2f1 4+ fo —3f1+4f2),
11 5 35/ \o 2 2 8 00 0 0 00 0 0
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where we denoted fi, f2, f3 the standard basis in F3.
Theorem 6.2 ( The RREF of a matrix is unique ). The RREF of a matriz A is unique.

Proof. The dominant columns in a RREF are the elements in the standard basis fi, ... fas in RM encountered in this order.
The non dominant columns are linear combinations of the dominant columns which situated at their left, with coefficients

exactly the entries in the column. It follows that a RREF writes on columns like:

(fl e e Shiaifi Yiiqusefi o fi )

If a column is identically zero, we see it as a linear combination with zero coefficients of the columns at its left. In particular,

any matrix which can be obtain from B as a product F'B with F' some invertible matrix will have the form:

(Ff1 e ka Zf:l aik+1Ffi Zi—il CVik+2Ff7; Ffl .. ) .

If B’ is a RREF of A, then B’ = FB and its dominant columns must reproduce fi,... fas in R in this order. Thus the first
k dominant columns must respect F f1 = f1, F' fo = fo, up to fx = F fx. Then the first non dominant column is Zle i1 F f;
which equals Z?zl k41 f; and iterating we conclude that B’ = B. O

6.3.1 Finding bases in the kernel and the image of a matrix

The columns of the matrix A can also be interpreted as the column vectors Ae;, with eq,...en the standard basis in RV,
As A = FB with F invertible and B the RREF of A, it follows that:

(A61 N AGN) = (Ff1 ce ka Zle aik+1Ffi Zf:l aik+2Ffi N Ffl .. ) 5
and we conclude that:

e a basis in the image of A, which is the span of its columns Ae, ... Aen, is Ff1,Ffa,...,Ff;,... (from the RREF it
is clear these vector are spanning, and they are linear independent as F' is invertible). A basis in the image is given

by the dominant columns of A, that is the columns which contain the pivots after reduction to the RREF.

e each non dominant column of A yields a relation Ae; = ¥, ; a; Ae;, hence a non trivial vector v; = e; — ¥, ; a;je; €
ker(A). All such vectors are linearly independent. Indeed, denoting J the set of indices of the non dominant columns,
let us assume that:

PIRTEDINT (ej - Z%@i) =0.

jeJ jeJ i<j
Denoting jmax the maximal index in J, e;_ _ is multiplied only by «;_..  in this linear combination, hence ~;_ . =0
as the e;s are linearly independent. Iterating we conclude that v; = 0. As we have built N - dim(Im A) linearly

independent vectors in ker(A), they form a basis by the rank-nullity theorem.

Consider for instance the matrix A with RREF B as before:

13 1 9 10 -2 -3
A=f1 1 <1 1|, B=lo1 1 4|=(h £ 2fi+f -3h+4f).
3 11 5 35 00 0 0
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where we denoted fi, f2, f3 the standard basis in C3. We have the bases:

2 3
1 3
Im(A): Aei=|1], Aea=| 1], ker(A): e3+2e;—ep= ) , eq+3e1 —4deg =
3 11
0 1
Indeed, ez + 2e; — e2 and ey + 3e; — 4ey are linearly independent and:
2 3
1 3 1 9 1 2-3+1 1 3 1 9 3-12+9
-1 1 1 =|12-1-11], 1 1 -1 1 0 =] 3-4+1
3 11 5 35 0 6-11+5 3 11 5 35 1 9-44 + 35

1;2 3:2 731 5 2:1
One can reconstruct B = L} D%lle L7 L7 A,
2

6.3.2 Solving systems of linear equations with constant coefficients

Any system of M linear equations with N unknowns and constant coefficients:

1 N 1 1 N 2 1 N M
apxr +---taiNr =Y, a1x t+-c+aaNT =Y, ..., apnx e+ apyNT =Y,

can be written as a matrix equation Ax =y with:

a a 4
11 1IN
.132 y2
A: y L= y Y=
aprr - ap N ’ :
:CN yN

There are three cases:
e y¢Im(A). In this case the system has no solutions (the system is incompatible).
e yeIm(A) and ker(A) = 0. In this case the system has a unique solution (the system is compatible determined).

e yeIm(A) and ker(A) # 0. In this case the system has an infinity of solutions (the system is compatible undermined).
The set of solutions {z, Az = y} is an affine space over ker(A), that is given xo a particular solution of Axg = v,
{x, Az = y} is the affine subspace g + ker(A) of CV.

We define the augmented matriz of the system [Aly] as the matrix consisting in the matrix A with an additional column
y. In order to determine in which of the three cases we are (and solve the system if possible), we observe that x is a solution
of Az =y if and only if x is a solution of RAz = Ry for any invertible R, that is « is a solution of the system with augmented
matrix [RA|Ay]. The system becomes trivial if [Aly] is brought in RREF, [B[Y'] namely:

e if the last column, Y, is dominant, then in the system of equations corresponding to the RREF one of the equations

reads 0 = 1, hence the system is incompatible.
e if the last column, Y, is non dominant, then:
— either M = N and the RREF of A is the identity, B = I. In this case the system has a unique solution z =Y.
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— or the non dominant columns in B lead to a basis in ker(A) and a particular solution is :cé(i) =Y, where j(i)

is the label of the i’th dominant column, and we complete xy with 0 on all other entries.

As examples, we consider the systems of equations with augmented matrices (we eliminate the vertical line separating
y in order to simplify the notation) below:

11 -3 4 1 1 -3 4 1 1 -3 4
21 -1 2f—-|0 -1 5 -6|—-]0 -1 5 -6
3 2 -4 7 0 -1 5 -5 0 0 0 1

The last column is dominant and the system incompatible (no solution).

11 -3 4 1 1 -3 4 1 1 -3 4 10 2 -2
21 -1 2f-~»|0 -1 5 -6{—-J0 -1 5 -6]—-]0 1 -5 61,
3 2 46 0 -1 5 -6 0 0 0 O 0 0 0 O

A basis in ker(A) is eg — 2e; + 5eq, and the general solution writes:

-2 -2
rz=]6 |+t] 5

1 2 4 23 1 2 4 23 1 2 4 23 1 2 4 23 10 -2 -9 1 0 0 -5
111 7¢/-]]0 -1 -3 -16|—-]0 1 3 16|—-]0 1 3 16|—-]J0 1 3 16|—~|J0 1 0O 10
4 2 1 2 0 -6 -15 -90 0 0 3 6 0 0 1 2 00 1 2 001 2
The solution of the system is unique:
-5
z=|10
2
1 -1 1 -1 1) (1 -1 1 -1 1 1 -1 1 -11 10 -2 -3
_ 5 2 5 2
2 1 -3 0 2]=|l0 3 -5 of-J0 1 -3 £ 0|—=J0 1 -3 £ ,
5 -2 0 -3 5 0 3 -5 0/ \0 0 0O O O 00 0 O
The solution of the system is:
1 2 1
3 3
0 5 _2
x= +t1 ]3|+t 3
of {1 ] o
0 0 1

6.3.3 Computing the matrix inverse

Let A be a N x N matrix. The inverse of A is such that AC = I or, looking at the columns, the column vectors of the

inverse solve the equations AC; = e;, with e; the i’th basis vector in the standard basis. The augmented matrix of these N

56



6.4. The determinant

systems of N equations is [A|I], where the i’th column of the identity matrix is e;. All these systems can be simultaneously
solved if and only if the RREF of A is I and in this case the RREF of [A|I] is [I|C']. For instance:

124100 1 2 4 1 00 10 -2 -1 2 0 10 -2 -1 2 0
111010|-f0 -1 -3 -110f-f01 3 1 -1 0|-]01 3 1 -10
421001 0 6 -15 -4 0 1 00 3 2 -6 1 00 1 2 -2 3
2 1 2
100 3 -2 2 124g 2 100
-lo 10 -1 5 -1}, 111 -1|=]0 1 0
2 1 2 1
o001 2 -2 1 421g i 001

Note that A is invertible if and only if ker(A) = 0, that is the only solution of Az =0 is x = 0. If A is not invertible,

then Az = 0 admits a non trivial solution.

6.4 The determinant

The determinant of a N x N matrix is a degree N homogeneous polynomial in the matrix entries with some special properties.
We denote S, the symmetric group, that is the group of permutations of n elements with group operation the compo-
sition:
={o:{1,...n} > {1,...n}, o bijection}, ISy =n!.

The composition of permutations is also called the product of permutations. A permutation is sometimes denoted in a two

:( 12 N)
o(l) o(2) ... o(N)]’

and a rearrangement (permutation) of the columns denotes the same permutation.

line notation:

Any permutation can be decomposed into disjoint cycles o = (p,a(p),o2(p)...)(¢,(q)...) ..., where each cycle collects
all the iterated images p,o(p),... in the order in which they are encountered. A fixed point o(p) = p is denoted (p). A
cyclical permutation of the elements in a cycle leads to the same cycle (p,o(p)...c7*(p)) = (¢71(p)po(p)...). For instance

123 4 123 4 123 4 123 4
(1 2 4 3):(1)(2)(34)’ (2 14 3):(12)(34)’ (2 3 1 4):(123)(4), (2 Y 1):(1234).

We denote d; the number of cycles of length i in the cycle decomposition of o, and the cycle type of o is the collection

{d;}i>1. Two permutations have the same cycle type {d;}:1 if and only if they are conjugated oy = 7oom~! for some 7 € S,,.

Exercise 6.2. Prove that two permutations have the same cycle type if and only if they are conjugated. i7o4i)=j andoy = nogx=

then o1 (7 (i)) = w(j). Listing the cycles of oo and the replacing all the a by w(a) we obtain the cycles of o1 . Conversely, we list the cycles of oo on a line and the cycles of o1 immediately below, making

sure that the cycles match in length top and bottom, interpreting this as a two line notation for a permutation 7, o1 = wogm L.
: . y , Yidi=n n!
Exercise 6.3. Prove that there are e ] =g distinct permutations with a cycle type {d;}is1. Prove that 2450 T d

We list the permutation T in cycle notation. The n! permutations 7 of the labels (balls) while keeping the cycles of T (bowes) fived generates all the permutations of the same cycle type. However, the permutations

=nl.

are over counted: a permutation w whose only effect is to permute circularly the labels in a cycle of T lead to the same T, and a permutation 7 whose only effect is to permute all the labels in a cycle with all

the labels in another cycle of the same length preserving their order also leads to the same T, hence T is generated T1; d;1i%i times by the n! permutations of labels 7. For the second part:
Sid;=n .
My ot - [e—m(l—w)] ol
1; ’ d; ’ zn o
d;>0 TI;d;li% d;>04>1 d;li o g
where [...],n denotes the coefficient of @™ in a formal power series.
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Exercise 6.4. Prove that there are ways to distribute N labelled balls into di bozes of size 1, ds bozxes of size 2

n!
I, di! (i) i

and SO OMN.As before, with the exception that any permutation of the labels of all the balls in the same box leads to the same assignment of balls to bowes.

A transposition is a permutation with only one cycle of length two, and n—2 cycles of length 1. Any permutation can be
written as a product, that is a composition, of transpositions. Indeed, any permutation is a product of its cycles completed
by fixed points and any cycle writes as a product of transpositions (where the product is read left to right and we do not

write the fixed points in the transpositions):

0)=(mn ) (o @) (o a).

A cycle of length ¢ needs i —1 transpositions, and a permutation of a give cycle type needs ¥, d;(i—1). The signature of the

(a1 az as

permutation e(o) = (1) di(i=1) tracks the parity of the number of transpositions in such a decomposition. Equivalently, a
permutation is odd (signature —1) if the number of cycles of even length of the permutation is odd and it is even (signature
+1) otherwise. The same permutation can be decomposed in transpositions in many different ways, but the parity of the
number of transposition is the same in all such decompositions.!

The signature of a product of permutation is the product of signatures of the permutations (as we can first decompose

both permutations in transpositions and then multiply to obtain a product of transpositions).
Exercise 6.5. Prove that €(7) = €(771) .+ and == have the same cyete type.
Exercise 6.6. Prove that a permutation can be written as the product of its cycles, completed by fized points, for instance

(12)(34) = (12)(3)(4) - (1)(2)(34).

Definition 6.3 ( The determinant ).

is the polynomial:

The determinant of a square N x N matriz A € My n(F) with matriz elements a;;

ai1 a1N

det(A) = | : -

anN1

2

ceSN

(o) H Aio (i) -
i=1

NN

The determinant is the unique function det : My« n (F) = F such that det(I) =1, is antisymmetric under permutations

of the rows of A, linear in each row and zero if two rows coincide.? In detail, denoting r1,...7n the rows of the matriz:

. . 1 T
r+nr 71 71 ary 1
T2 T2 T2 Qarg T2 :
=T ) 1 Eel L] ri|= (1)
TN TN rN ary N
N N

The same properties hold for columns, as det(A) = det(A") with the transposed matriz defined as (A');; = aj;.
The minor det(Ay ;) of A is the determinant of the matrixz obtained from A by erasing the rows with indices in K and
columns with indices in J (this is defined only for |K|=|J|). Minors can also be defined for M x N matrices and correspond

to determinants of square sub matrices.

1The group Sy, is the group of words with generators 7; = (4,7 + 1) and relations Tf =1, TiTi41Ti = Tis1TiTig1 for ¢ < m and 775 = 757y if
[i = j| = 2. All the relations preserve the parity of the number of letters of the words.

2 Antisymmetry follows from noting that for any 7 fixed permutation, Yoesy €(0) TIiz1 ar(iyo(i) = €(T) Loesy €(0) TTiLg @i (s) and trivially
implies the determinant is zero if two rows coincide. Linearity is obvious as the determinant is a homogeneous polynomial of degree 1 in the
entries in each row.

3We have Yoesy €(0) ITitq Ao (iyi = Loesy €(0) T1521 @po-1(jy0-1(;)» and we change summation variable to oL
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The determinant of a diagonal matrix is just the product of the diagonal entries:

MO ... 0
0 XA ... 0
Cr =Ada. A,
0 0 ... v

as in this case only the identity permutation contributes. The same holds if the matrix is upper (or lower) triangular:

N
aij=0, i>j =det(A) =[] au.

i=1

a1l a2 ais
aip a2

Exercise 6.7. Prove that =a11022 —A21Q12 and a21 Q922 Q23| =0a11022033 +a12023031 + Q13032021 — Q11023032 —

az; a2
az1 asz ass
12021033 — A130310A22.

An important property of the determinant is that it respects the matrix product.

Proposition 6.1 ( The determinant respects the matrix product ). For any two N x N matrices A and B we have
det(AB) = det(A) det(B).

Proof. By linearity of the determinant in the columns we have:

Shoabin o Theaayybian|
det(AB) = : : =5
ji=l  j

N N
Yj=1anbj - o1 aNjnbin N anj, ... GNjy

14, 15N

1=

bjll ...ijN
1

If two of the js are equal, the last determinant has two identical columns and is zero. Ordering the j’s and taking into

account that the determinant is antisymmetric by permutation of the columns we get:

det(AB) = det(A) ), €(0)bj, 11 -+ bj,nyn = det(A) det(B) .

O'GSN

This leads to the following crucial remark.

Corollary 6.1 ( The determinant is basis independent ). Under a change of basis a matriz changes like A=5"1AS, and
det(A) = det(S~!) det(A) det(S) = det(A) det(SS~1) = det(A), that is the determinant is invariant under a change of basis.

This might seem surprising at first sight as the matrix elements change under a change of basis, and the determinant is
a complicated polynomial in the matrix entries.
6.4.1 The determinant and the inverse of a matrix

Lemma 6.1 ( A is invertible if and only if det(A) #0 ). Let us denote B the row echelon form of A. Then

N
idet(A) = det(B) = Hb“ .
i=1
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We have seen that a matriz is invertible if and only if its RREF is I, or equivalently all the diagonal entries in its row

echelon form are non zero by; #0 fori=1,... N, therefore A is invertible if and only if det(A) # 0.

Proof. Up to a sign, the determinant is invariant under the linear manipulations which bring A to its row echelon form. This
can be checked by observing that the matrices S which encode row permutations and L%’ which take linear combinations

of rows have determinant +1 (L%7 is either upper or lower triangular). O

Lemma 6.2 ( det(A) =0 if and only if the columns of A are linearly dependent ). Let us denote B the row echelon form
of A. det(A) =0 if and only if B has at least a row of 0, hence at least one non dominant column and a linear relation

between the columns.

The determinant gives a criterion of invertibility for matrices. A recursive way to compute the determinant is given by

the following theorem.

Theorem 6.3 ( Cofactor expansion of determinant ). The determinant of a matriz can be computed by expanding along

the rows:

N . .
det(A) = Z(—l)“Jaij det(A;;j) , Vi=1,...N,

J=1
where the cofactor det(Agj) is the determinant of the matriz obtained by deleting the row i and the column j in A. The

same holds when expanding along columns, as the determinant is invariant under taking the transposed.

Proof. Without loss of generality we fix i = 1 and we classify the permutations o according to o(1):

N o(1)=j
dCt(A) = Z Z 6(0’) Qa1j H ai/o.(i/) .
j=1 oeS, i'#1

Each term above is the determinant of a matrix with only one non zero entry on the first, row a;; and all the others set to

0 (that is the determinant is linear in its first row):

aiq ai12 a1 N ail 0 0 0 a2 0 0 0 a1N

anN1 anN2 aNN anN1 Qan2 aNN anNi1 an2 aN N anNi1 anN2 aN N

and by permuting the columns, the j’th term is:
(_1)j+1 a’lj 0

h = (-1 Y e(o)I:Ibw(iw

ogeSy,

ij
where we labelled the elements of the new matrix generically by b;;. Now, the only non trivial element on the first row is

bi1 = a1;, hence the only permutations contributing must have ¢(1) = 1. Such a permutation consists in a cycle (1) and a

permutation 7 on {2,...n -2}, with ¢(7) = €(o), hence

(-1)7** Z e(o) wa(i) = (—1)j+1a1j Z e(7) ﬁbi'r(i) = (-1)7*! aij det(Aij) .

oeSy, T€Sh-1 =2

This cofactor expansion allows us to give an explicit formula for the inverse A™! of any matrix A with det A # 0.
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Corollary 6.2 ( Inverse of a matrix ). If A is a N x N matriz with det(A) # 0, then A is invertible, that is there exist a
matriz A~ such that (AA™) s, = (A™YA)ip = 0;x. The inverse matriz has matriz elements:

(A7), = det(A)( 1) det(Ay)

where we stress that the indices of the cofactor are permuted. If A represents the operator A in some basis, the inverse

matriz A™' represents the inverse operator A™' in the same basis.

Proof. We have:

N 1 N .
-1y (A1 _ C(—1)ktd ) .
(AA™ )ik jEZl aij (A )jk det(A) j§:1 a;j(=1)"" det(A;)

By the cofactor expansion, if j = k, then the right hand side is 1. If j # k, then
N

> ai (-1 det(Ay;)

is nothing but the determinant of the matrix A, where the k’th row has been replaced by a copy of the i'th row. As this

matrix has two identical rows, its determinant is zero. O

A matrix is invertible if and only if it has zero kernel, that is ker A = 0 < det A # 0.

Corollary 6.3 ( Cramer’s rule ). Let A be an invertible N x N matriz. Then the system of equations Ax =y has a unique

solution x = A~ y and, using the formula for the inverse and the cofactor expansion of the determinant we have:

det(A?)
detA ’

N
i+J J—
detA Z::( 1) det(Ay;)y

where the matriz A® is obtained from A by replacing the column i with the column vector y.

6.4.2 Block matrices

Often one deals which are partitioned by some criterion into blocks. Consider four matrices: A of sizes M x M, B of size
M x N, C of size N x M and D of size N x N which are organized in a (M + N) x (M + N) matrix:

A B
C D)
Proposition 6.2 ( Determinant and inverse of a block matrix ). If B =0 then the determinant of the block matriz is:

01 det(A) det(D) ,

g
and similarly if C =0. If A is invertible then:

A B
l ‘ =det(A)det(D-CA™'B),
C D

61



6. MATRICES

and if D is invertible it is det(D) det(A - BD™*C). If both A and D are invertible, then the inverse of the block matriz is:

A+ AT'B(D-CAT'B)'CA™ -A'B(D-CA'B)™!
-(D-CcA?'B)'CcA™? (D-CA'B)!
(A-BD'0)™? -(A-BD™'C)'BD!

-D'C(A-BD'C)"' D'+D'C(A-BD'C)'BD!')

Proof. Assume the block B = 0. Then, as the entries ¢,5 for i € {1,...M} and j € {M +1,...M + N} in the block
matrix are zero, the permutations which contribute to the evaluation of the determinant of the block matrix must respect
o({1,...M})c{l,... M} and consequently c({M +1,... M + N})c{M +1,... M + N}. It follows that o factors into two
permutations each acting on one of the subsets of indices leading to:
0 det(A) det(D)
=de e ,
C D

and similarly if C' = 0.

If A is invertible, then, denoting Iy and Ij; the N x N respectively M x M identity matrix we have:

_ -1 _g-1
A B =det A B det T B =det A B det 40 det A ATB
C D C D 0 Iy C D 0 Iy 0 In

A B Al —A'B I 0
= det(A) det det =det(A)det| M = det(A) det(D - CA™'B)
C D 0 In CA™' D-CA'B

)

and the corresponding manipulation works if D invertible. The last part is just a direct check. O

6.5 Minors of a matrix

Let us consider a M x N matrix A, where M can equal N or not. We denote A;; = (aij)iE]’JEJ, where I is a set or row
indices and J a set of column indices the sub-matrix consisting in the rows with indices in I and the columns with indices
in J. Ayy is a square matrix if |I| = |J|, and in this case the determinant det(A;;) = [A;s] is called a minor of the matrix
A. If A is a square matrix, A;; are called the principal minors of A. A matrix has many minors and some of them can be

zZero.

Proposition 6.3 ( Minors and rank ). The rank of A is the dimension of the image of A, rank(A) = dim(Im(A)). The

matriz A has rank r if and only if it has a nonzero r x r minor.

Proof. If r columns of A are linearly dependent then all the r x » minors of A containing these columns are zero (as their
columns are linearly dependent). Conversely (up to a permutation of the columns) if all the r x r minors of A containing

the first r columns are zero, bringing A in its RREF:

(Ael ce ABN) = (Ff1 cen ka Zle Oéi;ﬁ.lFfi Zf:l aik+2Ffi ce Ffl ‘e ) 5
with F' is invertible we conclude that r > k£ hence the r columns are linearly dependent. O

The determinant of a product of rectangular matrices can be computed in terms of the minors.

Theorem 6.4 ( Cauchy-Binet formula ). Let A be an M x N matriz and B be a N x M matriz with M < N. Let

1<ji<...<jm <N and denote A; the M x M sub-matriz of A with column indices ji,...jm and B; the M x M

1. JM 1. JM
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sub-matriz of B with row indices ji ...jn - Then:

det(AB) = Z det(Ajl---jM ) det(leij) .

1<j1<...<jm <N

If M = N this is reduces to det(AB) = det(A) det(B).

Proof. The proof parallels the case N = M. By linearity of the determinant in the columns we have:

N N
Zj1=1 a1, bj11 cee ZjM=1 A1y bjMM A, - Qljy

N N
det(AB) = =2 2 b by
Ji=l jm=1

SV an, b SN L aarnb; an; an;
j1=19Mj Y51 .- ga=1 Y Min Vi M Mg .- Mjm

If two of the js are equal, the last determinant has two identical columns and is zero. Ordering the j’s and taking into

account that the determinant is antisymmetric by permutation of the columns we get:

det(AB) = Z det(Aj1~--jM) Z E(U)bjgu)l ce bjg(M)M = Z det(Ajl-ujM ) det(len-jM) :

1<j1<...<jMmM <N oceSp 1<j1<...<jm <N

As a direct consequence, the minors of a product of rectangular matrices can also be computed.

Corollary 6.4. Let A be an M x N matriz and B be a N x P matriz with M < N and let I ¢ {1,... M} respectively
Jc{l,...P} with |I| = |J|. Then:
det[(AB)U] = Zdet(A[K) det(BKJ) s
K

where K runs over all the subsets of {1,... N} with |K|=|I|=|J|.

Classifying the permutations by their fixed points one can write a diagonal expansion of the determinant.

Lemma 6.3 ( Diagonal expansion of the determinant ). Let A be a N x N matriz and let I c {1,...,N}. We denote A;;

the sub matriz of A obtained from A by deleting the rows and columns with indices in the set I. Then:

det(A)= > det(A;7) []ai-

Ic{1,...,N} iel

6.5.1 The matrix tree theorem

Definition 6.4 ( Graph ). A graph G = (V, E) is a finite set of vertices V = {1,...N} and a set E = {(i,5)|i,j € V} of
edges, that is pairs of vertices.* A subgraph of G is a graph having the same vertices as G, but only some of the edges. A

root of the graph is a marked vertex, say the verter 1.

Examples of graphs are:

Gi1:N=3, E={(1,2),(1,3),(2,3)}
Go:N=4, E={(1,2),(1,3),(1,4),(2,3),(3,4)} .

A path in a graph is a sequence ed edges e1,...e, such that any two consecutive edges share a vertex e;nej 1 + @. A
path can also be identified by the ordered list of vertices ig, i1, .. .4, it visits, eg = (ig,41),e1 = (i1,92),...€n = (in-1,4n). A
path is simple if all the intermediate vertices vy, ...v, are different and a simple path is a loop (or cycle) if ig = i,,. Any

path can be decomposed into simple paths and cycles.

4Gelf loops and multiple edges are excluded.

63



6. MATRICES

Definition 6.5 ( Connected graph, tree ). A graph is connected if any two vertices of the graph can be connected by a
path. A graph is a tree if it is connected and has no loops. In a tree any two vertices are connected by only one simple path
(if two different simple paths exist, their union contains a loop). We denote k(G) the number of subgraphs of the connected

graph G which are trees.
Lemma 6.4. A graph over N vertices is a tree if and only if has no cycle and has exactly N — 1 edges.

Proof. Deleting any edge in a tree disconnects the graph, that is it increases the number of connected components of the

graph by 1. Indeed, any edge (i,7) partitions the vertices in the tree into two sets

e the vertices in the subset I which are connected to the vertex ¢ by simple paths which do not pass through (4,7).

They are connected to j by adding (7, 7) to the paths connecting them to i.

e the vertices in the subset J which are connected to the vertex j by simple paths which do not pass through (4,7).
They are connected to ¢ by adding (i,5) to the paths connecting them to j.

All the simple paths connecting vertices in I to vertices in J pass through (4,7). Deleting (,7) cuts all the paths that pass

through (4,7), hence splits the graph into two connected components containing the vertices ¢ and I respectively j and J.

Iterating the edge deletions, the process stops when all the edges in the tree have been deleted and the graph has one
vertex per connected component, thus at the end one has exactly N connected components. As T had one connected

component, it follows that exactly N — 1 edges deletions have been performed.

Conversely, if T has N vertices, N — 1 edges and no cycle then 7" must be a tree. Indeed, assume T is not connected
and denote |E;| and |V;| the number of edges and vertices in the connected component i, and ¥, |E;| = N -1, ¥, |[Vi| = N.
Then for at least one i, |E;| > |V;|. One can always chose a tree in a connected graph by a greedy algorithm: one iteratively
tests at step [ one of the untested edges, say e;. If e; does not form a loop with the edges already chosen at previous steps,
then one ads e; to the set of chosen edges and iterates. It e; does form a loop with the edges already chosen at previous
steps, one does not add it to the set of chosen edges, marks it as tested and iterates. A tree over the |V;| vertices uses only
[Vi] - 1 edges and adding edges to a tree leads to a cycles (the two end vertices of the excess edge are connected by the tree
and also by the edge). O

There are several matrices associated to a graph:

e the N x N adjacency matrix A with entries A;; =1 if (¢,j) € E and 0 if not. For the two graphs examples above we

have:
01 1 1
0 11 1 01 0
Ai=|11 0 1}, Ay =
1 1 0 1
1 1 0
1 01 0

e the N x |E| incidence matrix B. We orient the edges, say from the smaller to the larger label, and we define:

1, if e enters 14
Bie=4-1, if e exits i
0, otherwise
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For the two examples before, ordering the edges lexicographically, we have

1 -1 -1
-0 1 0 0
Bi=|1 0 -1|, Bsy=
0 1 0
0 1 1
0 0 1

0 0
-1 0
1 -1
0 1

e the N x N diagonal degree matrix D with entries D;; = d;, with d; the number of edges incident to the vertex i (the

number of edges to which 7 belongs). For the examples before:

3 0 00
200 0 2 0 0
Dl = 0 2 0 5 D2 =

0 030

0 0 2
0 00 2

e the N x N Laplacian matrix L = D — A, which is for our two examples:

3 -1 -1

2 -1 -1
Li=|-1 2 -1 L-|t 2
L ’ 711 -1 3

-1 -1 2
-1 0 -1

-1

Lemma 6.5. The product of the incidence matriz and its transposed is the Laplacian matrizx BB = L.

Proof. For our second example for instance we have:

1 0 0
-1 -1 -1 0 O 3 -1
-1 0 1 0
1 0 0 -1 0O -1 2
-1 0 0 1|=
O 1 0 1 -1 -1 -1
0 -1 1 0
0 0 1 0 1 -1 0
0 0 -1 1

-1 -1
-1 0
3 -1
-1 2

In general, (BB");; = ¥, BieBjc. If i and j # i are connected by an edge (ij) then the sum reduces to one term and

Bi(ij)Bj(ij) = =1, as one of the entries in 1 and the other —1; if i and j # ¢ are not connected then the sum is zero; if i = j

then the sum is Y, BjeB;e and each of the edges incident to i contribute a 1.

O

Note that the the columns of L are linearly dependent, hence det(L) = 0. We consider the matrix L obtained from L by

erasing the line and column corresponding to one vertex, chosen as root. We have L = BB*, with B the incidence matrix

with the row corresponding to the root vertex erased.

Lemma 6.6. The (N —1) x (N - 1) minors of B are the determinants of the matrices By, where I is a subsets of N — 1

edges I c E. The minors are:

- +1 if I is a tree
det(B]) = .
0 if not
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Proof. Assume I has a simple cycle® formed by the edges e; = (ig,41)...ex = (ix_1,70). By factoring a some global sign we
can reorient all the edges along the cycle such that e is oriented from iy to i1, eo from i1 to i2 and so on up to e oriented

from iy_; to 49. Then Bje, + Bie, + ... B¢, =0 for any i as:
e either 7 is not a vertex in the cycle and the all the terms are 0,

e or i is a vertex in the cycle, but then the consecutive terms B;., and Bj.,,, to which 7 belongs are respectively +1

and -1 and cancel.

Thus in order for det(é 1) #0, I must be a graph with N vertices, N -1 edges and no cycles, therefore I must be a tree.
We consider one of the edges incident to the root, say (r,4). This column has only one non zero entry, and expanding the
minor along this column we obtain a minor corresponding to a graph in which the edge e has been deleted, and vertex ¢
marked as root in the connected component generated by the deletion of e (that is the row corresponding to ¢ is eliminated
in B). Tterating, the process stops when all the edges have been exhausted. As at each step we multiply the result by +1,
the result follows. O

Theorem 6.5 ( The matrix tree theorem ). The determinant of L equals the number of trees of G, det(L) = (G).

Proof. As L = BB, from Cauchy-Binet det(L) = ¥;|Bs|* where the sum runs over all the subsets I ¢ E with |I| = N - 1.

The only non zero contributions correspond to sets I which are trees, and each tree contributes exactly 1. O

For the two examples we discussed:

S, 1 2 -1 0
det(ﬂl):‘_l NEES det(Ly)=|-1 3 -1|=8.
0 -1 2

For the second graph we have the trees depicted in Fig. 6.1 below.

2 3 — — o

Figure 6.1: Trees in a graph.

5If I has a cycle it has a simple cycle.



Chapter 7

Functions, first contact

An important role in physics and mathematics is played by the continuous functions.

7.1 Continuity

Definition 7.1 ( Pointwise continuity ). For X and Y metric spaces, a function f: X - Y is called pointwise continuous if
Vi, Ve, 30 5 such that d(z,z") <6 = d(f(x), f(z')) <e. A function can be continued at a point x if there exists a function

f whose domain includes x, is continuous at x and is such that f = f on the domain of f.

As we have seen in Chapter 3, a function is continuous if the preimage of any open set is open. A function between
metric spaces is sequentially continuous (see Chapter 4) if for any z,, - «, f(x,) — f(z) and in metric spaces a functions

is continuous if and only if it is sequentially continuous.

Theorem 7.1 ( Sequential and pointwise continuity are equivalent ). A function f: X - Y with X and Y metric spaces

is continuous if and only if it is sequentially continuous.

Proof. Consider a pointwise continuous function f : X — Y and z, — x. For any ¢, there exist d such that d(z,,z) <
0 = d(f(xn), f(x)) < € and (for this § but also for any other §) there exist Ns such that n > Ny = d(z,,z) < d, hence
f(zn) ~ f(=).

Conversely, if f is not sequentially continuous at x, then there exist a sequence z,, — x such that f(x,) does not converge
to f(«). Then there exist some € such that for any N, there exist some n > N, with d(f(z,), f(z)) > e. Consequently, for
this €, for any ¢ there exists n > Ns with d(z,,z) < § but such that d(f(x,), f(x)) > € and f is not pointwise continuous
at z. O

It follows that a function is continuous if and only if it is pointwise continuous. A direct proof of this fact goes as

follows.

Theorem 7.2 ( Continuous is pointwise continuous ). A function between two metric spaces is continuous if and only if

it 15 pointwise continuous.

Proof. The proof follows the one establishing that, in metric spaces, sequential continuity and continuity are equivalent.
Let f a continuous function. For any ¢, let B.(f(x)) be the open ball of radius € around f(z). Then z € f~1(f(x))
(note that f~*(f(x)) includes other points in X if f is not injective) thus f=! (B.(f(x))) is an open set in X (due to
continuity) that includes x. It follows that there exists some &, such that Bs, , (z) c f~! (Bc(f(%))).
Suppose now that f is pointwise continuous but not continuous. This means that there exists an open set V such
that f~'(V) is not open. Then there exist some z € f~' (V) such that V§, Bs(z) N f (V) # @. As f(x) e V and V is
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open, Je with B.(f(x)) c V. It follows that Je such that V¢, picking 2’ € Bs(z) \ f~1(V) we have both d(z,z’) < § and
d(f(z), f(y)) 2 e. O
Exercise 7.1. Prove that the composition of continuous functions is continuous.

Exercise 7.2. Prove sums, products and rations (when defined) of continuous functions are continuous functions. Conclude

that any polynomial is a continuous function. |=m - w™|= |z - w/s7_g 1=Pllwl™P |z - w|(s + 1)(masx(|=] [w]})™.

Exercise 7.3. Prove that the function f:R — R defined as

é, forx:% with p,q co primes and ¢ >0
f)=11, forx=0 ,
0, forz e RN Q

is continuous at all x € R\ Q but discontinuous at all x € Q. Forany v <0, o+ 2 is irmational and arbitrarity close to @. Por any = € R\ Q and for any q there

7 4
chose & < minfle - Z|, |z - ”T”Hq < L} £ 0. All the rational numbers in (x — &, x + 8) are of the form Z—, with denominator g’ > L1, hence f(%) <e.

exists an integer such that % <x< p;l

Exercise 7.4. Prove that a power series defines a continuous function at all the points inside its convergence domain. wimou
|1/n

loss of generality, let us consider a power series centered at zero, P(z) = Sp»0 anz". Note that P(z) and P'(z) = £y,50 an(n +1)z" have the same radius of convergence »~1 = limsup|an,

limsup(n + 1) |apn |17 as (n+1)1/™ 5 1. Now for any two points in the convergence disk, denote p = max{|z|, |w|} < r then:

n
[P(2) - P(w)|<|z-w| 3 lanll 3 2Pw” Pl<lz-w| 3 an(n+1)p" .
n=0 p=0 n=0

We will now focus on the case of f: R > R. Note that a function f is continuous on a closed interval [a,b] if it is
continuous at x € (a,b) and the one sided limits exist at the end points lim,, f(x) = f(a), lim, -, f(z) = f(b).

7.2 The intermediate value theorem (Zwischenwertsatz)

Continuous functions do not jump between values.

Theorem 7.3 ( The intermediate value theorem ). Let f : [a,b] = R a continuous function. Then f([a,b]) is an interval
and f([a,b]) o [min{f(a), f(b)}, max{f(a), f(b)}]. That is any intermediate value between f(a) and f(b) is attained by
some point in [a,b]. Equivalently, for any t € [0,1] there exists c € [a,b] such that f(c) =tf(a)+ (1-1)f(b).

Proof. We assume f(a) <u < f(b), as the other case is similar. Let S = {z € [a,b]| f(x) < u}. S is nonempty as a € S and
bounded from above (by b) hence it has a supremum ¢ = sup S. As f is continuous at ¢, for any e there exists ¢ such that
|z —c| <d=|f(x) - f(c)| <€ that is f(x) —e < f(c) < f(z) +e. As ¢ is the supremum of S, there exists z € Sn (c-9,c],
hence such that f(z) <u and f(¢) <u+e. On the other hand Va' € (¢,c+9), 2’ ¢ S hence u < f(z’) and u—e€ < f(¢). Thus
fle) =wu.

Finally, f([a,b]) is an interval because, for any c € [a,b], all the values between f(c) and f(a) are attained. O

Corollary 7.1. Let I ¢ R an interval (could be open or unbounded), if f: 1 — J = f(I) c R is strictly monotonic and

continuous on I, then f is a bijection between I and J, J is an interval and =1 is strictly monotonic and continuous on J.

Proof. Let us assume f is strictly increasing, that is 21 > 29 <> f(2z1) > f(22). Then f is injective (as f(z1) = f(x2) <
21 = x2) and it is also surjective on J, hence f is bijective. By the intermediate value theorem, J is an interval. As f is
strictly increases, f! is also strictly increasing (as y1 > y2 = f~1(y1) > £ (y2)).

It remains to prove that f~! is continuous. Combining the fact that f is strictly monotonic with the intermediate

value theorem we conclude that the image of any open interval (z1,x2) contains the open interval (f(z1), f(x2)), hence
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is an open set.! As the standard topology is generated by the open intervals, f is an open map and it follows that f~! is

continuous. |

For f:R — R we denote:

- limy oo f(x) = L if Ve, Iy such that x >y = |f(x) - L] <e

- limgo,y, f(x) = 00 if VL, 36 such that |z - x| <d = f(x) > L.

- limge f(x) = oo if YL,y such that > y = f(z) > L. In the same spirit, for a sequence (x,) € R we denote

limz,, = oo if VL,3N such that n> N = z,, > L.

7.2.1 The exponential function (Exponentialfunktion)

We revisited the exponential function restricted to real arguments, exp: R - R.q, exp(z) = e” = ¥,.50 %x"
Proposition 7.1. Restricted to real arguments the exponential is monotonic, continuous and surjective on Ry = (0, 00).

Proof. We have €° = 1 and for any positive z, e* > 1. As e*™¥ = e%eY, exp(x) is strictly increasing and e~ = (¢*)~! > 0, that

is the exponential is always positive.

As % = 1402 Yy 02", for 0 < 6z < 1 we have [°” - 1| < lf‘gz, hence |e” — Y| < €” l‘j”‘;%Ll for |z —y| < 1 that is
x

e® is continuous at any x € R (by a similar argument we obtain continuity at any z in C). For x > 0, e¢* > 1 + = hence

lim, o €* = 00 and lim,_,_ €* = 0 and by the intermediate value Theorem e” takes all the values in the interval (0,00). O

It follows that the exponential has an inverse which is continuous, strictly increasing and surjective. We call this inverse

the natural logarithm and we denote it:
In:R, >R, In(x) =y, with y such that ¢ =z .

Note that, because e¥'e¥> = e¥1*¥2 we have In(x122) = In(z1) + In(x2). We are finally in the position to define irrational

powers of real numbers. For all a € R, z € R,:

2% = ealn(z) )

Exercise 7.5 ( Convex and concave functions (Konvexe und konkave Funktionen)). The graph of a function f:R >R
is the set of points (x, f(x)) e R%. We say that f:R — R is convex in the interval [a,b] if Yt € [0,1]:

f(ta+(1-1)b) <tf(a)+(1-1)f(b),

and we say it is concave if f(ta+(1-t)b) >tf(a)+ (1 -1t)f(b). This has a graphical interpretation: a function is convex if
at an intermediate point ta + (1 —1t)b it is below the straight line from f(a) to f(b).
Prove that:

o foranyneN, f: R,y — Rog with f(x) =2" is convex.
e e” is convex on R.

e In(x) is concave on Ryg.

YAny y e f((x1,22)), y = f(z) for some z € (x1,2) and there exists a § such that (z—J,z+6) € (z1,x2), hence f((x1,22)) 2 (f(z=9), f(z+5)) >
f(z) =y.
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f(x) =a™ is convex. The cases n =0, 1 are trivial. For n > 2 we proceed by induction:
ta + -t =[ta + -t ta + -t < [ta™™ + -t ta + -t =t‘ L + -t : +t - t)[a +ab "],
1 b n+1 1 1" 1 b n 1 BT 1 b 2 n+l 1 2bn+1 1 ny, pn
where we used the induction hypothesis. A short manipulation shows that:
. n
2™ L (-2 i (- ) [a b ab™ ] = ta™ (- St - (e - )Y «"TPVP],
p=0

and convewity follows.

e® is convex. Let us first prove it it conver on Ryq. We have, using the previous point, that:

_ 1 1
et _sv o (1-0b]" € T —[ta” + (1= )b ] = te® + (1 - t)e’ .
n=0 n! n>0 n!

In general, we note that for any x,y € R, there exists a z such that * + z >0 and y + > 0 hence:

etm+(1—t)y % [et(z+z)+(1—t)(y+2)] <e? [t5w+z et —t)eerl] e 4 (1-t)eY .

In(z) is concave. This follows from the previous point, combined with the observation that the inverse of a convew strictly increases function is concave. Indeed, assume f: X — Y is conver and strictly

increasing. Then f~1 is also strictly increasing and
f(tzy +(1-t)zg) <tf(zy) +(1-1t)f(xg) = fﬁl(f(fl'l +(1 *t)l'Q)) < fﬁl(ff(l'l) +(1- t)f(wz)) ,

which, denoting f(x1) =y1 and f(wg) = yo yields:
-1 -1 -1
tf Ty + A=) f " (y2) < f Tty + (A -t)ya) -

7.3 The extreme value theorem

Continuous functions on compact sets attain their extrema. Note that the supremum c¢ of any subset S c R can not be an

interior point of S because for any ¢, Bc(c) = (c—¢€,c+¢) ¢ S, as no element of S is larger than ¢. In fact the supremum:
e cither is an isolated point of S (and necessarily belongs to 5),
e or is a limit point of S (belonging or not to .S).

Indeed, any point of S is either isolated or a limit point of S, hence if ¢ € S we conclude. If ¢ ¢ S, then for any ¢, c—€ is

not the supremum of S hence B.(c¢) NS = B.(¢) NS\ {c} + @, and ¢ is a limit point of S.

Theorem 7.4 ( The extreme value theorem ). Real valued continuous functions on compact domains attain their extrema,

that is for any continuous function f: K — R with compact domain K, there exists Ty, xp € K such that f(x,,) =inf f(K)
and f(zar) = sup f(K).

Proof. By definition, for any point y € f(K) there exists x € K such that f(z) = y. The continuous image f(K) of the
compact set K is compact and by Heine Borel a compact set in R is bounded and closed. As it is closed, f(K) contains all
the isolated points of f(K) (if any) and all the limit points of f(K), hence contains its supremum (and infimum). O

We are now in the position to prove the fundamental theorem of algebra.

Theorem 7.5 ( The fundamental theorem of algebra (Fundamentalsatz der Algebra) ). Any polynomial P(z) = 2" +

12"+ -+ ag with complex coefficients ay, . .. an-1 € C admits a root in C.

Proof. We define f(z) = |P(z)|. It is easy to check that f(z) is a continuous function on C. The proof is divided into two

steps:
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f(2) has a global minimum in C. First we show that outside a big enough disk Br(0), the polynomial P(z) has a large
absolute value. Indeed, let R be a constant such that R > max{1,2 Y7 |a;|}. Then for |z| > R we have:

n-1 (ST -1 2"
|an-12""" + - ag) < Y0 |2fag] < 2" Y fail < |2V <
=0 i=0 2 2

It follows that for |z| > R we have:

n n R'n.
=|P > n_ — n71+_”+ > n_@:@ -
£ =IPE) 2 el - a2 aol > |2 - - = B X
Second we show that f(z) has a minimum inside Bg(0). Indeed, the closed disk Br(0) is closed and bounded, hence
compact in C. By the extreme value Theorem, the function f(z) has a minimum in it, that is there exists z,, € Br(0)
such that f(zy,) < f(2) for all z € Bg(0).

Third, we show that z,, is a global minimum in C. Indeed, f(z;) < f(0) = |ao| < % < RT”, and outside the disk
f(z)> RTTL, therefore:

fGn) <f(z), VzeC.

At its minimum, f(z,) =0. Observing that z = z,, + z — z,,, re expand the polynomial in terms of z — z,,:2

P(2)=P(am) +cp(z - zm)k +cpr1(z - zm)k+1 +oten(z—zm)",

where ¢, =1 and we denoted k the lowest degree such that c; # 0. Note that k is at most n, as ¢, =1, or lower.

We assume that P(z,,) # 0. Then, as ¢; # 0, there exists a # 0 one of the roots of order k of —&km’), that is

C
k= —%kf"). We now evaluate P at the point z,, + ta:

a

P(zm n n ke
P(zm +ta) = P(zp) + cxt” (_(z))+ > o (ta)? = (1 -tF)P(zp,) + "1 > cpalt? k=l
Ck p=k+1 p=k+1

For t <1 we have |¥)_;. ¢, a? " F " < ¥0,  |e, aP| < C for some constant C' and

1P (2 + 1a)| < (1_tk)|P(zm)|+tk+1C: 1—tk|P(Zm)|(1_t|P%fm)|) ’

which is strictly smaller than |P(z,,)| for t < W leading to a contradiction. We conclude that P(z,,) = 0.

Theorem 7.6 ( In finite dimensions all norms are equivalent ). For any two norms |- ||, and |- ||p on a finite dimensional
Banach space V. (RN or CN ), there exist two constants Cy and Cy such that:

Cillzfy < Jzla < Cofs -

Proof. We will show that all norms are equivalent to [|z]; = XN, |«7].

2 Anticipating, this is just the pedestrian derivation of the fact that close to zn, the Taylor expansion at first non trivial order of P(z) is
P(zm +6z) » P(zm) + %P(k)(zm)(&z)k for some 1 < k <n and |P(zy, +§z)| decreases for (§2)* = —P(zm)#(!zm)tk.
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Any norm | - |, is continuous under |- ;. By the triangle inequality ||x1]q = |%2|a| € |21 — 2] a- On the other hand,

choosing a basis e;, we have:
N

|21 = 22fa < ; o1 = @plflei]l < a1~ 22l nax Jeifa
hence for any €, choosing 0 = ¢/ max;_1 . n ||leilla we have |z —zoll1 < = |[|z1]a = [|z2]a] < |21 — 22]a <.

The closed ball of radius 1 in | - ||1, Bwl(O) ={x € V||z|1 <1} is a bounded closed set in V', hence by the Heine-
Borel theorem it is compact: it is here that we use the fact that V is finite dimensional. By the extreme value theorem,
the continuous function f(z) = |z, will attain a maximum and a minimum on this closed ball, which we denote C; =

infyy),-1 [ul« and Cq = supy,, -1 [ula hence for any z:

1
Ci < Hif”a <Cs.
(E4 B

As a consequence we have the following result.

Theorem 7.7 ( In finite dimensions all the linear operators are bounded ). If X is a finite dimensional normed vector

space and Y is a normed vector space then any linear operator T : X - Y is bounded.

Proof. Let us denote ey, ...e, a Hamel basis in X. Then Vz € X, =Y} _; arex:

7)< 3 las] IT(ee)] < (max [T(ex)]) D lax| = (max [Te)Dlals
k=1 =1 k=1 =L

and we conclude as any norm on X is equivalent with | -||. O

7.4 Differentiation in one variable

The derivative of a function captures how the function behaves when one of the arguments is varied. For a function A

continuous at xg we denote lim,_,,, h(z) = h(xo).

Definition 7.2 ( Derivative ). Consider f:R >V for (V,|-|) some Banach space. We say that f is differentiable at xq

if the function: 7f(z):f(30°) is a continuous function of x at x = x¢> and in this case we denote:
=T
< e)

and we call f'(zg) the derivative of f at xo. [ is called differentiable on an interval I if it is differentiable at all ¢ € I

dx -0 T —xg o

(o) = ﬁ(a:o) = lim f(@) = f(zo) , (Ve ,30, such that |x — xo| < 6 = Hf(ﬂ?i:f(xo) - f(x0)

and it is called continuously differentiable if f'(xzq) is a continuous function. We denote the vector space of continuously
differentiable functions C*(R, V).

Note that f(z) - f(z0) is a vector in V and (x —2¢)~! a scalar, hence f’(x) is a vector in V. Denoting ey, a basis in V,
f(@) =3 fr(@)ex and f'(x) = 3, f1(z)ex?. Remark that a priori %j}gz") is defined for  # £ and needs to be extended
by continuity to xq. If f is differentiable at xo then f is continuous at g, as for any e, | f(x) - f(z0)| < (e+ | f (z0)|)|x - xo|

if |z — x| is small enough.

can be continuously continued at xq.

3Strictly speaking, %ﬂfﬁ(}zo)

4This holds for Hamel basis in finite dimensions, but also for Schauder basis in infinite dimensions. Indeed, it can be shown that in any
Banach space with a Schauder basis (en)n, the coordinate functionals Fy, : V - R, F,L(Z;":1 apep) = ap and the projections Pp, : V = V,
P (X321 apep) = XpL; apep are continuous functions.
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Theorem 7.8 ( Mean value inequality ). Let f:[x1,22] >V a function continuous on [x1,x2], differentiable on (x1,x2).
Then:
[f(z2) = f(@1)] < |2 - 21| sup [ f'(2)] .

ze(z1,72)

Proof. Assume that there exists some € > 0 such that | f(z2) - f(z1)] - (22 —xl)(supze(m,z?) I ()| + e) > 0. Consider the

function:
ge(x)=If(x)—f(:cl)ll—(z—wl)( sup |f’(x>||+e), (@) =0, glas)>0.

ze(zy,z2)

and denote x¢ = sup{z € [x1,22], g.(x)=0}. As g. is continuous it is sequentially continuous and considering a sequence®

ZTn €8S, T, > xo we conclude that g.(xzp) = 0. Furthermore, as g.(z2) > 0, we have xg < 22 and g.(x) > 0 for xg < z < x2
(were g.(x) < 0 for some such z, by the intermediate value theorem there would exist ' with « < 2’ < 25 with g.(z') =0

and z¢ would not be the supremum). For all « with z¢ < z < x5 we have:

0<ge(2) = ge(wo) = |f(2) = f(@)] = | £ (o) = f(z1)] = (& - x0) ( sup [f'(x)] +6)

ze(w1,22)

< 1£(2) - F(w0)] - (2 - 20) ( sup | ()] ) ,

ze(z1,x2)

hence

f(@) - f(=o)

sup [ f(z)] +e< -
Tr — X0

ze(z1,x2)

b

and sending x — x¢ we obtain a contradiction.

7.4.1 Thecase f:R->R

An important particular class of functions are the real functions of one variable.

Theorem 7.9 ( Extremum criterion, Rolle’s theorem and mean value theorem ). Let f : [x1,22] > R continuous on [x1, 22]

and differentiable on (x1,x2). Then:
e Extremum criterion if f has a local extremum (mazimum or minimum) at zg € (z1,x2) then f'(xg) =0.
e Rolle’s theorem if f(x1) = f(x2) then there exists x € (x1,x2) such that f'(x) =0.

e Mean value theorem 3z € (x1,x2) such that % = f'(z).

Proof. Assume that f attains a maximum at xg € (x1,22). Then:

lim f(x)—f(ffo)z()’ lim f(x)—f(xo)g()?

x /T T — X0 TNTo Tr — X0

and as f is differentiable at xq, the two limits must coincide which is possible only if f/(z¢) = 0.

For the second item, by the extreme value theorem, f must attain a maximum and a minimum in the interval [z, z5].
If f(x1) is both minimum and maximum, then the function is constant and its derivative is identically zero; if not we invoke
the first item.

5If g is the supremum of S there exists a sequence x, € S with z, — xo. If ¢ € S then the sequence x, = zo belongs to S and converges to
zo. If ©p ¢ S, as zo — € is not the supremum of S there exist x € S with z¢ — € < z <z hence Be(xo) NS\ {zo} # @ and xo is a limit point of S
hence the limit of some sequence in S from Theorem 4.1.
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For the last item, we apply the second one to:

M

9(x) = f(x) - (z-m1) .

O

Theorem 7.10 ( Convexity criterion ). Consider f : [x1,22] = R continuous on [21,z2] and differentiable on (x1,23).
Then:

e [ monotonically increasing if an only if f' > 0.

e recall that [ is called convex if YVt € [0,1], f(txy + (1 —t)xs) < tf(x1) + (1 —t)f(z2). If [ is twice continuously

differentiable on (xz1,x2) then f is convez if and only if f""(z) >0 for all x € (x1,z2).

Proof. If f is monotonically increasing, then using the definition we have f'(x) > 0. Conversely, if f > 0 then f is increasing
on any interval by the mean value theorem.

Setting ¢ =

, convexity is equivalent to:

f(x) = f(21) _ fx2) - f(2)

T -2 B To—T

1 <T<Ty.

Assume that f”(x) <0 for some x € (21,22). Then, as f” is continuous, f”(x) <0 for z in some interval, x € [y1,y=2] c

(z1,22), and [’ is strictly decreasing on this interval. But if f is convex on [y1,y2], then:

f(@) = fQ) _ fQy2) - f(2)
=11 N Y2 — T

3 Y1 <x<yY2,

and by the mean value theorem, there exist z1 € (y1,2) and 29 € (x,y2), hence 21 < 23 such that:

x) - - fx
f’(zl):f( ) f(yl) Sf(yQ) f( ) :f,(ZQ),
= Y2 -
contradicting the fact that f’ is strictly decreasing on [y1,y2]. O

Theorem 7.11 ( Properties of derivatives ). Consider f,g:R - R. We have:
e Leibnitz rule if f and g are differentiable at xq, then so is their product and (f-g) (xo) = f'(x0)-g(x0) + f(x0) ¢ (x0).

e chain rule if g is differentiable at xg and f is differentiable at g(xo), then the composition (f o g)(xz) = f(g(x)) is
differentiable at xo and (fog) (xo) = (f" o g)(xo)-g'(x0).

e power series if f = cp,x™ 1s a power series with radius of convergence r > 0 then ne,x™ ' s a power series
n>0 n>1

with radius of convergence r and its sum equals f'(x).
Proof. We have:

F@)g@) = fan)gleo) _

T — X0 T=xo T

(f-9)'(zo) = lim

L (f<x>g<x> o)) + Fn)g(a) - f(wo>g<xo>) |
The composition is straightforward.
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7.4. Differentiation in one variable

For the last part, it is easy to check that the radius of converge of ¥,.; nc,z"! is 7. As a power series converges
absolutely inside its domain of convergence we have:
xz) - f(x nl _
h(.’E)Zf() f( O)ZZCanpng7
r — X0 -0

n=1

-n

and the series converges absolutely for |z|,|xo| < p < r. As, except at most a finite number of terms, |c,| < 7™, we have:

D n-p e q p—q n-p TL(TL B 1) n-2 |J? B 170|
|h(z) = h(zo)] < Z |enl Z |2 — g wo[" P < Z *|$ o Z Z || |wo [P |wo[* P < | — 2o Z P T N3
n=2 n=2 p=1q=1 n>2 r (1 —p/r)

O

Theorem 7.12 ( L'Hopital’s rule ). Let ¢ and L be real numbers or oo, and I an interval containing ¢ if ¢ € R or open

at ¢ if ¢ = +oo. Let two functions f,g: I - R differentiable on I (except possibly at c) such that g'(x) + 0 (except possibly

@) _
o) = L-

at ¢). If lim,_, 7 Eig = L and either lim,_,. f(z) =lim,_.g(z) =0 or lim,_.|g(z)| = oo then lim,_,.

Proof. We take the case lim, -, f(2) = lim, . g(x) = 0 (the other cases can be deduced from this one by simple tricks). If
needed, we continue f and g at ¢ to f(c) = g(¢) =0. For any a < ¢, apply Rolle’s theorem to the function h: [a,c] — R:

f'y) _ fle)-f(a) _ f(a)
g'(y)  g(c)-gla) g(a)

h(y) = (f(y) = f(a))(g(c) —g(a)) = (f(c) = f(a))(9(y) —g(a)) = Fye(a,c),

As limy, 5. % IW) _ 1, for any €, 3 such that c-y <6 = |f - L| < e. But then, for any a with c—a <4, |£:EZ; -L|= zg;

for some y € (a,c) hence |£ EZ; Li<e. O

Theorem 7.13 ( Taylor series ). Let the function f:R - R, continuous on the closed interval and k+1 times differentiable

on the open interval between x and a. Then there exists & between a and x such that

F@)= F(@) + (@ -)f (@) + -0l (@) oot o= O @) 4 Bue) . Bu@) = oy (e @) DO,
where f*)(a) = %(a) is the k’th derivative of f at the point a.
Proof. Define F(t) = f(t) + (x =) f'(t) + 5 (x = t)> f"(t) + -+ + H(x - 1) k() (t) for ¢ in the interval comprised between

and a and observe that F'(t) = %(m -1) f(k“)(t). By the mean value theorem, for any G, there exists £ between x and a

such that
F'(§) _ F(x)-F(a)
G'(¢) G(z)-G(a)’

and using G(t) = (z - )" this reads Ry (v) = &g} (G(z) - G(a)) = 4 (z = " FF+D (&) (;fl)';x 7% O

Exercise 7.6 (Differentiable but not continuously differentiable). Prove that the function:

a?sin(L) x#0

f(z) = :
0, z=0

is differentiable but not continuously differentiable at x = 0.
Exercise 7.7 (Derivatives of simple functions). Let f:I — R for I € R some suitable interval. Prove that:

o f(x)=c, f'(x)=0. Prove that if f'(x) =0 on an interval, then f(z) =c for some constant c.

75



7. FUNCTIONS, FIRST CONTACT

o f(x)=x, f'(x)=1

o f(z)=2", f'(z)=na"".

o f(z)=e", f'(z)=c

o f(x)=n(z), f'(z)= 1.

e recalling that x < sinx < tanx prove that sin’(z) = cos(z) and cos’(x) = —sin(x).

e prove that e”[cos(x) +usin(x)] = 1. The complex sinus and cosinus functions are defined as

12 _ om1E 1
e** = cos(z) £1sin(z) = sin(z) =———— = 5 ———(=1)k 2k
() (=) (2) 2 ,6222)(2134—1)!( )
eZZ+e—lZ 1 E 2k
cos(z) =——— = (-1)%z".
2 is0 (2k)!

Exercise 7.8 (Generalized binomial theorem). Apply Taylor’s theorem to sin(x), cos(x),e”, In(1 +x) and (1 +x)“.
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